Well-posedness for a multi-dimensional viscous liquid-gas two-
phase flow model

Chengchun HAO

Institute of Mathematics, AMSS and HLKKLM, Chinese Academy of Sciences, Beijing, China
Email: hcc@amss.ac.cn

Abstract

In this talk, I review recent results on the gas-liquid two-phase flow model based on the joint
work with Hai-Liang Li.

The Cauchy problem to a simplified version of the viscous compressible liquid-gas two-phase
flow model of drift-flux type in R? (d > 2), where the gas phase has not been taken into account
in the momentum equation except the pressure term and the equal velocity of the liquid and
gas flows has been assumed, reads

iy + div(mu) = 0,
iy + div(fin) = 0, (1)

(mu); + div(imu ®@ u) + VP(m,n) = pAu+ (i + A)Vdivu,
with the initial data
(m, 7, 0) |4=0 = (10, 7, ug)(x), in RY,

where m = oyp; and 7 = ayp, denote the liquid mass and the gas mass, respectively. The
unknowns oy, ay € [0, 1] denote the liquid and gas volume fractions, satisfying the fundamental
relation: oy + oy = 1. The unknown variables p; and p, denote the liquid and gas densities,
satisfying the equations of states p; = pro+ (P—PLO)/(LZQ, pg = P/ag, where a; and a4 denote the
sonic speeds of the liquid and the gas, respectively, and Py and p; are the reference pressure
and density given as constants. u denotes the mixed velocity of the liquid and the gas, and P
is the common pressure for both phases, which satisfies

P(in, ) = Co (—b(ri, @) + v/B2(, ) + (i, 7))
with Cy = al2/2, ko = pro — Po/a? > 0, ag = ag/al2 and
b(m,n) = ko —m —aon, c(m,n) = 4koaon.
i and \ are the viscosity constants, satisfying
f>0, 2i4d\>0.
Definition 1. For 7' > 0 and s € R, we denote

E3 = {(m,n,u) :n € C([0,T]; B> (RY))
m € C([0,T]; B>~ 1*(R%)) N L'([0, T}; B***(R%))
u e (C([0,T); B Y (RY) N LY([0, T]; B+ (RD)) Y,

and

[(m, n,u)| s = HnHﬁoo([o,T];Bs—l,s) + HmHzoo([o,T};Bs—l,s) + HuHioo([o,T];Bs—l)

+ lmll L1 o,my;Bs+1.5) + lallLa(o,1);B5+1)-

We use the notation E* if T' = +o00, changing [0, 7] into [0, 00) in the definition above.



Definition 2. Let « € [0,1] and T > 0, denote
Eft =(C([0,T]; BY>4/2+e))+
x (C([0, T} BY>~ 14214y o L1 (0, 7], BY /241 ke d
Now, we state the global well-posedness results briefly as follows.

Theorem 1 (Global well-posedness for small data). Letd > 2, 7 > 0, m > (1—sgnn)ko, it >0
and 2p + dX\ = 0, in addition, i + X > 0 if d = 2. There exist two positive constants o and QQ
such that if g — m, g — i € BY214/2 gnd ug € B¥21 satisfying

[0 — M| gasz-1.4/2 + [|e0 — 0| gas2-1.a/2 + ||ol| gasz-1 < o,

then the following results hold
(i) Ezistence: The system (1) has a solution (m,n,u) satisfying

i —m, a—neC (R BUMZ) uec (RY B,
and moreover,
|(a(m — m) + bag(n/m — n/m),n/m — n/m, )| ga
<Q(ll1o — M| gaja-1.ar2 + |20 = Al parz-r.72 + ||| ga2-1),
where the constants a and b are defined by
(m — apn)(m — apn — ko) >0,
V(M + agn — ko)? + 4koaon

(’I?_”L + agn + k‘o)
V(M + agn — ko)? + 4koagn

1
a=— <a0n+m+
m

b=1+

(ii) Uniqueness: Uniqueness holds in C (RT; (B¥2=Ld/2)1+1 5 (Bd/2)d) jf d > 3. If d = 2,
one should also suppose that g — m, g — n € B¢ and ug € B® for a ¢ € (0,1), to get
uniqueness in C(R*; (BO1)1+1 x (B1)d),

For the general data bounded away from the infinity and the vacuum, we have the following
local well-posedness theory.

Theorem 2 (Local well-posedness for general data). Let d > 2, o > 0, 21 + d\ > 0, the
constants m > 0 and n > 0. Assume that mgl —m~t e BY2d/2+1 o j e BY2d4/241 gpg
uy € B¥2-44/2 Ip qddition, sup,cgra Mo(z) < co. Then there exists a positive time T such
that the system (1) has a unique solution (1, n,u) on [0, T] x R% and that (m~' —m~1 7 —n,u)
belongs to Fy. and satisfies SUP (¢ 2)€[0,T] xR¢ m(t,z) < 0o.

We also have the following continuation criterion for the local existence of the solution.

Theorem 3 (Continuation criterion). Under the hypotheses of Theorem 2, assume that the
system (1) has a solution (m, 7, u) on [0,T) x R? such that (m~' —m~' 7 — f,u) belongs to
El, for all T" < T and satisfies

m—l . m_l,’fl —fe LOO([O’T);Bd/Q,d/Q-i-l),

T
sup m(t,z) < oo, / |Vul|sodt < 0.
(t,z)€[0,T)xRd 0

Then, there exists some T* > T such that (1,7, u) may be continued on [0,T*] x R? to a
solution of (1) such that (m~' —m~ 7 — @, u) belongs to Fi..



