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Abstract

In this talk, I review recent results on the gas-liquid two-phase flow model based on the joint
work with Hai-Liang Li.

The Cauchy problem to a simplified version of the viscous compressible liquid-gas two-phase
flow model of drift-flux type in Rd (d > 2), where the gas phase has not been taken into account
in the momentum equation except the pressure term and the equal velocity of the liquid and
gas flows has been assumed, reads

m̃t + div(m̃u) = 0,

ñt + div(ñu) = 0,

(m̃u)t + div(m̃u⊗ u) +∇P (m̃, ñ) = µ̃∆u + (µ̃+ λ̃)∇divu,

(1)

with the initial data

(m̃, ñ,u)|t=0 = (m̃0, ñ0,u0)(x), in Rd,

where m̃ = αlρl and ñ = αgρg denote the liquid mass and the gas mass, respectively. The
unknowns αl, αg ∈ [0, 1] denote the liquid and gas volume fractions, satisfying the fundamental
relation: αl + αg = 1. The unknown variables ρl and ρg denote the liquid and gas densities,
satisfying the equations of states ρl = ρl,0+(P−Pl,0)/a2l , ρg = P/a2g, where al and ag denote the
sonic speeds of the liquid and the gas, respectively, and Pl,0 and ρl,0 are the reference pressure
and density given as constants. u denotes the mixed velocity of the liquid and the gas, and P
is the common pressure for both phases, which satisfies

P (m̃, ñ) = C0

(
−b(m̃, ñ) +

√
b2(m̃, ñ) + c(m̃, ñ)

)
,

with C0 = a2l /2, k0 = ρl,0 − Pl,0/a2l > 0, a0 = a2g/a
2
l and

b(m̃, ñ) = k0 − m̃− a0ñ, c(m̃, ñ) = 4k0a0ñ.

µ̃ and λ̃ are the viscosity constants, satisfying

µ̃ > 0, 2µ̃+ dλ̃ > 0.

Definition 1. For T > 0 and s ∈ R, we denote

EsT =
{

(m,n,u) : n ∈ C([0, T ];Bs−1,s(Rd))
m ∈ C([0, T ];Bs−1,s(Rd)) ∩ L1([0, T ];Bs+1,s(Rd))

u ∈
(
C([0, T ];Bs−1(Rd)) ∩ L1([0, T ];Bs+1(Rd))

)d}
,

and

‖(m,n,u)‖Es
T

= ‖n‖L̃∞([0,T ];Bs−1,s) + ‖m‖L̃∞([0,T ];Bs−1,s) + ‖u‖L̃∞([0,T ];Bs−1)

+ ‖m‖L1([0,T ];Bs+1,s) + ‖u‖L1([0,T ];Bs+1).

We use the notation Es if T = +∞, changing [0, T ] into [0,∞) in the definition above.
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Definition 2. Let α ∈ [0, 1] and T > 0, denote

FαT :=(C̃([0, T ];Bd/2,d/2+α))1+1

× (C̃([0, T ];Bd/2−1,d/2−1+α) ∩ L1([0, T ];Bd/2+1,d/2+1+α))d.

Now, we state the global well-posedness results briefly as follows.

Theorem 1 (Global well-posedness for small data). Let d > 2, n̄ > 0, m̄ > (1− sgnn̄)k0, µ̃ > 0
and 2µ̃ + dλ̃ > 0, in addition, µ̃ + λ̃ > 0 if d = 2. There exist two positive constants σ and Q
such that if m̃0 − m̄, ñ0 − n̄ ∈ Bd/2−1,d/2 and u0 ∈ Bd/2−1 satisfying

‖m̃0 − m̄‖Bd/2−1,d/2 + ‖ñ0 − n̄‖Bd/2−1,d/2 + ‖u0‖Bd/2−1 6 σ,

then the following results hold
(i) Existence: The system (1) has a solution (m̃, ñ,u) satisfying

m̃− m̄, ñ− n̄ ∈ C
(
R+;Bd/2−1,d/2

)
, u ∈ C

(
R+;Bd/2−1

)
,

and moreover,

‖(a(m̃− m̄) + ba0(ñ/m̃− n̄/m̄), ñ/m̃− n̄/m̄,u)‖Ed/2

6Q
(
‖m̃0 − m̄‖Bd/2−1,d/2 + ‖ñ0 − n̄‖Bd/2−1,d/2 + ‖u0‖Bd/2−1

)
,

where the constants a and b are defined by

a =
1

m̄2

(
a0n̄+ m̄+

(m̄− a0n̄)(m̄− a0n̄− k0)√
(m̄+ a0n̄− k0)2 + 4k0a0n̄

)
> 0,

b =1 +
(m̄+ a0n̄+ k0)√

(m̄+ a0n̄− k0)2 + 4k0a0n̄
> 0.

(ii) Uniqueness: Uniqueness holds in C
(
R+; (Bd/2−1,d/2)1+1 × (Bd/2)d

)
if d > 3. If d = 2,

one should also suppose that m̃0 − m̄, ñ0 − n̄ ∈ Bε,1+ε and u0 ∈ Bε for a ε ∈ (0, 1), to get
uniqueness in C(R+; (B0,1)1+1 × (B1)d).

For the general data bounded away from the infinity and the vacuum, we have the following
local well-posedness theory.

Theorem 2 (Local well-posedness for general data). Let d > 2, µ̃ > 0, 2µ̃ + dλ̃ > 0, the
constants m̄ > 0 and n̄ > 0. Assume that m̃−10 − m̄−1 ∈ Bd/2,d/2+1, ñ0 − n̄ ∈ Bd/2,d/2+1 and
u0 ∈ Bd/2−1,d/2. In addition, supx∈Rd m̃0(x) < ∞. Then there exists a positive time T such
that the system (1) has a unique solution (m̃, ñ,u) on [0, T ]×Rd and that (m̃−1−m̄−1, ñ− n̄,u)
belongs to F 1

T and satisfies sup(t,x)∈[0,T ]×Rd m̃(t, x) <∞.

We also have the following continuation criterion for the local existence of the solution.

Theorem 3 (Continuation criterion). Under the hypotheses of Theorem 2, assume that the
system (1) has a solution (m̃, ñ,u) on [0, T ) × Rd such that (m̃−1 − m̄−1, ñ − n̄,u) belongs to
F 1
T ′ for all T ′ < T and satisfies

m̃−1 − m̄−1, ñ− n̄ ∈ L∞([0, T );Bd/2,d/2+1),

sup
(t,x)∈[0,T )×Rd

m̃(t, x) <∞,
∫ T

0
‖∇u‖∞dt <∞.

Then, there exists some T ∗ > T such that (m̃, ñ,u) may be continued on [0, T ∗] × Rd to a
solution of (1) such that (m̃−1 − m̄−1, ñ− n̄,u) belongs to F 1

T ∗.
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