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WEIGHTED SOBOLEV SPACES AND EMBEDDING THEOREMS

V. GOL’DSHTEIN AND A. UKHLOV

ABSTRACT. In the present paper we study embedding operators for weighted
Sobolev spaces whose weights satisfy the well-known Muckenhoupt Ajp-
condition. Sufficient conditions for boundedness and compactness of the em-
bedding operators are obtained for smooth domains and domains with bound-
ary singularities. The proposed method is based on the concept of ‘generalized’
quasiconformal homeomorphisms (homeomorphisms with bounded mean dis-
tortion). The choice of the homeomorphism type depends on the choice of
the corresponding weighted Sobolev space. Such classes of homeomorphisms
induce bounded composition operators for weighted Sobolev spaces. With
the help of these homeomorphism classes the embedding problem for non-
smooth domains is reduced to the corresponding classical embedding problem
for smooth domains. Examples of domains with anisotropic Holder singular-
ities demonstrate the sharpness of our machinery comparatively with known
results.

INTRODUCTION

Weighted Sobolev spaces are solution spaces of degenerate elliptic equations (see,
for example, [I]). The type of a weight depends on the equation type. Similar to the
classical theory of Sobolev spaces, embedding theorems of weighted Sobolev spaces
are suitable for the corresponding elliptic boundary problems, especially for the
existence and uniqueness of solutions. Embedding operators for weighted Sobolev
spaces in smooth domains were studied by many authors (see, for example, [1]-[6])
with the help of the integral representations theory adopted to the weighted case.
Weighted Sobolev spaces in nonsmooth domains were not studied before, except
article [7], where some sufficient conditions for boundedness of the embedding op-
erators were obtained. The main technical problem for the nonsmooth case is an
adequate description of an interplay between weights and boundary types (singu-
larities). The adequate choice allows us to obtain sharp Sobolev-type embeddings.

The relation between Jacobians of quasiconformal homeomorphisms and admis-
sible weights for Sobolev and Poincaré inequalities was studied in [§]. In the present
article we introduce a new approach based on the concept of ‘generalized’ quasi-
conformal homeomorphisms (or homeomorphisms with bounded mean distortion
in another terminology) that induce bounded composition operators of weighted
Sobolev spaces. These homeomorphisms transform the original embedding opera-
tors on nonsmooth domains to the embedding operators on smooth domains with
a corresponding weight change. This approach was suggested in [9] for classical
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3830 V. GOL’DSHTEIN AND A. UKHLOV

Sobolev spaces on nonsmooth domains and can be briefly described with the help
of the following diagram:

(1) WD w) &= WD)

.

Ly(D',w) <—— L.(D).

Here the operator ¢* f = f oy is a bounded composition operator of Sobolev spaces
induced by a homeomorphism ¢ that maps smooth domains D C R™ onto non-
smooth domains D’ C R™. Suppose that its inverse homeomorphism ¢! induces
a bounded composition operator of corresponding Lebesgue spaces. If the Sobolev
space W, (D) permits a bounded (compact) embedding operator into L, (D), then,
using the corresponding compositions, we can construct the embedding operator
of the weighted Sobolev space W, (D', w) into Ly(D’,w). The same scheme was
used in the article [I0] for the study of the embedding operators of W into Lo
on nonsmooth bounded domains. In article [I1] the same approach was applied to
embedding problems for domains of Carnot groups.

Let us shortly describe the content of the paper. In section 1 we give necessary
definitions and prove the density of smooth functions in weighted Sobolev spaces
with weights satisfying the A,-condition. Such weighted Sobolev spaces are Banach
spaces. In section 2 we introduce classes of quasi-isometrical homeomorphisms and
prove sufficient conditions for the compactness of the embedding operators for the
weighted Sobolev spaces in domains quasi-isometrically equivalent to smooth ones.
In section 3 we introduce classes of homeomorphisms with bounded mean distortion
and study embedding operators for weighted Sobolev spaces defined on images of
smooth domains. We apply these abstract results to domains with anisotropic
Holder-type singularities. The obtained estimates are sharper than the known
result [7].

In section 5 we apply embedding theorems for weighted Sobolev spaces to de-
generate elliptic boundary problems.

1. WEIGHTED SPACES

In this paper we study weighted Lebesgue and Sobolev spaces defined in the
domains of n-dimensional Euclidean space R™, n > 2.

Let D be an open subset of R”, n > 2, and w : R” — [0,00) be a locally
summable nonnegative function, i.e., a weight. Define a weighted Lebesgue space
L,(D,w), 1 <p < oo, as a Banach space of locally summable functions f: D — R
equipped with the following norm:

If | Ly(D, w)] =( [ 1@t dx)l/p, 1 <p<o
D

Define a weighted Sobolev space VV;,”(D7 w), 1 <m < oo, 1 <p< oo, as anormed
space of locally summable, m times weakly differentiable functions f : D — R
equipped with the following norm:

1 | W (D, w)] ( 1@t dw)l/p+ > ( [ 107 @t dx>1/p,
D D

|a|=m
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WEIGHTED SOBOLEV SPACES AND EMBEDDING THEOREMS 3831

where a := (a1, ag, ..., @,) is a multi-index, a; = 0,1, ..., |a| = a1 + ag + ... + o
and D f is the weak derivative of order « of the function f:

[ Do =0 [0 ds, e CED),

D D

As usual C§°(D) is the space of infinitely smooth functions with compact support.
By technical reasons we will need also a seminormed space L;”L(D) of locally

summable, m times weakly differentiable functions f : D — R equipped with the

following seminorm:

5120wl = X ([0 @t) dx>””.
D

|a]=m

Without additional restrictions the space W, (D, w) is not necessarily a Banach
space (see, for example, [I]).

Let us assume additionally that the weight w : R™ — [0, 00) satisfies the well-
known A,-condition:

1 1 pt
. 1/(1—p)
sup w w < 400,

B B
where 1 < p < 0o, and |B| is the Lebesgue measure of the ball B.

Theorem 1. Let D C R™ be an open set and let a weight w satisfy the Ay,-condition.
Then W;,”(D,w), 1<m< oo, 1<p< oo, is a Banach space. Smooth functions
of the class W) (D, w) are dense in W*(D,w).

Let us give some remarks before the proof.
Suppose that the nonnegative function w : R® — [0,00) belongs to C>°(R"),

suppw C B(0,1) and
/ wdr =1.

afw) = [o(*2) 16 a:

Rﬂ.
a mollifier function of f with a mollification kernel w.
Let Ds = {x € D : dist(z,0D) > §} for § > 0. The proof of the theorem is
based on the following lemma (see, for example, [12]):

Denote by

Lemma 1. Let D C R™ be an open set and let a function f € Ljjoc(D) have a
weak derivative D*f on D. Then for every 0 < r < 4,

D*(A,f) = A.(D*f) on Ds.

Proof. For the reader’s convenience we reproduce here a version of the proof. Note,
that for every = € Dy,

(A.f)(z) = / flzx—rz)w(z) dz, 0<r<d.
B(0,1)
By definition of the weak derivative, D2 (f(z — rz)) = (D%f)(x — rz) on Ds.
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3832 V. GOL'DSHTEIN AND A. UKHLOV
Suppose (z,2) € Ds x B(0,1). Define F(x,z2) = f(zx — rz)w(z) and G(z,2) =
(D2 f)(x — rz)w(z). Then for each compact K C Ds the functions F, G belong to

L, (K x B(0,1)). Moreover, by Fubini’s theorem and the definition of the mollifi-
cation kernel, we get

/( / |f($—rz)w(z)|dz>dx:/<rin / |f(y)w(x;y)dy>dx

K B(0,1) z,7r)

/(Tn/f )Ic(ly</B(|f I K/w(x;y)dx)dy
AL (rn/ 5

Here K" is the r-neighborhood of K, K™ C D. Of course, the same estimate is
correct for G.
Using the Fubini theorem we have

/(/ DEfo—rz)w (z)dz)n(x)dx: / (/(Dgf(x—m)w(z>)n(x)dx)dz

Ds B(0,1) B(0,1) Ds

— dx) dy= [ 15l dy =15 | (RO
K’V‘

for every function n € C§°(Dy).
Hence for every x € Dy,

(A f)@) = D*( [ o= raye(e) as)

B(0,1)
_ / D2 f(z — r2)w(z) dz = (A (D)) (x).

B(0,1)

d

Proof of Theorem 1. Fix § > 0. Since the weight w satisfies the A,-condition, the
Hardy-Littlewood maximal operator

M) = swp o [ s
5>r>0 T
B(z,r)
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is bounded in L,(Ds, w) [13]. Hence

pu(x)dx);

pu(x)dx);

|Acf — £ | Ly(Dg,w /fm—rz 2) dz — f(z)
B(0,1)

- ( [l [ =)= e a2

Ds B(0,1)

<l o) ([ 176 r2) - f@Puto) dm);’
Ds

B(0,1)

Here ||M]| is the norm of the maximal operator in the space L,(Ds,w).
From the last inequality it follows, that for continuous functions f,

A.f — f in L,(Ds,w).

Using an approximation of an arbitrary function f € L,(Ds,w) by continuous
functions (see, for example, [14]) the convergence can by obtained for f € L,(Ds, w)
also. O

By Lemma 1,
Arf — f in WJ(Ds,w)
for an arbitrary function f € W;"(D,w). Therefore smooth functions are dense in
W;:T(D(;, w).
The density of smooth functions of class W (D, w) in W (D, w) will be proved
using the scheme proposed in [15].

Choose a sequence of open sets D; @ D1 € D, j > 1, compactly embedded one
into another, such that | J ; Dj = D. Let ¥ be a partition of unity on D, subordinate

to the covering D;y1 \ Dj_1. Let 9, denote the (finite) sum of those ¢ € ¥ for
which suppd) C D]‘+1 \ﬁj—l- Thus wj S CSO(D]‘+1 \ﬁj—l) and Z] ¢j =1in D.
Fix ¢ > 0 and for each j = 1,2,... choose ¢; € C§°(Dj11 \ D;—1) such that

lgj =i f | WH(D,w)| < e277.
Then p =3, ¢; € C*(D) and

lo = fIW (D w)| = (D w5 = D f | Wy (D, w)|
J J

<D llps = f I WD w)| < e.
J
Therefore, the weighted space W (D, w) is a Banach space and smooth functions
of the class Wm(D w) are dense in this space.
Denote by w(A4) = [, w 4, w(zr) dx the weighted measure (the measure associ-
ated with the Welght w) of a measurable set A C R". By [I3] the Mucken-

houpt Ap-condition leads to the doubling condition for the weighted measure; i.e.,
w(B(x,2r)) < Cau(B(z,r)) for all x € R™ and r > 0.
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3834 V. GOL’DSHTEIN AND A. UKHLOV

Definition 1. We call a bounded subdomain D of Euclidean space R™ an embed-
ding domain if for any function f € Lé(D), 1 < ¢ < n, the Sobolev-Poincaré-type
inequality

|| = c| L(D)|| < M|If | ZY(D)]

holds for any r < ng/(n — q). Here a constant M depends on ¢ and r only.

Recall that for any embedding domain and for any r < ng/(n — ¢) the corre-
sponding embedding operator qu (D) — L,(D) is compact.

Lipschitz bounded domains D C R"™ represent examples of embedding domains.
Let us recall also that Sobolev-type embeddings for smooth domains have been
studied thoroughly and a discussion about the different aspects of the embedding
problem can be found, for example, in [16].

2. QUASI—ISOMETRICAL MAPPINGS AND SOBOLEV EMBEDDINGS

Let D and D’ be domains in Euclidean space R™, n > 2. A homeomorphism
¢ : D — D' is called Q-quasi-isometrical if there exists a constant 0 < Q < +oo,

such that
1
RS AR AR
for all points x € D. Here
() = iminf PO =PE 4 5) = limsup 12 =G

It is well known that any @-quasi-isometrical homeomorphism is locally bi-
Lipschitz, weakly differentiable and differentiable almost everywhere in D. Hence

its Jacobi matrix Dy = (gf?), i, =1,...,n and its Jacobian J(z,¢) = det(gf?)
J J
are well defined almost everywhere in D. By definition of a Q-quasi-isometrical

homeomorphism,
Q"< |J(z ) <Q"
almost everywhere.
Let us recall also that a quasi-isometrical homeomorphism has the Luzin N-
property: the image of a set of measure zero is a set of measure zero.
Therefore, for any @-quasi-isometrical homeomorphism ¢, the change of variable
formula in the Lebesgue integral

/ﬂ@@:/wwmwwmm
(E) E

holds for any nonnegative measurable function f and any measurable set £ C D
[17].

Suppose weight w satisfies the Ap,-condition and that a homeomorphism ¢ :
R™ — R™ is @-quasi-isometrical. Combining the change of variable formula and
the two-side estimate for |J(x, ¢)| we can conclude that the weight wo¢ also satisfies
the Ap,-condition.

Theorem 2. Let ¢ : D — D’ be a Q-quasi-isometrical homeomorphism. Then a
composition operator ¢* f = foyp is an isomorphism of the Sobolev spaces VVp1 (D, w)
and Wpl(D’,w’), 1< p< oo, where w=w'o .
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WEIGHTED SOBOLEV SPACES AND EMBEDDING THEOREMS 3835

Proof. Choose an arbitrary function f € W)(D',w’). By [14], f belongs to the
space Wi, (D) and by [I7] the composition f oy € W, (D). Hence

" £ | W (D, )| = ( [ 1soelrwop)(a) as) %+( Jl e dx)%
D D

< <!fo¢|p(wlo¢)(x)J(x’w)|m dﬂg)é

ol oo (o) (e oy EE )
+<Z|Vf| (o)’ o )l O o)

Since ¢ is a @-quasi-isometrical homeomorphism the following estimates are

correct:
1
——— < Q" for almost all z € D
| (2, )
and
[@' ()| < Q for almost all z € D.
Hence

" | WD, w)]| < %</|fosolpww)( e >|dx>’1’

Lgin ( [19sPetana o o0 dx);’
D

Using the change of variable formula we finally get the following inequality:

le*f | WAD.w)] < QF </|wa |dy) +Qp+1(/|wp |dy>”

< Q%(QH)Hf | W, (D', ).

1 is also a @Q-quasi-isometrical one, the

Since the inverse homeomorphism ¢~
inverse inequality

™) g | Wy (D" w)| < Q% (Q+1)|lg | Wy (D,w)|l, g € Wy (D,w),

is also correct. i

Corollary 1. Let D and D’ be domains in the Euclidean space R™. Suppose there
ezists a Q-quasi-isometrical homeomorphism ¢ : D — D’. Then the embedding
operator

i: W) (D,w) < L(D,w)
is bounded (compact) if and only if the embedding operator
i Wy (D', w') < L,(D',w')

is bounded (compact).
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3836 V. GOL’DSHTEIN AND A. UKHLOV

Proof. Suppose the embedding operator

i: WH(D,w) < L,(D,w)
is bounded (compact). Since ¢! is a Q-quasi-isometrical homeomorphism, then
a composition operator (¢~1)* = gop~!: L.(D,w) — L.(D’,w’) is bounded, as
one can see by a simple calculation:

1e™") g | Le(D, w")|

_ ( / g0 o () () dy)’l' = ( / 91" (z)w’ 0 ()| (x,¢)] dm) '

D’ D
< Q’*( 9" (@)w(a) da:) gy
/

Therefore, the embedding operator i’ : W) (D', w') < L,(D’,w’) is bounded (com-
pact) as a composition of bounded operators ¢*, (¢~1)* and a bounded (compact)
embedding operator W, (D, w) < L.(D,w).

The proof in the inverse direction is the same. Il

g1 Le(D,w)l|.

By Corollary 1 an image D’ = ¢(D) of an embedding domain D under a quasi-
isometrical homeomorphism ¢ is an embedding domain also. In the paper [10] the
various examples of embedding domains of such a type were discussed.

The next theorem demonstrates simple conditions for compactness of the em-
bedding operators of weighted Sobolev spaces.

Theorem 3. Let D' C R"™ be a quasi-isometrical image of an embedding domain
D,1<s<r<ng/(n—gq),¢<p, 1 <p<oo, and

() = max{ ™ | L (D], | £z (D]} < 400,

Then the embedding operator

i: Wy (D', w) — Ly(D',w)
is a compact operator.

For r =ngq/(n — q) the embedding operator i is bounded only.

Proof. By the conditions of the theorem, there exists a (J-quasi-isometrical home-
omorphism ¢ : D — D’ of the embedding domain D onto the domain D’. For any
function u € W (D', w) the composition woy is weakly differentiable in the domain
D, and the following estimate is correct:

luow | W, (D)|| = luop|? dx %+ [V(uop)|? do %
(Jreeerar)' ([ s ar)

< ( [[ o ol 1(1J (@, @)wlp(e)) : dx)q

. 1 i
Vul?@ (2)9(|J (z, @) |w(p(z))? - dz | .
+(D/| @ (o)} e )
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By the Holder inequality,
luow | Wy (D)

q pP—qg
raq

: </ (o) )

+( ! (il ) w) ™ ( D/ T, ] )

Since ¢ is a Q-quasi-isometrical homeomorphism, then by the change of variable
formula for the Lebesgue integral we obtain

oz o) (fvaa)
D’ )

| D/ wn ay) " ( D/ VuPu(y) dy);

pP—g+n

< QiK(w)u| Ly(D',w)l|+ Q"+ K(w)||Vu | Ly(D'w)l.
By the previous inequality the composition operator

* . 1 1
& WD w) — WD), 1<q<p<+o0,

<! [ul? (p(z))w(p())|J (x, )| da:)

is bounded.

Let us prove boundedness of the composition operator (¢~%)* : L.(D) —
Ly(D',w). By the theorem’s conditions the quantity [w* | L »s (D")|| is finite.
Hence by [I8] the composition operator

(™Y L(D) — Ly(D',w), 1<s<r<+oo,

is bounded.

Because D is an embedding domain the embedding operator i : W, (D) < L,(D)
is compact for any r < ng/(n — ¢) and bounded for r = ng/(n — ¢). Therefore the
embedding operator i’ : W) (D', w) — Ly(D’,w) is compact (bounded) as a com-
position of bounded operators ¢*, (¢~!)* and the compact (bounded) embedding
operator ¢ for any r < ng/(n —q) (r =ng/(n — q)). O

In a similar way we can prove

Theorem 4. Let D' C R™ be a quasi-isometrical image of an embedding domain
D,1<s<r<mng/(n—q), ¢<p, 1<p<oo, and

K(w) = |lw? | L (D')]| < +o0.

Then the embedding operator
i: WD) — Ly(D',w)

P
1s compact.

For r =ngq/(n — q) the embedding operator i is bounded only.

The next lemma allows us to construct various examples of the embedding do-
mains.
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3838 V. GOL’DSHTEIN AND A. UKHLOV

Lemma 2. Let Dy and Dy be domains such that the embedding operators
i: Wy (D1, w) — Ly(D1,v),
i: Wy (D2, w) — Lg(Da,v)
are compact. Then the embedding operator
i: W) (Dy UDy,w) — Lg(Dy U Ds,v)
is also compact.

Proof. We prove this lemma by the scheme suggested in [10]. Choose a sequence
of functions {f,} € W} (D1 U Da,w) such that || f, | W) (D1 U Dy,w)|| < 1 for
all n. Let g, = falp, and hy, = fu|p,- Then g, € V[/pl(Dl)7 h, € W;(Dg),
1fo | Wy (DI < L, B | Wy (D2)]| < 1.

Because the embedding operator 7 : W;(Dl, w) — Lg(Dy,v) is compact, we can
choose a subsequence {g,, } of the sequence {g,,} which converges in Ls(D1,v) to a
function go € Ls(D1,v). Because the second embedding operator i : W) (Da, w) —
Ls(Ds,v) is also compact we can choose a subsequence {hnkm} of the sequence
{hn, } which converges in Ly(Ds,v) to a function hy € Ls(D2,v). It is evident
that go = ho v-almost everywhere in Dy N Dy and the function fo = gg on Dy and
fo = ho on Dy belongs to Ls(Dy U Dy, v).

Hence
”fnkm = fo | Ls(D1U Da,v)| < ||9n;cm —go | Ls(D1,v)|| + thkm —ho | Ls(Da,v)||.
Therefore || fn, ~— fo| Ls(D1U Da,)|| — 0 for m — oo. d

3. EMBEDDING OPERATORS FOR GENERAL DOMAINS

Let D and D’ be domains in Euclidean space R™, n > 2. Remember that a
homeomorphism ¢ : D — D’ belongs to the Sobolev class Wll,loc(D) if its coordinate
functions belong to W11710C(D). Denote by Dy the weak differential of ¢. The norm
|D(x)] is the standard norm of the linear operator defined by Dy(z).

Call a homeomorphism ¢ : D — D’ w-weighted (p, ¢)-quasiconformal if ¢ belongs
to the Sobolev space W, .(D), [Dyp| = 0 almost everywhere on the set Z = {z :
|J(x, ¢)|w(p(x)) = 0} and the following inequality

D
is correct.
For w = 1 we call a 1-weighted (p, ¢)-quasiconformal homeomorphism a (p, q)-
quasiconformal one.
The following result was proved in [19] for a more general class of mappings. For
the reader’s convenience we reproduce here a simple version of the proof adopted
to homeomorphisms.

Proposition 1. Let D and D’ be domains in FEuclidean space R™, n > 2 and
let ¢ : D — D’ be a w-weighted (p, q)-quasiconformal homeomorphism. Then a
composition operator

" L (D' ,w) — LY(D), 1<q<p< +o0,

is bounded.
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Proof. Let f € Ly(D’,w) be a smooth function. Then fo ¢ € Lj,,.(D) and the
following inequalities

I 10 = ([ 19t d”g); < ([perwsy d:v>é
b D

1 q q
< Dyl? 7 |V (z, 0)|Pw(p(x))? do
([[| ol e VI Pl )

Q=

are correct.
Using the Holder inequality and the change of variable formula for the Lebesgue
integral, we obtain

le* £ 1 Lg(D)|

= LZ (%) da] B ( D/ IV P (o (i) dxf

= Ky o(D.w)|f | YD w)]l

The fulfillment of the last inequality for an arbitrary function f € L,(D’,w) can
be proved by an approximation of f by smooth functions [19]. O

The next theorem gives a sufficient condition for the boundedness (compactness)
of embedding operators in nonsmooth domains.

Theorem 5. Let a domain D C R™ be an embedding domain and let there exist
a w-weighted (p, q)-quasiconformal homeomorphism ¢ : D — D’ of the domain D
onto the bounded domain D’.

If for some p < s <r < oo the following inequality is correct,

D/ (1 olutoan) " do <o,

then an embedding operator
i: Wy(D',w) — Ly(D',w)
is bounded, if s <r <mng/(n—q), and is compact if s <r < ng/(n— q).

Proof. Because
(o)™ <.
D

the composition operator (¢~1)* : L,.(D) — Lg(D’,w) is bounded; i.e., the follow-
ing inequality

1™ v | Lo(D', w)|| < Ars(D, w)llv | Le(D)]|

is correct. Here A, (D, w) is a positive constant.
Because the domain D is an embedding domain and the composition operators

(01" : Lp(D) — Ly(D',w), *: LY(D',w) — LL(D)
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3840 V. GOL’DSHTEIN AND A. UKHLOV

are bounded, the following inequalities
. _ / < . _
irelﬂf% lu—c| Lg(D",w)|| < Ars(D,w) érel]}fg lv—c| L.(D)
< Ao (D, w)Mlv | LAD)| < Apo(Dyw) Ky g (Dyw) Ml | LY(D',w)]

hold. Here M and K, ,(D,w) are positive constants.
The Holder inequality implies the following estimate:

o] = w(D)"F|le | Ly(D',w)|| < w(D") 7% (|Ju| Ly(D, )IHIIU*CILp(D’,w)II)
< w(D') 7 |fu| Ly(D',w)]| +w(D') (D", w)-

Because g < r we have

lo | Ly(D)I| < lle | Lo(D)]| + v = ¢ | Ly(D)|| < |el| DI7 + D]+ |[v = ¢ | Ln(D)]
: <w(D')_11’||u | Ly(D'w)|| + w(D') ™% [lu—c| LS(D'aw)”> Dl

+ DI o —¢| Lo(D)].

From previous inequalities we obtain finally
1 _1
[v ] Le(D)Il < |D[sw(D')"# |lu | Ly(D')|
+ Ars(D, ) K (D, w) M|D[1w(D') ¥ Ju | Ly(D )|
+ K o (D, w)M|D|

p(D' W)
Therefore the composition operator

©* Wy (D', w) — W, (D)
is also bounded.

Finally we can conclude that the embedding operator i : W} (D', w) < L(D’,w)
is bounded as the composition of bounded operators ¢*, (¢~1)* and the embedding
operator W (D) — L,(D) in the case r < ng/(n — q). The embedding operator
it Wy(D',w) — Ly(D',w) is compact as the composition of bounded operators
©*, (¢~1)* and the embedding operator W, (D) < L,(D) is compact in the case
r <ng/(n—q). O

Let us apply these general results to domains with anisotropic Holder singulari-

ties described in [9)].
Let g;(1) =77, v, > 1,0 <7 < 1. For the function G = H?;ll g; denote by
1
= M + 1.
log 7

It is evident that v > n. Let us consider the domain
Hy={zeR":0<2,<1,0<2; <gi(xpn), i=1,2,...,n—1}.

In the case g1 = g3 = -+ = g,_1 we will say that the domain Hg is a domain with
o-Holder singularity, o = (y —1)/(n — 1). For g1(7) = g2(7) = - = gn_1(7) = 7
we will use the notation H; instead of H,. The domain H; is quasi-isometrically
homeomorphic to the standard unit ball. Hence by Theorem 3, domain H; is an
embedding domain.
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If the weight is polynomial, i.e. w(x) := |z|*, then the A,-condition is correct
only if —n < a < n(p —1).

Theorem 6. Let —n < a < n(p—1) and 1 < p < a+~. Then the embedding
operator
W, (Hy, |2]*) < Ls(Hg, ||%)

is compact for any 1 < s < fff%.
Proof. For any 0 < a < 1 we define a homeomorphism ¢, : H; — Hgy, a > 0, by

the expression
Z1 Tn—1
va(@) = (g1 (Tn), ..., ——gn_1(Tn), 27).
T, Tn
During the proof we will choose a number a and a corresponding homeomorphism

in such a way that the conditions of Theorem 5 will be fulfilled. By a simple

calculation,
O(pa)i B g (wp) O(pa)i _ —2;9{ (Tn) axiggil(xn) /
or; x| oz, x2 + Tn 9i(@n)
and a(@a)n _ ax;zl—l
oz,

foranyi=1,...,n—1.
Hence J(x, pa(z)) = az® "G*(xy,). By definition, the functions g;, i =1,2,...,
n — 1 are Lipschitz functions. Therefore there exists a constant M < 400 such that
gi(zp) < Mz, and ¢i(z,) <M

for any z,, € [0,1] and ¢ = 1,2,...,n — 1. Using estimates for derivatives and the
inequalities x; < x,, that are correct for all x € H; we obtain the following estimate:
|Dpa(x)| < cjz2~t. By the same way we obtain also the two-sided estimate:

2@, < [pa(w)]* < caan?

Now we can check for which ¢ the homeomorphism ¢, : Hy — Hy is a w-weighted
(p, q)-quasiconformal homeomorphism:

b=ttt = [ (e o5 ) @

Hy

s L2 75
<C dxy...dx,_1dx,
// /(MGa( )W) 2. ATy 1da
00

1

0
Hence the quantity I, is finite if

q q
pla—1)—ala+1)+n +n—a(y—1)— >0
(p(a—1) —a( ) +n) p— (v=1) p—
or

g <np/(ala+v)+p—ap).
Hence, the homeomorphism ¢, is a w-weighted (p, ¢)-quasiconformal homeomor-
phism.
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Let us check the conditions of Theorem 5. First we have to estimate the degree
of integrability for the Jacobian J, of the homeomorphism ¢,:

s=[ (J(W”w(@(x)));sdx

H,

T Tn

1
< C//.../xy(ba(aﬂ)n)TW“’G“TTS(xn) dzy...dz,_1dz,
00 0

1
SC’/xrga(a—i—l)—n) s tn—l4a;Is (v—1) d.’L‘n
0

The integral J, converges if

-
1) — n)—— ~1)>0,
(a(a+1) n)r—s—’—n—i_ar—s(’y )
or
g Mot
n

Hence, the conditions of Theorem 5 are fulfilled if

<Mr,r<ﬂandq< np .
n n—q ala+7y)+p—ap
Therefore
g ety ng np  ala+y) _ plat9)
n n-—q ala+y—p) n a+y—p
Theorem 6 is proved. g

Remark 1. The conclusion of Theorem 6 is fulfilled for functions g; : [0,1] — R,
i=1,2,...,n — 1 such that

Ci77 < gi(1) < Cori
for some constants C'; and Cs.

From Theorem 6, Corollary 2 immediately follows.

Corollary 2. Let D C R" be a domain with o-Holder singularity. Then the em-
bedding operator

W, (D, [x|*) — Ly(D, |z|*)
is compact for
(cn—=1)4+14+a)p
on—1)4+a—(p—1)
(Here s > 0, sincep<a+~vy,o=(y—-1)/(n—1).)

s <

Let us compare this result with the known ones. From the main result of [7] it
follows that for an arbitrary domain D with o-Holder singularity the embedding
operator

W, (D, |2]*) = Ls(D, |2|%)
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is bounded, while
(n+a)p
ola+n—1)—(p—1)
Then s > § while ¢ > 1, and s = § while ¢ = 1. Hence our estimate is sharper.
The next results deal with embeddings of classical Sobolev spaces into weighted
Lebesgue spaces.

§<

Theorem 7. Let D C R™ be an embedding domain and let there exist a (p,q)-
quasiconformal homeomorphism ¢ of D onto the bounded domain D’.

If L
D/ (Ve ooteta) < -+oe,

for a pair of numbers p < s <r < 0o, then an embedding operator
i: W,y (D) < Ly(D',w)
is compact for r < nq/(n — q) and is bounded for r = nq/(n — q).

Proof. Because D is an embedding domain, the (p, ¢)-quasiconformal homeomor-
phism ¢ induces the bounded composition operator

" Wy (D') — Wy (D)
(see [18]).

T
r—s

Because [ <J(JU7 Lp)|w(np(x))) < +00 the composition operator for Lebesgue
D

spaces
(™) v | Ls(D",w)|| < Aps(D,w)|v | Ly (D)

is bounded also.

Finally we can conclude that

1) If r < ng/(n — q), then the embedding operator i : W, (D') < Ly(D’,w)
is bounded as a composition of bounded operators ¢*, (p~!)* and the bounded
embedding operator Wy (D) < L,(D).

2) If r < ng/(n — q), then the embedding operator i : Wpl(D’) — Ls(D' w)
is compact as a composition of bounded operators ¢*, (¢~1)* and the compact
embedding operator W, (D) < L,(D).

Apply the previous result to anisotropic Holder domains. ([l

Theorem 8. Let 1l <p<~yandl<s< (ajf’gp. Then the embedding operator

W, (Hy) — Ly(Hg, |x|*)

is compact.

Proof. Similar to the proof of Theorem 6, for any 0 < a < 1, we define a homeo-
morphism ¢, : Hy — Hy, a > 0 by the expression
I Tn—1
al@) = (g1 (@n) s =01 (wn), 27).

n l‘n

During the proof we will choose a number a and the corresponding homeomorphism
in such a way that the conditions of Theorem 7 will be fulfilled.
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By a simple calculation we have
I(pa)i _ 97 (zn)

0x; Tn
(pa)i —xigi(xn) | azig]” 1(xn) / Ipa)n -1
— 2 A n d — a
oz, x2 + T, gi(wn) an oz, @n

foranyi=1,...,n—1.
Hence J(x, pq(z)) = az® "G*(x,). By definition, the functions g;, i = 1,2,...,
n — 1 are Lipschitz. So there exists a constant M < 400 such that
gi(zp) < Mz, and ¢i(z,) <M

for any =, € [0,1] and ¢ = 1,2,...,n — 1. Using estimates for derivatives and the
inequalities x; < x,, that are correct for all x € H; we obtain the following estimate:
|Dpa(x)| < 22t In the same way we obtain also the two-sided estimate

€22 < Jipa(@)|* < esal®

Now we can check for which ¢ the homeomorphism ¢, : Hi — Hy is a (p,q)-
quasiconformal homeomorphism. Let us start from the following estimate:

L= K, (Hy)™5 = /(%)T dz

Tn

1 q
A P
_C// /( T=n i xn)) dxy ...dz,_1dz,
0

1

= C’/xr(f)(a_l)_a—irn)ﬁJm—l ai(xn) dz,,.

0
Hence, the quantity I, is finite if
(p(a—l)—a—i—n)L—I—n—a(fy—l)L >0
pP—q p—q
or
q <np/(ay+p—ap).

Hence, the homeomorphism ¢, is a (p, ¢)-quasiconformal homeomorphism.

Let us check the conditions of Theorem 5. First we have to estimate the degree
of integrability for the Jacobian J, of the homeomorphism ¢,:

%:/(ﬂawmwmofhx

H,

T
. /xn TGV s (xg) dxy .o dxp g day,
0

dx,,.

1
SC’/J/‘r(La(oHrl)n)
0
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The integral J, converges if

r r
(a(a—i—l)—n):—l—n—i—ariﬁs('y—l)>O,

or
alat7)

n
Hence, the conditions of Theorem 5 are fulfilled if

s <

PRI Gl S L T R/ B
n n—q ay—+p—ap
Therefore
s ety ng . np alaty)  platn)
n n-q aly—-p) n Y—p

4. SOBOLEV EMBEDDINGS FOR SPACES WITH HIGH DERIVATIVES

This section is devoted to embedding theorems for weighted Sobolev spaces with
high derivatives.

If for some m and p an embedding theorem for classical Sobolev spaces W™ is
correct, then, using a standard procedure, it is possible to obtain the corresponding
embedding theorem for m; > m and p; > p also (see, for example, [9]). Here we
adopt the scheme of [9] to the case of weighted Sobolev spaces. The next lemma is
the main technical result of this section.

Lemma 3. Let D be a domain in R™. Suppose that for some pg > 1 and g9 > 1
the embedding operator
WZ}O(D,w) — Lo, (D, w)

is bounded. Let p > py and % > L qio. If q is such that

then the embedding operator

is bounded also.

Proof. Let a function u belong to the space W, (D, w)NC§°(D). Using boundedness
of the embedding operator

W;O(D,w) — Lo, (D, w)

we obtain the following estimate:

( D/ it dr) " = ( D/ ()" ) o) L
o (ot o) (o))
(( [l V() @;) "4 ( [[ P 5 [ () dm) )

D

1
q0
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Applying the Holder inequality we get

(/ |u|%w(x) dx) Y < C((/ |VuPw(x) d;v) " (/ |u\pp°ﬁw(a€) d;v) "
D D D
1 p—PQ
+ (/|u”w(x) d:r) " </|UPP0#ImL>w(x) d:r) e )
D D

Because ¢ = ppg qo(p qf,o) we obtain finally

( D/ (o) de °
([ (frers)) ([

Since L — E=Po — 1 then

0 PPo
[u | Ly(D, w)|| < Cllu | W (D,w)].
The lemma is proved. O
Denote

@ p(p) =sup{q € R" : the operator W, (D, w) < Lq(D,w) is bounded}.
The following statements can be obtained directly from Lemma 3.
Corollary 3. If D is a bounded domain in R™, p > pg, then

pPod; p(po)
pod; p(po) — p(af p(Po) — po)

QT,D(Z)) =

Corollary 4. If D is a bounded domain in R™, p > pg and m > 1, then

ppoqi,p(po)
pod; p(Po) —mp(g; p(po) — po)”

@n.p(P) =

Proof. This corollary follows from the previous corollary by induction with respect
to m. O

Combining Theorem 5 and Corollary 4 we obtain finally

Theorem 9. Let domain D C R™ be an embedding domain and let there exist a
w-weighted (p, q)-quasiconformal homeomorphism ¢ : D — D’ of the domain D
onto the bounded domain D’.

If for some s <r < ng/(n—q) the following inequality is correct,

D/ (1@ ptetan) ™ < o

then an embedding operator

i: W' (D', w) — Lg- (D', w)
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is bounded if

PR R
~ s—m(s—p)

5. SOLVABILITY OF DEGENERATE ELLIPTIC EQUATIONS

In this section we apply an embedding theorem for Hilbert Sobolev spaces W
to a degenerate elliptic boundary problem.

Theorem 10. Let D' C R™ be a quasi-isometrical image of an embedding domain
D and

[t dy < +oc.

D/
Then an embedding operator
i': Wy (D', w) < Lo(D')
is bounded.
Proof. By the conditions of the theorem there exists a Q-quasi-isometrical home-
omorphism ¢ : D — D’ of the embedding domain D onto D’. For any function

u € W2(D',w) the composition u o ¢ is weakly differentiable in the domain D, and
the following estimates are correct for any 1 < ¢ < 2:

fuow | WD) = ( [ ol dl,)% ([ wtear dm>%
b D

< ( [ e el i@ oot}
D

+( [[ ol b )
By the Holder inequality we have
[uo | WD) o |
<( D/ (rommcms) @) ( D/ P (ol (o, )] o)

Nl=

+( D/ (Gl )™ ) ™ ( Z VUl el o) de
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Since ¢ is the Q-quasi-isometrical homeomorphism, then by the change of vari-
able formula in the Lebesgue integral, we obtain

D o

Q" (/w(y)qqz d?!) ) (/W|pw(y) dy)2
D’ b

2—q4n

= Qi K(w)|u| Lo(D',w)||+ Q¢ K(w)||Vu | Ly(D'w)].
By the previous inequality the composition operator

¢* Wy (D', w) — Wy(D), 1<g¢<2,

is bounded.
Since D is an embedding domain there exists the bounded embedding operator

i: Wy (D) <= L (D).

q

Now we choose a number ¢ such that ;24 =2 (i.e. ¢ = ;2%).

Since ¢ is the @-quasi-isometrical homeomorphism, the following composition
operator acting on Lebesgue spaces,

(™) + La(D) — La(D'),

is bounded also [18].

Therefore the embedding operator i’ : W) (D', w) < Lo(D’) is bounded as a
composition of bounded operators ¢*, (¢~1)* and the bounded embedding operator
i. O

Define an inner product in the weighted space W3 (D, w) as:

(u,v) D/Vu - Vo w(z) dz,

for any u,v € W3 (D, w).
Consider the Dirichlet problem for the degenerate elliptic equation:

1) div(w(z)Vu) = f,
(2) ulgp =0

in a bounded domain D for the weight w € C*(D).

Theorem 11. Let f € Ly(D) andgw(y)fg dx < +o0o. Then there exists a unique

o1
weak solution u € Wy (D, w) of the problem (1), (2).

Proof. The function f € Lo(D) induces a linear functional F' : Lo(D) — R by the
standard rule

mwz/ﬂwmww
D

ol
By Theorem 10 there exists a bounded embedding operator i : W, (D, w) — Lo(D).
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Therefore
(@) < [If-¢ | Li(D)|l
o1
<N f1L2D)][-Nl@ | L2(D)]| < C|[f | L2(D)]| - | | Wo (D, w)-

ol
Hence, F' is a bounded linear functional in the Hilbert space Wo(D,w). By the
1

Riesz representation theorem [20] there exists a unique function u € W, (D, w) such

that
F(9) = (1.6) = [ Vu- o ula)d
D
or
/Vu -Vo¢ w(z)dr = /f(x)¢(x) dx.
D D
Therefore u is the unique weak solution of the problem (1), (2). O
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