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WEIGHTED SOBOLEV-POINCARE INEQUALITIES
AND POINTWISE ESTIMATES FOR A CLASS
OF DEGENERATE ELLIPTIC EQUATIONS

BRUNO FRANCHI

ABSTRACT. In this paper we prove a Sobolev-Poincaré inequality for a class
of function spaces associated with some degenerate elliptic equations. These
estimates provide us with the basic tool to prove an invariant Harnack inequality
for weak positive solutions. In addition, Holder regularity of the weak solutions
follows in a standard way.

1

Let & = E;', =1 0,(a; jaj) be a second-order degenerate elliptic operator in
divergence form with measurable coefficients. In this paper we shall obtain
pointwise estimates for the weak solutions of .Zu = 0 (Hélder continuity of
the weak solutions and Harnack inequality for nonnegative solutions).

Let us recall that the original results for elliptic operators were obtained by
De Giorgi, Nash, and Moser. An extensive bibliography about the degenerate
case can be found in [FL1, FL2, FS].

To introduce the results of the present paper, let us recall some recent results.
In [FL1, FL2] a suitable metric 4 is associated with the differential operator
Z in such a way that we obtain a new geometry which is natural for the de-
generate operator as the Euclidean geometry is natural for the Laplace operator
(or, more precisely, as a suitable Riemannian geometry is natural for a second-
order elliptic operator). In the smooth case, this idea is contained in many
papers: we refer to [FP, NSW]. The basic results in [FL1, FL2] are obtained via
a precise description of this geometry under suitable technical hypotheses on the
coeflicients whose aim is to give a nonsmooth formulation of the Hormander
hypoellipticity condition for sum-of-squares operators. We note that the same
idea is used in [NSW, S, J, V] to obtain pointwise estimates for sum-of-squares
operators. On the other hand, a different class of degenerate elliptic operators
is considered in [FKS]: instead of a geometrical degeneracy, a measure degener-
acy is allowed. A typical example of this class is given by Zu = div(w(x)Vu),
where @ is a weight function belonging to the A,-class of Muckenhoupt. Uni-
fied results for a class containing both the operators in [FL1] and in [FKS] have
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126 BRUNO FRANCHI

been recently proved in [FS]. In addition, classes of operators which somehow
are intermediate have been considered in [CW1, CW2, CRS].

In the present paper, we assume that the quadratic form of . is equivalent
to the diagonal form w(x) Y’ =1 J é T where the A s are Lipschitz contin-
uous nonnegative functions and @ is an A,-weight functlon with respect to
the balls of the metric d associated with the vector fields 4,0, , ..., 4,9, . For
precise definitions, we refer to §2. In addition, we assume that there exists a
nice family of integral curves of these vector fields starting from an arbitrary
point x. More precisely, we suppose that, if £, ..., ¢, are real parameters
bounded away from zero, then the integral curve ¢ — exp, (3_;#¢;4,0,) does not
approach the coordinate hyperplanes centered at x too fast (1 e., faster than the
sides of a family of n-intervals which are equivalent to the d-balls). An analytic
formulation of this hypothesis is contained in (H.4): we note that this condition
is satisfied in the case considered in [FL1, FL2, FS]. On the other hand, in §6
we shall give some sufficient analytic conditions such that (H.4) holds, showing
the class considered here is very large and contains many different kinds of de-
generation. In some sense, the present results are related more to the results in
{FL3] where a noninvariant Harnack inequality is proved for a large class of de-
generate operators. It is possible to prove that if w = 1, then hypothesis (H.4)
implies that a sub-Riemannian structure in the sense of [FL3] is associated with
the operator. In the present paper, however, quantitative estimates are obtained
in such a way that an invariant Harnack inequality and hence Holder regular-
ity follows. We note that in some particular cases our results partially overlap
with those in [CW1, CW2, CRS]. Moreover, in the case n = 2 and w = 1,
recently Xu [X] has proved similar pointwise estimates. Finally, let us note that
some related results have been obtained by different techniques by Kusuoka and
Stroock (see [KuS] and previous papers quoted therein).

Following the Moser iteration technique, the crucial point of our proof is
to obtain a weighted Sobolev-Poincaré inequality. To this end we show that
if g e (0, 1) is fixed, it is possible to find a family of deformed quasi-balls
such that a large part of these balls is attained by our integral curves. The
meaning of ‘large part’ is that the measure of the region which we can reach by
our integral curves is at least § times the measure of the deformed quasi-ball.
Successively a careful control of the constants and a geometric result due to
Kohn and Jerison enables us to obtain our result. Once the Sovolev-Poincaré
inequality is obtained, the proof can be carried out in the same way as in [FS].

2

Let Q be a bounded open subset of R” and let . be the second-order
differential operator in  defined in the following way:

Z = Zal}}
1,j=1

where q, ; =4, are real bounded measurable functions for i, j =1, ..., n.
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SOBOLEV-POINCARE INEQUALITIES AND DEGENERATE ELLIPTIC EQUATIONS 127

We will denote by 4 = A(x) the matrix of the coefficients g, i
In the sequel we will assume the following hypotheses are satisfied:
(H.1) There exists v € (0, 1) such that

n

0N B0E < S a 088 < = w Zi
j=1

i, j=1

forany x, ¢ € Q x R", where

(H.2) 4, ..., 4, are bounded nonnegative Lipschitz continuous functions
in a neighbourhood of Q. ‘
(H.3) The distance d associated with the vector fields 4,0, , ..., 4,8, inthe

sense of Fefferman and Phong (see [FP, FL1], and Definition 2.1 below) is finite
in Q and the function @ is an A,-weight function with respect to the distance

d,ie.
o [ ey (e [ e ay) <
IB(x, 1| JBx.n |B(x, )| Jpx,n - el

forany x € Q and r € (0, p,], where p, is a fixed suitable positive number,
and B(x, r) denotes the ball of center x and radius r with respect to the
metric d. Here |E| denotes the Lebesgue measure of the subset £ of R”.

In what follows, if E is an L-measurable subset of R”, we will denote by
w(E) the w-measure of E,i.e., w(E) = [ w(y)dy

A precise definition of the above distance d will be given in the sequel,
together with a basic property (the so-called doubling property) giving a precise
sense to (H.3).

A further hypothesis on the vector fields 4,0,,..., 4,0, will be specified
later (H.4): roughly speaking, we will require that some nice family of optimal
curve exists.

Let us now recall some definitions.

Definition 2.1. We will say that an absolutely continuous curve y: [0, T] = Q
is a subunit curve (with respect to 4,0,,...,4,9,) if

& <> B
j=1

for any ¢ € R" and for a.e. t€[0, T].

If x,y € Q, we will put d(x, y) = inf{T > 0 such that there exists a
subunit curve y: [0, T] — Q such that y(0) = x and (7)) = y}. We will say
that d(x, y) = oo if the above set is empty.

Clearly, by hypothesis (H.3), 4 is a metric on Q; moreover, since we are
looking for local properties of the operator .2, we may suppose that 4,, ..., 4,
are defined on all of R".
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128 BRUNO FRANCHI

For the sake of simplicity, we will denote by 4 the vector-valued function A =
(Ays ..., 4,), by V, the vector-valued differential operator (4,9,,...,4,3,),
and by div, the differential operator acting on vector-valued functions f =

(fis-.rs f,) as
div, = )" 9,f,
i=1

Moreover, without loss of generality, we may suppose A, = 1, since at least one
of the vector fields 4,9, , ..., 4,0, is different from zero in a neighbourhood
of a given point.

In the sequel we will denote by L a positive constant such that

(2.1) A(x) = A0) < Lix -y| vx,y€eR".
Definition 2.2. Let x € R” and r > 0 be fixed. Put
C(x r—{u ,0<t<r, whereu=(u,,...,u,)
is any subunit curve such that u(0) = x}

for j=1,
It is easy to verify that C j(x , r) is a compact interval containing X, the
jth component of x, for j=1, ..., n. Now we can put

A(x,r max A (s;,...,5,).
WX, 1) = 5,€C,(x, ) (s, ")

Remark. 1t follows from Definitions 2.1 and 2.2 that A j(x, r)>0 for r> 0 if
the distance 4 is continuous with respect to the Euclidean topology. We note
also that, if r < (L)™',

A(x,r)> max A (S, ..., X,,... > 1A (x,r).
k( ’ )_sjeCj(x,r),j;ék k(l k s ) 2 ( ’ )

Indeed, the first inequality is obvious; on the other hand, if s; € C j(x, r,
Jj=1,..., n,there exists a subunit curve y such that »(0) = x and y,(¢) = s,
for a suitable ¢ < r. Hence

A(Sys s 8,) SALS . ooy X oy S,) + LIy (1) — x|

t
5/1,((51,...,xk,...,sn)+L/0 171(5)] ds

t
Slk(sl,...,xk,...,sn)+L/O A (7(s5)) ds
<A, s Xy ooy 8,) LN (X, 8),
so that

A(x,n< max A(Sy, ooy Xy ooy S )+ LA (X, 1),
k( )_stC}(x,r),j#k k( 1> s Mo n) k( ’ )

and the assertion follows.
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SOBOLEV-POINCARE INEQUALITIES AND DEGENERATE ELLIPTIC EQUATIONS 129

If xeR" and r > 0, denote by Q(x, r) the n-dimensional open interval

=[G = rA(x, 1), X, + rAL(x, 7).
k=1

We will prove that these intervals are equivalent to the metric balls in the fol-
lowing sense.

Theorem 2.3. Suppose A, (x,r)>0 forany x€R", r>0,and k =1,
Then there exists a positive contant b such that

Q(x,r) 2 B(x,r)2Q(x, r/b)

for every x and r, r € (0, r,], where b and r, depend only on n and L.

Proof. Let y belong to B(x,r). If k is fixed, there exists a subunit curve
7: [0, T}~ R" such that y(0)=x, »(T)=y, T <r, so that

%, yk|</ (1 |dz</ (1) dt < TAL(x, T) < rA(x, 7).

and the first inclusion is proved. The proof of the second inclusion is a little bit
more complicated. To prove it, let us prove some preliminary results (which in
turn will be helpful in what follows).
(2.3.1) For fixed x and r € (0, r,] it is possible to renumber the variables (in
general the permutation depends on x and r) in such a way that

(1) Al(x’r) ZAz(x’ r) 2 "'ZA,,(X’ r)a

(i) Ay (x,r) <2AL(x,r) = maxsjecj(x’,),jd(/lk(s1 yes Xy ey X,)
Renumber the variables and the indices in such a way that (i) is satisfied. If
sjeCj(x, r) for j=1,...,n, we have

n
A(Sys oo 8 SA(sys s X X))+ LY s — x

On the other hand, if i > k is fixed, there exists a subunit curve y starting
from x and such that y,(f) = s, for a suitable 1 <r,

x|</,1 (s))ds < tA(x, 1)
so that

n
A (Sysees 8,) S48, 000, X, ...,xn)+LZrAi(x, r)
i=k
KA X, X)) F L(n—k+ DrA (x, r)
and hence
A(x, 1) <A (x, )+ Ln—k+ DrA (x, ).

If r<1/(2Ln), (ii) follows.
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130 BRUNO FRANCHI

We are now able to prove our second inclusion. Let x and r be fixed and
let us renumber the variables as in (2.3.1). For the sake of simplicity the proof
will be carried out in the case n = 3.

Let 57, @, € C,(x, r) and &, € C,(x, r) such that A,(5], x,, X;) = A5(x, r)
and 1,(d7], @;, x;) = Aj(x, r). By definition there exists a subunit curve
such that 4(0) = x, A,(¢;)) =5, with 0 < £, <r. An analogous assertion holds
for 7, . Thus

(2.3.2) IS, —x,|<r and fo,-x|<r

In addition, there exists a suitable subunit curve A such that 2(0) = x, h,(t;) =
g, with 0 <, <r. We have:

(233) 7, - x| = hy(t,) x2}<//1 5))ds < t,A)(x, 1)

<rhA,(x,r) < 2rA2( , ).

Now let y belong to Q(x, r); suppose y;>X; for j=1,2,3 (otherwise
the proof will be modified in an obvious way). In order to prove that d(x, y) <
br, we will use a technique employed in previous works (see, e.g., [FL1, FL2]).
We will construct a piecewise linear curve from x to y by using integral curves
of the vector fields +X ;= +A jaj , j=1,2,3, in the following way:

(1) from (x, x,, x;) to (5], x,, x;) along +X,,
5 , 0,, X;) along £X,,
1» 0y, X;) along £X,,

g,,y,) along X;,

, Oy, y3) along +X,,
from (5], 7,, y;) to (s1 , ¥y, ;) along £X,,
) from (5], y,,y;) to (¥, ¥,,y;) along £X,.

‘Now we must prove that the length of each of the above arcs (i.e., the time
required along integral curves) can be estimated by an absolute constant times
the radius r. By (2.3.2) and (2.3.3), the length of the arc (1) is less than or
equal to r, whereas the lengths of the arcs (3), (5), and (7) are less than or
equal to 2r.

Let us now estimate the length of the arcs (2) and (6). We will estimate the
length of an integral curve of +X, from (5, z,, z;) to (5[, G,, z;) where
|z, = x,| < rA,(x, r) and |z, — x| < rA(x, r). Suppose, e.g., @, > z,. Let
» be the solution of the Cauchy problem

{ (pl = 12(3, 9, 23)’
9(0) = z,.
Clearly the curve ¢ — (5], ¢(¢), z,) is a subunit curve. In addition, let us note
that A,(5], z,, z;) > 0. Indeed, by (i) and (ii),

(5], 25, 23) 2 A,(8] 5 Xy, X3) — L|zy — X,| = L|zy — X5
> A ,(x, 1) = LrAy(x, r)— LrAy(x, r)
> IA,(x, r) = 2LrA,(x, r) > 3A,(x, 1)
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SOBOLEV-POINCARE INEQUALITIES AND DEGENERATE ELLIPTIC EQUATIONS 131
if r < 1/8L. Hence, since ¢ >0,

, Z4 ds>//1 5,2y, 2y)ds — Lt(p(t) - z,)

p
’_‘(4

2 20,(x, r) - Li(p(t) - z,).

Then, if 1 <1,

00~ 2,2 g pyMalx. 1

and hence ¢([0, 1]) 2 [z,, z, + Ay(x, r)/4(1 + L)]. Since 0 < G, — z, <
[G5~x,|+|x,~z,| < 2rA,(x, r), provided r, < 1/8(1+L) weget @, € ¢([0, 1])
and hence @, = ¢(t,) for a suitable 7, € [0, 1]. On the other hand

A\

2rAy(x,r) 27, — Ay(x, )

4
2, = (0(!0) — 2, > 4(1—-(:-[,)
and hence #, < 8(1+ L)r. This remark enables us to estimate the length of arcs
(2) and (6).
Finally, the estimate of the length of arc (4) is easier. In fact, let us consider
the solution ¢ of the Cauchy problem

{ 0 =17, 5, ),
9(0) = x,.
Clearly the curve ¢ — (6], @,, ¢(t)) is a subunit curve. Moreover, let us note
that 4,(3], ,, ¢(1)) > 0. Arguing as above, if £ < 1, we get

t

— >

and hence ¢([0, 1]) 2 [x;, x; + A;(x, r)/(1 + L)]. Thus there exists 7, €
(0, 1) such that y, = ¢(t,) with z; < r(1+ L). Thus we have obtained an
estimate of the length of arc (4) and hence we have proved our assertion with
b=171+L)+7. 0O

Remark. Let x,y be given and put r = d(x, y). By the above result, y €

Q(x,2r) and y ¢ Q(x, r/2b). Hence there exists kK € {1, ..., n} such that
|y, — x| > F,(x, r/2b), where F,(x,t) denotes the function ¢~ A, (x,?).
Thus,

r<2bF ' (x, y - x ) S 263 F N (x, Iy - x)).
j=1
2r) for j=1,..., n and hence

On the other hand, |y, - x| < F,(x,
1 n
2— Z x y; = x;0).

Hence we have proved that
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132 BRUNO FRANCHI

We are now able to formulate our main hypothesis. We will suppose that:

(H.4) For any x, € R" there exists a neighbourhood U of x, such that,
if 0 < g < |éj| <1 for j=1,...,n and if we denote by H(-, x,¢&) =
(H,(--+), ..., H,(--+)) the integral curve of the vector field {,4,0,+---+¢, 4,0,
starting from x, we have

/0 A(H(s, x, E)ds > Ciler, ..., g,)tA(x, 1)

for j = 1,...,n, where Cj is independent of ¢ € (0, ], x € U, and
Eelllyle, 1]

In what follows we shall denote by ¢ the vector (¢,,...,¢,), by A, the
n-interval []7_[¢;, 1], and we shall put &" = (I¢,[, ..., [£,]).

In the sequel, we will explain more explicitly the meaning of the above hy-
pothesis and we will give some examples, but let us first prove some conse-
quences of our hypotheses.

Proposition 2.4. The functions t — A AH(@, x, ¢)) are locally uniformly A_-
weight functionsfor j=1,...,n,ie, forany j=1, ..., n there exists p;>1
and c;(&) > 0 such that

(//1 sxéds)(//l H(s, x, &) "o )ISCJ.(F,)

Jor 0<t<t,, xeU, (|§1,...,1,]) €4,.

Proof. Note first that ¢t — H(t/\/n, x, &) is a subunit curve starting from x.
If >0 is fixed we have

1//1 (H(s, x, &) " ds = t\/_/ H(s/V7, x, &) ds
r\/'
Axtt\/_/ H(s/vn,x,&)d
t\/'
< Ci(e)” z\/‘/ H(s/vn,x,&)d

<?/O Aj(H(s,x,f))dsy
- Cj(a)_" <% /Ot/lj(H(s, X, f))ds> v ,

and hence ¢t — 4 j(H (t, x, &) satisfies a reverse Holder inequality with con-
stants depending only on ¢. Then the assertion follows from standard results
about Ap-classes [GR, IV, Corollary 2.13]. O

Now, since Ap-weights give doubling measures [GR, IV, Corollary 2.13],
we get
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Proposition 2.5. There exists a positive absolute constant ¢ such that, if t €
(0, t,] and x € U, then

A (x,2r) < cAp(x, 1)

Jor k=1,...,n. Inparticular, A, (x,r)>0ifr>0, k=1,...,n.
Proof. Let ¢ be fixed such that |&] < 1. Then ¢t — A(H(¢, x, &)) is a subunit
curve and hence, putting C, () = C (I§,[, ..., [£,]), we have

2r
2C, (&) Jo

/

<CE@)A(x,r). O

A(x, 2r) < A (H(s, x, &) ds < gr(—é)/rlk(H(s, x, &) ds
0

The doubling property of functions A, combined with Theorem 2.3 gives
us the basic property of the metric d : the metric space (R”, d, dx) is a space
of homogeneous type. Here dx denotes the Lebesgue measure.

Theorem 2.6. There exist two absolute constants A, B >0 such that
|B(x, 2r)| < A|B(x,r)| and |Q(x, 2r)| < B|Q(x, r)|
for every x belonging to a compact subset of R" and for r € (0, rol.
The proof is straightforward.

Remark 1. A theory of Ap-weights in spaces of homogeneous type was devel-
oped by A. P. Calderon in [C]. Thus the above theorem gives a precise sense to
hypothesis (H.3).

Remark 2. An easy consequence of Proposition 2.5 and Theorem 2.6 is that

there exist positive absolute constants «, ..., a,, k,..., k,, k and a such
that

A(x,tr) 2 kjtafAj(x, ry forj=1,...,n and |B(x, tr)| > kt®|B(x, r)|
for x belonging to a compact subset of R”, ¢ € (0, 1), and r € (0, rl.
In particular, there exist suitable absolute positive constants X, , ..., k, such
that, in a compact neighbourhood of Q, Aj(x, t) > kjt"f for j=1,...,n
and 1 €(0,1).

Remark 3. Since t — H(t/\/n, x, &) is a subunit curve starting from x for
any ¢ such that |fj| <1 for j =1,...,n, by the doubling property of
A, there exists an absolute constant ¢, > 0 such that, for this choice of ¢,
A(H(t, x,8)) <c,A;(x, 1) for j=1,...,n.

Remark 4. From Remark 2, Fj_‘(x, <K jtl/ @+1) for ¢ small. Hence, taking
into account the Remark after Theorem 2.3, we obtain

the distance d is Hélder continuous with respect to the euclidean metric.
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134 BRUNO FRANCHI

In particular, the topology of d is equivalent to the euclidean topology.
Hence when quantitative estimates are not involved, we can talk about ‘close
points’ without further specifications.

3

In this section, we will obtain basic properties of the integral curves H(t, x, &)
which we will use in the following. First, let us note that the function & —
H(t, x, &) gives nice ‘polar coordinates’ in a part of the ball B(x, ).

Proposition 3.1. Let x, be fixed. There exists a neighbourhood U of x, such
that, if €, ..., ¢, are real positive constants and g < VL for j=1,...,n,
then, putting € = (¢, ... , &,), there exist positive constants c*(e), c*" (), t,(e)
depending on ¢ and ¢ >0, such that, if x e U, & = (€|,...,[£,]) €A,,
and 0 <t < ty(e,),

(i) the map & — H(t, x, é) is injective;

(i) ¢ "*IQ(X )l >|detdf(z, x, &) = " (e)|Q(x, 1)l

(i) ¢, > |H(t, x, A£)|/|Q(x, )| > c**(e), where ¢, has been defined in
Remark 3 after Theorem 2.6.

Proof. For the sake of simplicity we will carry out the proof supposing A i isa
continuously differentiable function for j =1, ..., n. The result in the general
case will be obtained in the same way when derivatives are replaced by finite
differences. We note that H is Lipschitz continuous with respect to &, so that
the derivatives in (ii) exist a.e.

Thus suppose L > sup|d,4 j| for all j, k. It is well known that

0H
9¢

BH

+/0 A (H(s, x,¢&))ds e,

OH 5= /J (5, x,8), 82K

where ¢, = (0,...,1,...,0) and J(p, é)ij = 8j/1i(p)éi. In particular, if

ty < 1, there exists ¢, (L) such that

oOH
t, x,

5a (. x.0

<o //1 H(s, x,&)ds

Moreover, without loss of generality, we may suppose éj > 0 for j =
1,...,n.
Let us now consider the matrix

6H oH

D=D(t,x,8,¢) =155, x, )55 (1, %, 9),
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where &", & belong to A,. We have

D, = <‘2—?(t, &), gfu x, c)>

</J (s, x,&), d/J Sxff)é>

+/0/1j(H(s,x,f))dS'/O <J(H(S’x’él)’é,)g? >ds

! / ! OH
+/0 /Ii(H(s,x,f))ds-/O <J(H(s,x,{),f)a—éj,ei> ds

#6, [ At x. N ds- [ 4,0, x, ) ds

t t
=a4.(t,x,é,é')+6ij/0 /li(H(s,x,é'))ds-/O A (H(s, x, &) ds

Now we note that

</J "aHd/J sxéf)aé >l

S/J(H(s,x,' ""HdH/J sxéé)é .

‘loH
ag;

< cz(L)tz /0 A(H(s, x, &) ds- [ 4, (Hs, x, &)ds

< (LA (x, HA(x, 1),
by Remark 3 after Theorem 2.6. An analogous argument shows that the second
(and the third) term in «;; can be estimated by c4(L)t3Ai(x, t)Aj(x, t).
Now, if n € R" and x € U, then

t
ZDUU,-'I,- =Zaij("')’7,"7j+z77j2/0 Ai(H(S; x,¢ ))ds
i,j i,] 1

./'uH(s,x,e:))ds

> ¢ (L ZA X, DA (x, O+t ZC 2(x, t)nl

SL ds

\ ds

= —¢,(L)’ (Z A(x, z)n,.) +cge) ZAf(x, Hn’

> (cqle) - ZA x,0n >6—t ZA

if £,(¢) is sufficiently small.
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Suppose now H(t, x, &) = H(t, x,&,); obviously the coordinates of ¢,
and ¢, have the same sign and hence belong to the same convex component of
the domain of the points ¢. Hence we have

0= (H(t.x.8) - Hlt x, &), G (e, x, é)(él—€2)>
0H
= [ (S v st -6 -6, 3, 606 &) ds

1
=/0 (D(t, x, & +5E — &), E)E —&), ¢ —&))ds
N S MR

and hence ¢, =¢, since Af(x ,t) >0 forany ¢ > 0. Thus (i) is proved.
In addition, the same argument shows that, if we denote by A(x, t) the
matrix whose entries are given by J,,A,(x, ), then

D(t, x,&,8) 2 ¢g(e)'A’(x, 1)/2,
such that a min-max argument shows that

det%?(t,x,é = VdetD > ¢,(¢) e)t" det A(x, 1) = ¢4(€)|Q(x, t)].
Hence it is enough to choose ¢*(¢) = Cg(€) . Since the upper estimate for the
quadratic form of D is quite obvious, assertion (ii) is proved. O

4

We are now able to prove our main results. To this end, we need to show that
it is possible to cover a sufficiently large part of a given ball by integral curves
starting from the center. In fact, we are able to prove this result when the ball
is replaced by a deformed one, where the deformation parameters depend on
how large the part we will attain is. The proof requires a careful control of the
constants. Let us begin with some technical preliminaries.

Lemma 4.1. Denote by F; = F(x, 1) the functions F(x,t) =tA;(x,1), j=
1,...,n. Let xy and ¢ = (0,,...,0,) € {-1,1}" be fixed. For any
fixed 8 € (0, 1) there exist ¢(6) > 0, c(8) > 0, and t(6) > 0 such that
for any t € (0,t(0)) and x close to xO, there exist 2n positive constants
c(x,t,0),...,¢c,(x,1,8), e(x,t,0),...,¢,(x,t,0) such that:
(i) If op; € [6F(x,ci(x,¢, 0)), (x ¢; (x t,0}, j=1,...,n, and

ol €le;(x,t, 0), 1], then

£,(x, 1, 0) g <1 forj=1

X, < < orj=1,

fo J(H(s, x, &) ds

(ii) aj(x,t,ﬁ)_ e8) for j=1,
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(iil) 1 2¢;(x,1,0)>2¢(0) for j=1,...,n.
(iv) Put oy = (0\¥;, ..., 0,¥,); If

n
oy € [[Ix; + 6F;(x, c;(x, 1, 0)t, x; + Fy(x, c,(x, t, )],

j=1
then there exists & such that 8j(x, t,0) < ajéj <1l for j=1,...,n and
H(t,x,& =y. The point £ is unique by Proposition 3.1.
Proof. First, we note that we can reduce ourselves to the case o =(1,...,1).
In fact if x is fixed, denote by T, , the mapping y — (x; +0,(y; —X,), ...,
x, +0,(y, - x,)) and put A;(y) = Aj(Tx,a(y)). If we still denote by Q*,
H’, ... the new objects we obtain by replacing A; by A in the definition of
Q,.H,..., weget

Q(x,0)=Q"(x,1),  H(t,x,&)=x+0(H(t,x,08)-&),

and

A(Hy(s, x,8)=2,(H (s, x, ax)).

Hence, in what follows, we may suppose ¢ = (1, ..., 1).

Let I = (i;,...,i,) be a permutation of {l,...,n} such that i; = 1.
Let us consider the positive real numbers ¢(/, 1, 6), ..., &({, n, §) defined as
follows:

k. i1+l
eI, 1,0)=60, el,k+1,0)=8 é*;' (10 (s*(I,k,@))) -

2 lk+l
k=1,...,n-1,

where C,, ..., C, are the constants of hypothesis (H.4) relative to the neigh-
bourhood U of x,, ¢, has been defined in Remark 3 after Theorem 2.6,
and k,,...,k,, a, ..., a, are the constants of Remark 2 after Theorem 2.6.
Finally the vector ¢(I,k,0) = (e;(I,k,0),...,¢e,(I, k,0)) is defined as
follows: (1.7.6) ifi=i forj<k
* etl, 7, mi=1,10r < K,
ko) ={ " j ot
! 1/n otherwise.
Now we put
k(8) = — ,?1’1{‘1)11'1:1 min Cik(s (I,k-1,80)).

The first choice of #(8) is the following one: put
A =max sup A, (x, 1) <oo;
k x,t<1
then we will assume that
NG
nL(t(B)L]) . 1 + 2t(0)A
t(@)Lj -1 k.

g

2¢,1(6)

max{L""} < %k(e)

for j=1,...,n. Here [x] denotes the integral part of x. Without loss of
generality, we may suppose ¢, > 1.
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Now let ¢ < ¢(6) be fixedand let I = I(z, x) = (i;, ..., i,) beapermutation
of {1,...,n} suchthat i, =1 and

Ajl(x’t)ZAiz(x>t)Z"'2Ai (xst)‘

n

Put

(xt0)—s(( t),k,0) fork=1,...,n,
o(x,t,0)=1, ¢ (x,t,0)= %Cim(e*(l(x, 1), k,8)
fork=1,...,n-1.
Without loss of generality, we may suppose ¢, (x,¢,0)<1, k=1,
In order to prove (i), by an induction argument let us prove first that for

any positive integer m, for j = 2,...,n, and for ¢,(x,?,6) <¢ <1 for
r=1,...,n we have

(4.1.1) //1 H(s,x,&)ds

—[Cij( ( (xa t)aj_ 1’ 9))
= 2tne, L(1 + tLi, + -+ (tLi))" A, (x, 1)

mmlmIZ/ds/dgM H(o, x, &)

k<j
—4, (H(o, x, Ex,t, M

where
E=E(x, 1, ))=(Ex, t,0), ..., Ex, 1, )
is defined as follows:
. & ifr=i forp<j,
<,<x,z,j>={ : ’ !

1/n  otherwise.

We note that, if r = ip for some p < j, then r = ip for some p <
j—1,sothat &(x,t,j)=¢ and e (I(x,1),j—1,8)=¢(t,x),p,0) =
2 (t,x,0) = &,(x,1,6) and hence &"(x, ¢, j) > ¢’(I(x, 1), j— 1, 6). Oth-
erwise, &' (x, ¢, j)=1/n=¢(I(x,1),j—1,8), so that

f:(x,’,f)zg:(l(xJ),j—1,9)

forr=1,...,n.
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Case m=1.

/A H(s, x,%))

//1 (s, x,é*))ds+/0t[/1ij(H(s,x,é))—lij(H(s,x,é*))]ds
(8 Ulx, 1), j =1, A, (x, 1)

—LZ/| (s,x,& - ,-(s,x,f‘)lds

=G (e"U(x, 1), j -1, A, (x, 1)

]

_LZ/ H, (s, x, &) - ,-(s,x,é‘)lds

k<j

LY [, (x| 1 (55, &) - x, s
k>j
> Cy (" U, 0, )~ 1, O)A, (x, 1)

i

—LZ/ ds/ doli, (H(o, x, &) =4 (H(o, x, O,

k<j

—LZ/ ds(/ dai, (H(o, x,é))éik+/Osdalik(H(a,x,§))é;'k>.

k>j
Now the assertion follows since
LZ/ a’s/ do i, (H(o, x, )X,

k>j
2 2 .
SeLE Y A (x, )< e, Li(n=-j+ DA, (x, 1),
k>j

and the same estimate holds for the other term corresponding to &* .

Case m + 1. Suppose now (4.1.1) holds for m . We have

/IA‘. (H(s, x, &) ds
o

>, € Ux, 0),j=1,0) = 2tne, L(1+tLi; + -+ (tLij)'"_l)]tA[j(x, 1)

mmlle/ds/dgM H(o, x, &)

h<j
— 4 (Ho,x, & (x, t, )

>(C, (e (I(x, 1), ) = 1, 6))~ 2ne, L(1 + 1Li, +...+(1Lij)'"”‘)]m,.j(x, )

— L 'Z/ ds [ dolH, (0. x. &)= H, (0., & (x, 1, )

k<j

L lz/ ds/ do|H, (0,x,8)~H, (6,x,& (x, 1, ).

k>j

Now, arguing as above, the last sum can be estimated as follows:
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m+1mmlz/ds/dg|Hax§) H (0,x,8(x,t, )

k>j
<Lm+1]mlmZ/ (IH, (s, %, &) = x, | +|H, (s, x, &) — x, |) ds
k>j
<Lm+ljmtm ds( dal H(o, x, )X,
=) k

+ /OS dol; (H(o, x, f))é;)

< 2an+1jmtm+zc*Ai (x,1).
On the other hand,

m+1mm12/ds/da'|Ho'xf) (O'Xé(xzf))l

k<j

m+1 m m= IZ/ ds/ dg'/ da}/l U,X,é))

k<j

~ 4, (H(d', x, & (x, 1, Mg,

< L™ "’Z/ dS/ do|i, (H(o, x,8)~ 4, (H(o,x,& (x, 1, ).
k<j
Thus assertion (4.1.1) is proved.
Now, let us choose m = max{[a;] + 1} . Without loss of generality we may

suppose ¢Li; < 1, so that (zLi; )" < < (tLi; )[a‘]+l By our choice of #(f) > ¢,
we have (k; are the constants of Remark 2 after Theorem 2.6)

(4.1.2) /l H(s,x,¢&)ds

. . (eLi)®*t -1
>|C (e(x,1),j-1,80)-2thc, —4—

, 1), - tA (x,t
j * ZLlj— "( )

1

_ 2Lmtm-i»lij

. 12 (tLip)l*t — 1
ij X,t),]_ » ))_ tnc*——mj__l—

v
A
=
=

_ "Z_Ama {L["f’“}] A, (x. 1)

Ui

> |C, @0, 0, -1, 6))—%k(0) (A, (x, 1)

> %C,. (& U(x,0),j—1,0))A, (x,t)=c, (x,1, 0)A, (x, 1)
Obviously, the same estimate holds for j = 1.
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We are now able to prove (i). We have
b < Fj(x, cj(x, t, 0H)1) <
Joki (H(s, x,&)ds = ¢ (x, 1, 0)tA (x, ) =
J J

On the other hand, by Remark 3 after Theorem 2.6,
p; Oc; (x,t,0)A; (x,¢c (x,t,0))
Iy A, (H(s ,lx, &) ds 2 C*A; (x, tf
> (H/C*)kl.}cij(x, t, 6)%+
= (8/c)k, (1C, (7U(x, 1), j— 1, 6)""

J

= (by definition) e(I(x, t), j, 0) = ¢, (x, t, 6).

Thus (i) is proved for i T On the other hand, {i, ..., i,} is a permutation of
{1, ..., n} and hence the assertion is completely proved.
Assertion (ii) follows by definition, since, if j =i, for k suitable, we have:

sj(x, t,0)= aik(x, t,0)=¢(l(x,t),k,0)
=0(k, /c)(3C, (€U (x, 1), k=1, )%
> O(k; [c")(k(8)/2)"
> (6/c") max{k, }(k(8)/2)"™ 1} = &(6).
Analogously,
c,(x,t,0)>1k(®)=c(6) forj=1,...,n,

and (iii) follows.
Finally, we note that our assumptions imply that

t
//Ij(H(s,x,é))ds>0 i£1>0,6>0,j=1,...,n
0

Thus, by (i), and by usual continuous dependence results for ordinary differen-
tial equations, the mapping

éHT<c)=( 4 . R Tk’ )
JEa(H(s, x, &)ds [Ea (H(s, x, &))ds

is continuous from H;?:l[sj(x, t,0), 1] = A(x, ¢, ) to itself. A fixed point
argument shows that there exists & € A(x, ¢, 8) such that

v, =x, +/O A(H(s, x, &) ds¢, = H(t, x, ).

Thus, assertion (iv) is proved. O
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Now put
H[x W, ci(x, 1, 0)0), x4+ Fi(x, ¢;(x, t, 0)0)],

9 .
Q+(x,t)=Q (x,0n{y;2x;,j=1,...,n},

SI0x, 1) = TJlx; + 0F,(x, ¢)(x, 1, 0)1), x; + F,(x, ¢,(x, t, O)1)].
j=1

In what follows, if there is no way of misunderstanding, we will write only

0 A0 of
Q 2 Q+ b S+ .

The aim of the next result is to obtain a suitable representation formula for
a function u vanishing on a sufficiently large subset of a ball.

Lemma 4.2. Let u be a Lipschitz continuous function and let § € (0, 1) be a
fixed positive constant. Then there exists r(f) > 0 such that, if r < r(B) the
Jfollowing assertion holds: suppose

El=1{p € Q°(x, 1) =0} > BIQ"(x, r)l,
where 6 = 6(B)=1- /1 - . Then there exists Q € (0, 1) such that
[u(x)| < ¢, (B)riB(x, ) My(IV,1x, 5) (%),

where MQ(f)(x) =sup,,|B(x, t)|"Q fB(x’t) |fV)|dy is the fractional maximal
function of order Q, ¢,B = B(x, c,r), x, is the characteristic function of A,
and c, is an absolute constant. In particular, these constants are independent of
r<r(B) and x € U, U being a suitable neighbourhood of a fixed point.

Proof. Without loss of generality we may suppose |E_| = [E ﬂQZ| > ,BIQe! /2" .
We have
—ny 0 G 6 G 6 6
2707 =10 2 (EUS)NQI=|(ENQ)US,|
6 G 6
=|(ENQ)I+IS, |- ENS,]
—n, 8 —n, 0
= |E,|+IS{|-1EnS| 2 p27"1Q° |+ (1 - 0)"27"1Q"| - |EnS])|
- 6 6
=27"(1+8/2)IQ°| - ENS,]
and hence |[EnS°| >27""'8|Q°.

Now choose r(f) < t(8(8)), where t(6(f8)) is defined in Lemma 4.1 and
put £ = {¢ € Bx.r.0) s H(r,x,8) € E, ﬂSf_}. The first step consists of

estimating |X|. By Lemma 4.1 H(r, x,4,, , o) 2 Sf(x, r); hence, putting
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H(r, x, &) =y, by Proposition 3.1 we get
OH -!
det _(r’ X, é(y))

B=[azz [
- ):é E+nSfy 0¢

EnS] B 1Q°x, 1)
= C***|Q(x ")l - 2n+1 *okok |Q(X, r)|

n
a; 1 a
2n+1 *okok H x r, 6 * > 2n+l ***C(B n+z 3 B)s

where c(6) is the constant of Lemma 4.1.

Now let K be a smooth nonnegative function such that X = 1 on As(G)
where &(#) is the constant defined in Lemma 4.1(i1)). We note explicitly that
Ae(e) 2 Ae(x’r’ 6) - Assume that u is continuously differentiable. We have

lu(x)| = |u(x) —u(H(r, x, §))|K() for¢eZ.
Hence

1= |u(x)] = /z u(x) — u(H(r, x, O)|K(&) dé

r d
s/o dt/suppxdé‘zu(H(t,x,é))

=/rdz/ dE((Vu(H(t, x, &), H'(t, x, &)
0 supp K
<vi[ar[  aqvuH x )l

supp

Now put H(t, x, &) = y; keeping in mind Proposition 3.1, we obtain

Vi ]
B0 < 25, TR e ™ 7O

where, for the sake of simplicity, we have denoted by &(8) the vector (e(8), ...,

e(0)).
On the other hand, ¢t — H(t//n, x, &) is a subunit curve starting from x
for any ¢ such that éj <1 for j=1,...,n, sothat H(¢t, x, suppK) 1is

contained in B(x, c,f) which is in turn contained in B(x, ¢,r) = ¢,B. Thus,
keeping in mind the estimate of |X| obtained above and the equivalence between
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|Q(x, t)| and |B(x, t)| (Theorems 2.3 and 2.6), for Q € (0, 1) we get
el < ey(8) [ dilgcx, 0% sup Bx, 0

™

B(x,

ANV
= cBM(19, 1)) [ driBlx, 0%

1
= BIMV e p)) [ delBr, )

1
<c,(B)r|B(x, r)IQ_lMQ(IVﬂXczB)(X)/O de 2@

= ¢;(B)r1BOx, NS My(19, 15, p)(x), i a(@ = 1) > 1.

Now, a standard regularization argument enables us to extend the above in-
equality to Lipschitz continuous functions, completing the proof of the lemma.
0

Lemma 4.3. Let x, belong to Q and let € (0, 1) be fixed. Let w be an

Aq-weightfor a given q > 1 with respect to (R", d, dx). In addition, let u be
a Lipschitz continuous function such that

{y € Q" (x5, ); u(y) = O} > BIQ" (xy, 1),
where 0 = 6(B) = 1- /1= BJ2. If Q is chosen as in the previous lemma, then
forany p > q and forany k € [1, (1 — (1 - Q)p/q)_’), there exist c,(B) > 0
(depending only on B, the doubling constant A, p, and k), a positive constant
r(B), and an absolute constant c, such that, if r <r(f),

1 1/kp
Kp d
(———w T /Q o O 00) y)

1 t/p
14
< cg(B)r (m /B(XO’CJ)W,{”()’N w(y)dy) .

Here c¢,B = B(x,, c,r). We note explicitly that the constant can be chosen
uniformly with respect to x, belonging to a small neighbourhood V of a fixed
point,

Proof. Let x belong to Qe(x0 , ) ; then there exist two positive constants ¢y(f)
and ¢y(B) depending only on B such that
6

Q°(x, (B 2 Q°(xp, 1) and  Q°(x,, ¢g(B)r) 2 Q°(x, cy(B)1).
Let us prove the first assertion. We have Qg(xo, r) € Q(x,,r) € B(x,, br).
Hence
Q%(x,, r) C B(x, 2br) C Q(x, 2br)
= (putting ¢g(B) = 2b/c(8) > 1)Q(x, ¢4(B)c(O)r)
c Q°(x, ¢5(B)r)
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since ¢(0) < cj(x, t, 8). Analogously

0

Q°(x, cy(B)r) € Q(x, cy(B)r) € B(x, cg(B)br)

C B(x,, 2¢,(B)br) € Q(x,, 2¢4(B)br)

= (putting cy(B) = 2bcy(B)/c(8)) Q(x,, co(B)c(O)r)
c Q’(x,, g(B)1)

since ¢(0) < cj(xo, t, 6). We note explicitly that the constant ¢(f) can be
chosen locally independent of x and r.
Now

1y € Q°(x, cg(B)r); u 0}|>|{yeQ<x0, u(y) = 0}]
> B10°(x,, 1) |>c,0 )0 (x5 cg(B)P)]-

Then if r is small enough (depending on 6 and hence on f) we can apply
Lemma 4.2 to get

()| < ey (BIIBEx, NP Mp(IV,ulxp e o )(X)
<, (B)rIBx, N®™ My(IV,ulx, 5)(x),

since, arguing as above, B(x, ¢,r) C B(x,, (b +¢,)r) = B(x,, c,r). Moreover,
without loss of generality, we may suppose Qe(xo, r) C Q(x,, r) € B(x,, br) C
B(x,, ¢;r) . Thus, we have

1 1/kp
KD d
(w(Q"(xo, ) /Qmo,r) MO y)

< ¢, (B)rB(x, %!

1 y 1/kp
. —_— Kp
(w(Qe(Xo, r) /Qg(xov’) Moll¥3lze,0)0) w(y)dy)
< (B)rBx, )@

1 o 1/xp
N %,
(’LU(QH(_XO’ r)) v/B(XO,c r) (|V ulxc B)(y/ (y) dy)

[e R3]
< ¢, (B)rIB(xy, ¢;r)l

1 | 1/kp
. (m /B(xo,ﬁr) MQ('V'luIX%B)(y) /pr(y) dy) s

by the doubling property of the measure of d-balls. Now we note that

10°(x,, 1) _ 1Q(x,, 7)] T,
'2 |B(xo,oc7")| = IB(XO? ¢, )] (6) 2 ¢p3(B)
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and hence, taking into account that w is an A -weight function, w(Qe(xo, r)
> ¢, (B)w(B(x,, c,r)). Thus, we have

1/xp
_ 1 1/kp
r|B<x,cr>|Q‘(—— / M(IV, 42, ;) ) w(y)dy)
0> w(Q%(x,, 1)) I8y, © B

< ¢;5(B)rB(xg, c;r)¢ 7

1/kp
1 / 1/xp
| M, (V. ulx. )y w(y)dy .
(w(B(xo, ) agsy e M1V e ) R0)

We can now apply a continuity property for fractional maximal functions in
spaces of homogeneous type (with a precise estimate of the continuity constants:
see [FS, Lemma 4.4]) in order to complete the proof. O

Lemma 4.4 (Weak Sobolev-Poincaré inequality). Let u be a Lipschitz contin-
uous function. Let U be a neighbourhood of a fixed point as in the previous
lemmas. Then there exists ry > 0 such that, if w is an A q-weight Sunction for
agiven q>1, p>q, k is fixed as in Lemma 4.3, x € U, and r <r,, then

1 l/kp
- kP
(w(B<xo, 3 “’(y)"y)

/p
1 P

< bt | ———— V.u w(y)d ,

=16 (w(B(xO,c”r)) ./B(xo,c”r)‘ HOFwl) y)

where the constants c,; and c, depend only on p,q,k, and on doubling
constants. The constant uy can be chosen to be either the Lebesgue average of
u, le.,

.
Upg = —— u(z)dz,
B B(xy, 1) B(x,,r) (2)

or the weighted average

1
Ug = m/]}(xo,r) u(Z)'LU(Z)dZ.

Proof. We chose in Lemma 4.3 B = § and we put 6, = 6(1). Now all

the constants are fixed. In addition, we note that B(x,,r) € Q(x,,r) C
Qeo(xo, r/6,) = Q‘9°(x0 , yr). Let us choose r, such that yr, < r(%) in Lemma
4.3,

A standard argument (see e.g., [FS, Theorem 4.5]) shows that there exists
1 € R such that

{y € @%(xy, yr); u(y) 2 1}l = 410" (x,, 1)
and
{y € Q% (xy, yr); uy) < w} > 110" (x,, 7).
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We can apply Lemma 4.3 to «* = max{u —u, 0} and ¥~ = max{u—u, 0} in
Q9° (x5, yr) to obtain

1 1/kp
Y T E— LY d
<w(Q0°(xo,Vr))/Q"O(xo,yr)|u(y) uw(y) y)

1/p
1 1 p
< e, (5) r (m /Q ey T w(y)dy) .

On the other hand, by the doubling property the Lebesgue measures of
Qoo(xo, yr) and B(x,, r) are equivalent and hence the w-measures are equiv-
alent also. Thus, keeping in mind that B(x,,r) C Qy(x,, yr) and putting
yc, = ¢5, we get

1 1/kp
- ALY
(w(B(xo, ) /B(XO,,) )= a “’(y)dy)

1/p
1 / »

LC ot | ——— Vu w d .

<cig (w(B(xO,c”r)) b e ATEO) y)

Finally, the complete proof of our lemma can be obtained from the above in-
equality in a standard way (see [FS, Theorem 4.5]). 0O

In fact, up to a new choice of the constant ¢, , we can put ¢, = 1, by means
of a technique due to R. V. Kohn and D. Jerison [K and J]. Arguing as in the
proof of Theorem 4.5 in [FS], we get

Theorem 4.5 (Sobolev-Poincaré inequality). Assume w € Aq(R", d,dx) and
let B = B(x,, r) bea given ball of radius r <r,. Then, if p > q, x Iis fixed as
in Lemma 4.3, and u is Lipschitz continuous in a neighbourhood of B, then

1 lxp
N KD
(w(B(xo ) /B(xo,r) ) =gl ) dy)
<cr ~____1_~__
B w(B(xy, ¢157))

where ¢ and r, can be chosen locally uniform with respect to x, . In addition, ¢
depends only on p, q, k, and on the doubling constants. The constant uy can
be chosen to be either the Lebesgue average of u, i.e.,

),
Up = ——r u(z)dz,
B |B(x0, | B(x,,1) (=)

I/p
/ |viu<y>|”w<y>dy) ,
B(x,.r)

or the weighted average

1
uB = m‘/B(xo’r) u(z)w(z)dz.

We are now able to prove some important inequalities.
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Theorem 4.6. Assume w € Aq(R" ,d, dx) forsome q > 1 andlet B=B(x,,r)
be a given ball of radius r < r,. Let § € (0, 1) be fixed. Then, there exists
c(B) >0 such that, if p > q, x is fixed as in Lemma 4.3, and u is a Lipschitz
continuous function in a neighbourhood of B such that

|E| = |{x € B; u(x) =0} > B|B|,

| 1/kp
—_— "
(w(B(xo, — /B(xo’r) u)| w(y)dy)

1 1/p
<c(p)r (m /B(XOJ) IV, u(y) w(y dJ/) ,

where c(B) and ry can be chosen locally uniform with respect to x,,. In addition,
c(B) depends only on B,p, q, x, and on the doubling constants.

Proof. We have

1 l/kp
Kp
(‘w(3‘<_x0, ) /mxo,,) uITwly)dy )

1 1/xp
N S kP
: (w(B(xo’ r) /B(xo,r) uly) = ] w(y)dy> + lupl.

Let us now estimate the second term in the right-hand side of the above
inequality. Keeping in mind that w is an A4 q-weight, we have

11
gl = o7 [ 140~ upldy < o [ juty) = gl dy

l/kp
< -
[,( BT Jye, 40~ s 00} ) :

then

Thus,

1 1/kp
Kp
(_w(B_(x_O, ) /B(Xo,,) ) w(”dy)

1 1/kp
Kp
<c(p) (w_wm [, )=l w(y)dy)

and the assertion follows from the Sobolev-Poincaré inequality. O

Keeping in mind the doubling property of the measure of d-balls, a straight-
forward consequence of the preceding inequality is the following Sobolev theo-
rem for compactly supported functions.
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Theorem 4.7. Assume w € Aq(R", d,dx) forsome q > 1. If p>q, kK is
fixed as in Lemma 4.3, and u is a compactly supported Lipschitz continuous
function such that suppu is contained in a given ball B = B(x,, r) of radius
r<r,, then

1 1/kp
kp
('UJ(B(XO, r)) /B(xo,r) |u(y)| wi) dy)

1 1/p
P
<c(B)r (m /B(xo’r) |V,u(y)l w(y)dy) ,

where ¢ and r, can be chosen locally uniform with respect to x,. In addition,
¢ depends only on p, q, k, and on the doubling constants.

5

In this section we shall apply the inequalities of §4 to prove pointwise esti-
mates for the weak solutions of the class of degenerate elliptic equations de-
fined at the beginning of §2. In the sequel we shall use the notations introduced
therein. In addition,

In the sequel we will suppose hypotheses (H.1)-(H.4) are satisfied.

Let us now recall some standard definitions [FL1, FS].

Given a measurable set E C R" we denote by L°(E), 1 < p < oo, the
usual Lebesgue spaces, while, if w is an A4 p-weight function, we denote by
LP(E,w), 1 < p < oo, the Banach space of the measurable functions f

such that ||f; L*(E, w)|| = fE | 1P w( )'’? < oo. Observe that since
w1 ¢ L, (R"), then L'(E) 2 L”(E, w) for any bounded measurable
set.

0
We use the notations H''?(Q) and H''?(Q) for the usual Sobolev spaces,

while we indicate by H; "P(Q, w) (respectively by f.Ii”’ (Q, w)) the closure
of the space Lip(Q) of Lipschitz continuous functions on Q (respectively of
Lip(Q) N &'(Q)) with respect to the norm

Ifs H, (Q, w)ll = [1f; L(Q, w)]| + IV, /; L*(Q, w)].

Moreover, the spaces L? (E, w) and H; 1f>c(Q w) are defined in the usual

way.
The following assertion is straightforward.

Proposition 5.1. The bilinear form % on Lip(Q)NH 1‘2(9, w) defined as

(u,v) Z/a Bua'vdx

i, j=1

can be extended to all of H; 2Q, w).

loc
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Definition 5.2. Let f = (f;,..., f,) be a vector-valued function such that
|fl/w € LY(Q, w). We say that u is a solution of the Dirichlet problem

{,?u=divlf in Q,

(DP) .
u=g in 9Q

ifu-ge Ic-)Ii’z(Q, w) and

B(u, p)= Z/Qiifiai(pdx Vo € }01}"2(9, w).
i=1

,2

In addition, we say that v € H/1 loc

(Q, w) is a local subsolution (local su-

persolution) for .% if for any open set Q € Q and for any ¢ € 101/11‘2(9, w),
¢ >0, we have F(u,p) <0 (F(u,9) > 0). Moreover we say that u €
H;”lic(Q, w) is a local solution for . if it is both a local subsolution and a
local supersolution.

Theorem 4.7 says that if w € A,(R",d,dx) and Q is bounded, then
101}’2(9, w) is continuously imbedded in LZK(Q, w). In fact, I};’Z(Q, w)
is compactly imbedded in sz(Q, w). The proof can be carried out by using
the Sobolev-Poincaré inequality by the same arguments of Theorem 4.6 in [FS].
We note explicitly that the proof therein relies only on the Poincaré inequality

and on the fact that (R", d, dx) is a metric space of homogeneous type. Then,
by (H.3) we have:

Theorem 5.3. H/ll’z(Q, w) is compactly imbedded in LzK(Q, w) for 1 <k <
Kq -

Moreover, by the Lax-Milgram theorem we have

Proposition 54. Let [ = (f,,..., f,) be a vector-valued function such that
|fl/w e Lz(Q, w) and let g belong to H; ’2(Q, ). Then there exists a unique
solution u € Hl] ’Z(Q, ) of the Dirichlet problem (DP) of Definition 5.2.

We can now repeat the arguments in §5 of [FS] in order to obtain the basic
pointwise estimates for weak solutions of the equation .Zu = div, f.

,2
,loc

Theorem 5.5. If u € H; (Q, w) is a local supersolution for &, then

u(x)>Infu ae inQ,
0Q
where Inf,, u is taken in the H/._l 2(Q, w) sense (the definition is the same as
in the elliptic case. see [KS, Definition 5.1]).

Theorem 5.6. Let k > 1 be fixed as in the Sobolev-Poincaré inequality. Let
f=,..., f,) bea vector-valued function such that |f|/w € LP(Q, w) for
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p>2k/(k—1). Thenif ue ;11’2(9, w) is a solution in Q of Lu=div, f,
we have
Sup |u(x)| < CQu@" V| ffew; 1@, )],

where C(Q) depends only on the diameter of Q.

Theorem 5.7. Let u € H;”lic(Q, w) be a local subsolution of £u = 0. Then
there exists M >0, M independentof r < r, and u, such that, if Q(x,r) C Q,

then
| 12
2
Su u< M —/ Uowd .
00 (w(Q(x, M Jowun Y )

Theorem 5.8. Let u € H,l1 ,’lic(Q, ) be a local solution of £ u=0. Then there
exists M > 0, M independent of r < r, and u, such that, if Q(x,r) C Q,

then
. 1/2
Sup |u|< M ——/ Waod .
Q(x,r/z)I | (a)(Q(x,r)) Q(x,r) Y

Theorem 5.9 (Harnack inequality). Let u € H; lf)c(Q w) be a local solution of
ZLu=0. Then there exists M >0 and a >0, M and a independent of x, r
and u, such that, if r<a-d(x, 0Q), then

Sup u< M Inf u.

Q(x,r) Qx,r)

The proofs of the above results can be obtained by repeating verbatim the
proofs of the corresponding results in [FS]: in fact the techniques we used in
[FS] require only the following tools:

(i) (R",d, dx) is a space of homogeneous type (here proved in Theorem
2.6);
(i1) Sobolev-Poincaré inequality (here proved in Theorem 4.5);
(iii) existence of cut-off functions on the d-balls (or, equivalently, on the
quasi-balls Q(x, r)).

The following proposition provides us with the next tool.

Proposition 5.10. Let x, r , and r, be given, 0 < r, < r, < ry. Then there
exists a cut-off function ¢ € Cy° (R™) such that:

(i) suppp C Q(x,r), p=1o0n Q(x,r), 0<p<1;

(i) |V 0| < C(r, - rl)_1 , where C is an absolute constant.

Proof. Let ¢ be a smooth function on [0, oc) suchthat 0 < ¢ <1, ¢=1 on
[0, r,/r,), =0 on [1, ), and |¢'(2)| <2(1 —r,/r,)”" . Put

ly; — x|
=H¢ (r2 j (x, ’z))

Jj=1
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Obviously ¢ is a smooth functionand 0 < ¢ < 1. If y ¢ Q(x,r,), there
exists j € {1, ..., n} such that |y‘ - x‘l > rzA,(x, r,) and hence
o(ly; —x;1/rA(x, 1)) =0

so that ¢(y) = 0. Let now y belongto Q(x, r|); then }yj —xj| < rlAj(x, r)
for j=1,...,n and hence

|y x|/r2 (x r2)<rA(x r)/rA (x ry) <r/r,
since Aj(x, r) < Aj(x, ry), so that (p(|y X, |/r2 (x ry)) =1 for j =

l,...,n. Thus ¢(y) =1 and part (i) is proved On the other hand,
ly; = x;l ,< 1V, = Xl ) A )
& V= 113((0 ( (x, 1) 4 RA(x, ) ) HA(x, ) -

Obviously, if 7 = 0, then (ii) holds. Hence we may suppose y € Q(x, r,). By
Theorem 2.3, y € B(x, br,) and hence there exists a subunit curve 4: [0, T] —
R" such that 4(0) = x, A(T) = y, and T < br,. In particular, Ay) =
A(W(T)) < Ap(x, br,) <cAy(x, r,), where ¢ is an absolute constant. Then

A (x, 1) 2

(L =r/r)rnA(x,r) —ry=r’
and the assertion is completely proved. O

I1<2

In a standard way it follows from the above results that weak solutions are
locally Hélder continuous (De Giorgi-Nash-Moser theorem).

Theorem 5.11. Let ¥ > 1 be fixed as in the Sobolev-Poincaré inequality. Let
f=1(f;,.... [,) be a vector-valued function such that |f|/w € L(Q, w),

where p > 2x/{(k — 1) and w € Ay s é = Zjaj. Then if u € I(;(i’z(Q, )
is a solution in Q of Zu = div, f, u is locally Holder continuous in Q.
More precisely, there exist o € (0, 1) and a > 0 such that, if x, € Q and
O<r<R<a-d(x,, 0Q), then

172
1 2
leggqlu(x) —u(y)| < ¢(R) ((—G)(B(XO, R) /B(XO’R) u wdx)

+ If1/@; LP(B(x,, 1), w)l]) r.

6

In this section, we will exhibit simple examples showing that a large class of
operators satisfy our hypotheses. In particular, we are concerned with hypoth-
esis (H.4). In what follows, we will deal mainly with the case @ =1, since the
two different degenerations (the metric degeneration and the measure degener-
ation) can be treated separately. A discussion of some examples of A4,-weights
with respect to degenerate metrics is given in [FS].
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Example 1. Previous results obtained in [FL1, FS] are particular cases of the
present ones. In fact, in these papers pointwise estimates for the weak solutions
are obtained under the following assumptions:

(1) /lj(x)=lj(xl,...,xj_l), j=1,...,n;
(i) A i is continuously differentiable when x, ----- X #0,ji=1,...,n;
(i) A;(x) = 4,00, .., ), ..., x;_), and 0 < X, 8,4,(x) < aydi(x)

forany x and for k=1,...,j~1.

Now, if (i)-(iii) are verified, hypothesis (H.4) is an immediate consequence
of Proposition 7.3 in [FS], keeping in mind Proposition 2.7 in [FS] and Theorem
2.3 in the present paper.

Moreover, we note that if hypothesis (H.4) is satisfied, by Proposition 3.1
a sub-Riemannian structure is associated with the operator . in the sense of
[FL3]. Thus, the regularity results for the weak solutions of . are, in a suitable
sense, an improvement of the estimates in [FL3] in the diagonal case.

Example 2. Let us consider in detail the case n = 2, where hypothesis (H.4)
assumes a very simple form. As we pointed out in §1, in the particular case n =
2 and w = 1 similar Sobolev-Poincaré estimates have been recently obtained
in [X] by different techniques; nevertheless, an explicit form of (H.4) in this
case can suggest the meaning of the condition in higher dimension. Without
loss of generality, we may suppose A, = 1 so that a straightforward calculation
shows that (H.4) is satisfied if

!
(H.4') /0 Ay(x, £5,x,)ds > ctorg;déllz(xl 5, X,).

We will say that a function g belongs to RH_ (i.e., satisfies an infinite
order reverse Holder 1nequahty )if [, g(s)ds > c|I | max, g for every compact
interval 7. Thus, (H.4') can be formulated in the following way:

(H.4") s — A,(s, x,) belongs to RH__, uniformly with respect to x,.

It is easy to show that (H.4") is satisfied by a very large class of Lipschitz
continuous functions satisfying no monotonicity condition as in Example 1.
Consider, e.g., the function g = g(|x,|) defined in the following way: if a >0
and n is a positive integer, put

1\ _, 1 1 1 1
g(?ﬁ) =Y g<ﬁ+2(n+1)“> T T A I
and let us linearly interpolate between these points. Clearly, g is a Lipschitz
continuous, bounded nonnegative function. Now a straightforward direct calcu-
lation shows that g belongs to RH_ . We note explicitly that g is essentially
nonsmooth.

Example 3. Suppose » > 2 and 4, ( )= /lj ,(xp) ----lj n(x ), where ij’k isa

positive Lipschitz continuous real functlon for j,k=1,...,n. If d(x,y) <
oo for any x,y and the distance d is continuous, 1t was shown in [FL1,
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Theorem 2.4] that without loss of generality we may suppose Aj ;=0 =

/1] ,=1for j=1,..., n. Suppose now A . belongs to RH_ for k<j,

j=2,...,n. We w111 show that (H.4) holds Prehmmary, we note explicitly
that in pamcular the 4, , ’sare A_-weights. Hence, if J and I are intervals,
J C1I, then

(6.3.2) /I/Ij,k(s)ds-(l.l]/|1|)blvk Z/JA,-, ds>/,1 (I

for some positive constants a; i and b
Let us now prove that (H. 4) holds. For the sake of simplicity, let us restrict
ourselves to the case n = 3. In this case

Hl(t,x,é)=x1+t€]’

{
Hz(t,x,f)=x2+/0 Ay (X +58,)ds¢,,

Hy(t, x,8) =x, +/0 13,1()‘1 +s€l)/13’2(H2(s, x, &) dsg,.

Obviously (with the notations in (H.4)),

/til(H(s, x,8)ds=1=1tA(x,1).
0

In addition, if we denote by I(a, b) the interval whose endpoints are the real
numbers g and b, we get

/,1 (s, x, &) ars_//l2 (X, +8)ds =

Ay ((s)ds.
G rge, i)

Hence, keeping in mind (6.3.a) and the RH__ hypothesis,

t
[t xndszig [ ds
0 I(x,x+1)

o 1 [¥H
2C11|él' ! / ’12,1(5)d5
x

!
(by the doubling property of 4, ,(s)ds)
> czsfz"_lAz(x, 1),

since 4, | belongsto RH_ and C,(x,?) =[x —1t, x +1].
Let us now prove the corresponding estimate for 4,. Keeping in mind that
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/13,1 belongs to 4, for some p > 1, by Theorem 2.8 in [GR] we have

it t
/0,13(H(s,x,é))ds=/0 Ay ((xy + 582 ,(Hy(s, x, &) ds

oy

- _/1( zé)l3"(SI)'13’2(H2((S/‘xl)/él,X,i))ds

. !
(putting x, +5¢, =5 )

24 |51| /I(x] ,x1+tél)/13’1(S) as
p
il PRGNS é))dS) .

On the other hand,

p
r ( /, N A (H (s 1)/él,x,é))dS)
p
g, (/z‘“’ 5., £)ds )
_ okl / A E s, x, £)) A4 %9 ’
|£2Ip ’12,1(H1(S’-x’£))
Bl (L )
>¢? A A d
B |52| I(xllg?)itél) 2,1 I(x,, Hy(t,x &) 3’2(5) ’
>t_pm< max A >—p( max A >l_p
TGP \xy ox g ! 1x, Hy(t,x, &) 22

p
. / Ay ,(s)ds
I(xy, Hy(t,x,€))

i ( - »
>c.t POl [ max A |H,(t, x, &) —x max A
OGP \axox ) 2! 2 2 Iy Hylt,x,6)) 202

-p t p
-p D
=cyt |E ( max A ) </A H(s,x,¢& ds) max A
st el Ixyx 4ig) 2] 0 2l 2 10y, Hy(t,x,8) 2

> (arguing as above) ¢,&)  max 4, ,,
M PN AR N

so that

t
-1
A(H(s, x,&)ds > c, & / Ay o(s)ds-  max A, ..
/0 sl GV i x gy 10y, Hy(t,x,6) 32

Now we note that a straightforward calculation shows that C (x,?) =
[x, -1, x, +1] and

C(x,)Clx, -t max A, ,x,+t max A
2( )_{ . [x,=t,x,+1] 2,1 ! [x,=t,x,+1] 2.1
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Hence, if we suppose for the sake of simplicity that & > 0 for j=1,2, we
get

tA,(x, )<t max A, - max A
3 [x;—1,x,+1] 3.1 [xlhtmax[x]—l,xlﬂ]}?,l""] 3.2

X+t Xyt 1
<c / Ay (8) ds/ Ay 5(8)ds
? X, =t 31 X,— 3.2 tmax[xl—t,x|+t]/12,1
X, +t Xy 1
< A
_C6/x 3’l(s)a’s/x '13’2(S)dstmax

1 2 [x,—t, x,+1] '12,1

(by the doubling property of 4, ;(s) ds,i=1,2).

In order to estimate the second integral, let us note that

14
! max /1212H2(t,x,é)—x2=§2/ Ay(x, +5¢,)ds
’ 0

[x,—t,x+1]
>¢& a“_l/XIHA (s)ds>cééa“_lt max A
Z 626 . 2,1 Z 636,26 e e R
Hence
1 /x2+---
Ay o(8)ds
3,2
tmax[xl—t,x1+t]}’2,l X,

f max A %,

- 2 1

S/ 13 2(S)ds. ( [x,—t,x,+1 ’1> >
[y, Hy(t,x,8] Hy(t, x, &) - x, Tmaxg, _, x+0%2,1

tmax, _ y a; ,—1
< max )]/13 2,( e, —t,x,+1] 2,1)

by, Hy(t,x, & Hy(t, x,&) —x,

1 ay ,—1
< max A 2<T) :
4 2.1
[XZ’ Z(I,X,f)] c752<1

Thus (without loss of generality we may suppose a k2 1),

1 4.,~1 X+t
tA (x, 1) < ¢ (?> / Ay ((s)ds-  max Ay ,.

| [Xz,Hz(t,X,f)]

t
p—1+(a, —1)(a, ,—-1).a, ,—1
[ aattts,x, 0 ds 2 el TS e e
0
> co8) €371 (X, 1),
for suitable a,, a, > 0.
Thus, the assertion is completely proved.

Remark. A final remark about RH_ is now in order. As is easy to see from
our proof, the doubling property of |B(x, )| plays a key role in the Harnack
inequality for degenerate elliptic operators. On the other hand, the doubling

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




SOBOLEV-POINCARE INEQUALITIES AND DEGENERATE ELLIPTIC EQUATIONS 157

property of the measure of the d-balls is equivalent to the same inequality for

the function 1 — A (x,?), k =1,..., n. Now we can prove the following
result:

Let ¢ be a real smooth function and put ®(x, ¢) = maxg, , .. lp|. If
(%)

D(x,2t) <CP(x,t) and P(x,t)>0 foranyreal x andany: >0,

then |p| belongs to RH_ on any compact subset K of the real line.

Suppose (*) is satisfied. A standard argument shows that there exists a > 0
such that ®(x, 1) > 1*P(x, 1) > Cit® for x € K and ¢ € (0, 1). Now we
note that if p, =p, () =ay+---+ amt"’ is a real polynomial of degree m,
then there exist two positive constants ¢, ., ¢, ,, depending only on m such
that

m . t
J
(%) t[@%lpmlscl,mE |a;|t Scz,m/ D, (s)lds.
> j=0 -t

Indeed, up to rescaling the variables, we can reduce ourselves to the interval
[~1, 1] where the uniform norm, the Ll-norm, and the sum of the absolute
values of the coefficients give equivalent norms (the space of polynomials of
degree < m is finite-dimensional).

Now let x € K be fixed and let us write the Taylor polynomial of ¢ up to
order [a]. If max;, ., g lp| = @(x +s*) with |s*| < ¢, we have

[e] (i) *J
Y 9 (x)s
i=0

(o]

Y 0" (xS’
i=0
Yo" (x)s'

t
<C,q [ loto)lds + gyt
0

O(x, 1) =p(x+57) < + C(K) !

< max + C(K) !

si<t

ds + C(K){M!

t
<Cq [ loids +C" Ry, 0,
0
where ¢ = [a] — @+ 1 > 0. Thus, the assertion is proved if ¢ is small enough.
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