Ashyralyev and Agirseven Advances in Difference Equations 2014,2014:18 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2014/1/18 a SpringerOpen Journal

Well-posedness of delay parabolic difference

equations

Allaberen Ashyralyev'?" and Deniz Agirseven?

“Correspondence:
aashyr@fatih.edu.tr

'Department of Mathematics, Fatih
University, Istanbul, 34500, Turkey
?Department of Mathematics, ITTU,
Gerogly Street, Ashgabat, 74400,
Turkmenistan

Full list of author information is
available at the end of the article

@ Springer

Abstract

The well-posedness of difference schemes of the initial value problem for delay
differential equations with unbounded operators acting on delay terms in an arbitrary
Banach space is studied. Theorems on the well-posedness of these difference
schemes in fractional spaces are proved. In practice, the coercive stability estimates in
Holder norms for the solutions of difference schemes of the mixed problems for delay
parabolic equations are obtained.
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1 Introduction
Approximate solutions of the delay differential equations have been studied extensively in
a series of works (see, for example, [1-6] and the references therein) and developed over

the last three decades. In the literature mostly the sufficient condition
|b(t)] <Realt), 20 (1)

was considered for the stability of the following test delay differential equation:

av(t)
dt

+a(t)v(t) =bt)v(t-w), t>0 (2)

with the initial condition

v(t) =g(t) (-o<t=<0). 3)

It is known that delay differential equations can be solved by applying standard numer-
ical methods for ordinary differential equations without the presence of delay. However,
it is difficult to generalize any numerical method to obtain a high order of accuracy al-
gorithms, because high-order methods may not lead to efficient results. It is well known
that even if a(t), b(t) and g(¢) are arbitrary differentiable functions, v(£) may not possess
the higher-order derivatives for a sufficiently large ¢. Therefore, we have non-smooth so-
lution of delay differential equations for given smooth data. This is the main difficulty in
the study of the convergence of numerical methods for delay differential equations.
© 2014 Ashyralyev and Agirseven; licensee Springer. This is an Open Access article distributed under the terms of the Creative

Commons Attribution License (http:/creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and re-
production in any medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2014/1/18
mailto:aashyr@fatih.edu.tr
http://creativecommons.org/licenses/by/2.0

Ashyralyev and Agirseven Advances in Difference Equations 2014, 2014:18 Page 2 of 20
http://www.advancesindifferenceequations.com/content/2014/1/18

Delay partial differential equations arise from various applications, like in climate mod-
els, biology, medicine, control theory, and many others (see, for example, [7] and the ref-
erences therein).

The theory of approximate solutions of delay partial differential equations has received
less attention than delay ordinary differential equations. A situation which occurs in de-
lay partial differential equations when the delay term is an operator of lower order with
respect to the other operator term is widely investigated (see, for example, [7-9] and the
references therein). In the case where the delay term is an operator of the same order with
respect to other operator term, this is studied mainly in a Hilbert space (see, for example,
[10] and the references therein). In fact there are very few papers where the delay term is
an operator of the same order with respect to the other operator term, this being inves-
tigated in a general Banach space (see [11-14]) and in these works, the authors look only
for partial differential equations under regular data. Additionally, approximate solutions
of the delay parabolic equations in the case where the delay term is a simple operator of
the same order with respect to the other operator term were studied recently in papers
[15-19].

It is known that various initial-boundary value problems for linear evolutionary delay
partial differential equations can be reduced to an initial value problem of the form

d;(tt) +Av(t) = Bit)v(t—w) +f(t), t>0, w
v(t)=g(t) (-0 <t<0)

in an arbitrary Banach space E with the unbounded linear operators A and B(t) in E with
dense domains D(A) € D(B(t)). Let A be a strongly positive operator, i.e. —A is the gener-
ator of the analytic semigroup e™* (¢ > 0) of the linear bounded operators with exponen-
tially decreasing norm when ¢ — oco. That means the following estimates hold:

le g p=Me™, Jeae™| =M, ¢>0 (5)

for some M > 1, § > 0. Let B(¢) be closed operators.
The strongly positive operator A defines the fractional spaces E, = E,(A,E) (0 < <1)
consisting of all # € E for which the following norms are finite:

llet|| g, = sup || A Ae My ||E
A>0

As noted in [19], it is important to study the stability of solutions of the initial value prob-
lem (4) for delay differential equations and of difference schemes for approximate solu-

tions of problem (4) under the assumption that
|BOA™ 5, =1 (©)

holds for every ¢ > 0. This assumption for the delay differential equation (2) follows from
assumption (1) in the case when E = R!. Unfortunately, we have not been able to obtain the
stability estimate for the solution of problem (4) in the arbitrary Banach space E. Neverthe-
less, in [20], the coercive stability estimate for the solution of problem (4) was established,
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when the space E is replaced by the fractional spaces E, (0 < o < 1) which is defined above

under the condition

l-«o

-1

”B(t)A ||EHE = M2« (7)
for every t > 0, where M is the constant from equation (5). However, the condition (7) is
stronger than (6) and E # E,. Finally, in papers [21, 22], theorems on the well-posedness

in Holder spaces in t of the initial value problem for the delay parabolic equation

e 1 Ay(t) = B)w(t - ) +f(£), £20, )
v(t)=glt) (~w<t<0)
in an arbitrary Banach space E with the small positive parameter ¢ in the high derivative
and with the unbounded linear operators A and B(¢) in E with dense domains D(A) C
D(B(t)) were established.
Additionally, using the first and second order of the accuracy implicit difference schemes
for differential equations without the presence of delay, the first and second order of the

accuracy implicit difference schemes,

L (ug — wr) + Aug = Bewn + 01 @k = f (t), Be = B(t), tic = kt,1 < k, ©)
Nt =, ur=g(t), t=kt,-N <k<0,

L (ug — ug1) + ASuic = SBig(teen — %), 1<k <N, ty_y = (k= N)1,

L (uy — i) + ASuic = $SBic(in + tien-1) + 0 0k = St — 3), (10)
BkZB(tk—%), tr =kt,N+1<k,

are presented for approximate solutions of the initial value problem (4). Here, we will put
S=1+ %‘CA.

The main aim of present paper is to study the well-posedness of the difference schemes
(9) and (10). We establish the coercive stability estimates in fractional spaces E, (0 < o < 1)
under the assumption (7). In practice, the coercive stability estimates in Holder norms for
the solutions of difference schemes for the approximate solutions of the mixed problem
of delay parabolic equations are obtained.

The paper is organized as follows. In Section 2, theorems on coercive stability of dif-
ference schemes (9) and (10) are established. In Section 3, the coercive stability estimates
in Holder norms for the solutions of difference schemes for the approximate solutions of

delay parabolic equations are obtained. Finally, Section 4 is our conclusion.

2 The well-posedness of difference schemes (9) and (10)

First, we consider the difference scheme (9) when A™! and B(f) commute, i.e.

A\ B(®)u=B{t)A™ 'y, ue D(A). (11)
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Theorem 1 Assume that the condition (7) holds for every t > 0, where M is the constant
from (5). Then for the solution of the difference scheme (9), the estimate

U — U1
— |+l Aullg,

Eq

e [ W)
s_§§§0||Ag(ti)||Ea+?[Z sup lgille, + sup ||<pi||fa} (12)

(24 =1 (n-1)N+1<i<uN [%]N+l§i§k
holds for any k > 1. Here and in future we put y .  a, =0 if m < 1.

Proof Let us consider 1 < k < N. In this case

k k
u; = R¥g(0) + ZRk‘/*lB,g(tj_N)t + ZRk‘j*lB,go,-r = Vg + Wy,
j=1 j=1
where
k
vi = Rg(0) + Y " RT* Big(ty_n)t,
j=1
k
Wi = ZRk’/+1B,(pjt, R=(1+7tA)™"
j=1

Let us estimate Avy and Awy for any k > 1. Using the formula

1
T (k-1)!

o0
(I+tA)* / e te ™A gy, k>1, (13)
0

condition (11) and estimates (5) and (7), we obtain

A Ae M Ave |,

o0
G - D! /o £t [ AT A(0) | dt
k
B 1 L _(wri)A -
eate e [ et ae Y Ba
j=1
(tt+M)A

X ||Ae’7_Ag(t,'_N) ||E dt

1 (™, ., dt
<), f T el
k

-« 1 o, M22dt
Al et = | Ag(ti
+ M2« IZ=1:T (k —j)! /O € (7 + A)2 H g(l ) ”Ea

<J max [Ag(t)],,,

Page 4 of 20
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where
o0 dt
_ 31l tk_l —t
/ k—1)! /o ¢ s
k
1 S dt

A 1)) 1 . f et —— |

; (k=ptJo (tr + A)2@

Making the substitution k —j = m and integrating by parts, we obtain

k-1
1 S dt
)“l—a l-« T— / tme_ti
( )V; m! o (tr +2)>
k-1
:1_)"1—&/‘0064L +)u1_a/002 : tm_l_itm e_t
; (T + )@ o “Lim-1) m! (
:1_)"1_0[ /‘Ooe—tL +)\'1—a /‘Ooe—tL
0 (tT + A)1-@ 0 (T +2)1=
iea f * k-1 eftL
(k=1)! Jo (br +2)1
sl /Do tk—le—tL,
k-1t Jo (b7 +2)
Therefore J =1 and
M ae M av |, < max [Ag(e)]

for every 1 <k < N and A > 0. This shows that
lAville, = max |Ag@)],

for every 1 < k < N. Using formula (13), and the estimate (5), we obtain

k
|Ae’MAwk ||E < M2%)l-« Z T
j=1

)\(170{

(k=)

Applying the inequality

[o¢]
2 | Ae M Awy |, < M2 31 /
0

sup ll¢illg,
(T + 2> ek
2—a

l-«

sup lgllE,
1<j<k

Page 5 of 20

dt

tT 4+ A)

(14)

L dt
k—j —t_ % ..
/0 et 19l
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for every 1 <k < N and A > 0. This shows that

2-a
lAwellz, < ==

sup [lgllE, (15)

1sj<k

for every 1 < k < N. Using the triangle inequality and the estimates (14) and (15), we get

2—a

lAucllg, < 7;[n§7éo||g(ti)u t sup lollg, - (16)

l-o 1

Applying mathematical induction, one can easily show that it is true for every k. Actually,
suppose that the estimate (16) is true for (n — 1)N < k <uN, n=1,2,3,.... Letting k =
m + nN, we have

1
;(umwlN - Mm+nN—l) + Aum+nN = Bm+nNum+nN—N + ©m+nN, 1 =m= N.

Using the estimate (16), we obtain

|Azr |,
22—0(

< max ||Aupnn-NllE, + sup  llgillg,

1<m=<N 1- & .

[NIN+1<i<k
2—-a [§] 2—-a
lAg()| + M2 sup gl + sup |l

< max gL Z illE illE

TN=I=0 Bl i Nz ¢ l-a (£ IN+1<i<k ‘

M 2—-a [N]
< max [Ag(t), + Yoo sup o el + sup el
-N<i<0 « l-o S (--DN+1<i<nN [k IN+1<i<k

foreverynN +1 <k <(n+1)N,n=1,2,3,.... Theorem 1 is proved. O

Now, we consider the difference scheme (9) when
A7'B(t)x #B®)A™x, x e D(A)

for some ¢t > 0.

Recall that (see, for example, [23, Chapter 2, p.116]) A is a strongly positive operator
in a Banach space E iff its spectrum o (A) lies in the interior of the sector of the angle
¢, 0 < 2¢ < 7, symmetric with respect to the real axis, and if on the edges of this sector,
Si=[z=pe?:0<p<oo]and S, = [z = pe ™ :0 < p < 0], and outside it the resolvent
(z — A)7! is subject to the bound

M

1+ |z| 17)

SRV PRV

for some M; > 0. First of all let us give lemmas from the paper [12] that will be needed in
the sequel.
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Lemma 1 For any z on the edges of the sector,
Si=[z=pe?:0<p<oo] and Sy=[z=pe™:0<p<oo]

and outside it the estimate

MM (1 + M)t 2
a(l—a)(1 + |z)*

|AGz-A) ], < lxllg,

holds for any x € E,. Here and in the future M and M, are the same constants as of the
estimates (5) and (17).

Lemma?2 Letforalls > 0 the operator B(s)A™ — A™LB(s) with domain which coincides with
D(A) permit the closure B(s)A~! — A-1B(s) bounded in E. Then for all T > 0 the following

estimate holds:

||A’1 [Ae”AB(s) - B(s)Ae”A]x HE

_ ele + MM (1 + 2M) (1 + My)=* 22| Q| I,

l2ra2(l-a)

Here Q = A1(AB(s) — B(s)A)A™1.
Suppose that

|4~ (AB() - BOA)A™ ;.

7(1-a)’a’e

= 1 l+a 1 2 2 (18)
eMY& e M (1 + 2M) (1 + My)1-222+ 92" (1 + a)

holds for every t > 0. Here and in the future ¢ is a constant, 0 <& <1.
The use of Lemmas 1 and 2 enables us to establish the following statement.

Theorem 2 Assume that the condition

1-a)(-¢)

”A_IB(t) ”E»—>E = M22-«

(19)

holds for every t > 0. Then for the solution of the difference scheme (9), the coercive estimate
(12) holds.

Proof Let us consider 1 < k < N. Using formula (13), we can write

Kl_aAe_kAAvk

1 o0
=l 7 1)'/ tFlet Ae DA 4g(0) dit
K—1)" Jo

k
— 1 o k—j — _Tt+h _Tt+h
Al E r(k—j)!/() t"Tete 2 ABiAe 2 A Ag(t;n) dt
1

Page 7 of 20
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k
— 1 o0 i _ Ttk _ rt+
+)»1 E TWA t'k/e tAe 2 AA 1[ AAB BAe ]Ag(t—N)
j=1

=T1+T2+T3.

Using the estimates (5), (17), and condition (19), we obtain

ITalle < A

(k 1)1/ tole A Ag(0) |t
1),

<)l 1 wtk—le—ti max |Ag(®)|, ,
=4 e, (1 4 ayime sizo S L

k
_ 1 e i _Tt+A _
||T2||Esxl“;r(k_j), /0 AU T P ] P

+A

x [[ae 5 Ag(yn) | e

Ml—a)l-g) o 1 [, , M2>“dt
< et ————— || Ag(t;-
o j:zlf(/<—j>!/o e e 1480,

(kT + A)2™ N< <0

k
< A1-a)d-e)) ot
j=1

for every1l < k <N and X > 0. Now let us estimate T5. By Lemma 2 and using the estimate

(20), we can obtain

LR e [ et
- j=1 (k_j)! 0 E—~E

x A7 [Ae 5B, - Bde 4| Ag(tn)|  dt

k
< A% max ||A L(AB; - B;A)A™ HE%E Z T (k;
j=1

- 1<k<N )

8 /wtk_j ce(l+a)MOM (1 + 2M;) (1 + My)-e2@-e
0 ma2(l-a)
M2%* dt
(t'l: +A)?

oo
< Al_“(l—a)SZt(k_

Jj=1

= [4g@-)l,

[ et s sl
et ——
Mo (tr + )2 N 1484 |,
for every 1 <k < N and A > 0. Using the triangle inequality, we obtain
1-a —AA X
eae ], < max JlAew),
for every 1 <k < N and A > 0. This shows that

lAville, = max [Ag@)],

1 L dt
Sl o

Page 8 of 20
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for every 1 < k < N. Using the triangle inequality and the last estimate and (15), we get

22—a
sup [|¢;llg, -
— O 1<i<k

lAule, = max g, + 7

In a similar manner as Theorem 1, applying mathematical induction, one can easily show

that it is true for every k. Theorem 2 is proved. g

Now we consider the difference scheme (10). We have not been able to obtain the same
result for the solution of the difference scheme (10) in spaces E, under assumption (7).
Nevertheless, for the solution of the difference scheme (10) the coercive stability estimate
in the norm of same fractional spaces E, (0 < « < 1) under the supplementary restriction
of the operator A is established.

Theorem 3 Suppose that the following estimates hold:

(7 + 1A +TAS)™ HEHE <1,
||S(I +TA)I + TAS)™ ||EHE < %, 20
and
IBOA™ ., < 1\% t>0 (21)
Then for the solution of the difference scheme (10), the coercive estimate (12) holds.
Proof Let us consider 1 < k < N. In this case
- Rk . k—ji+1 tA d kjil TA
ur = R"g(0) + IZZI:R <I + T)B/(g(t/_N) +g(tj_N_1))r + ;R (I + 7)90}-1
= Vi + Wk, (22)

where

k
. TA
ve =R*g(0) + ZR/HH (1 + 7>Bj(g(tj—N) +g(tin-1))T,
=1

k -1
, TA TA)?
Wi = E Rk_’+1<l+ 7)@1, R=<I+tA+ ( 2) ) .

j-1

Let us estimate Avy and Awy for any k > 1. Using formula (22), condition (11), and the
estimates (5) and (7), we obtain

A Ae M Ay,

N
< H ((1+ rA)<I+ TA+ (D;)Z) )

E—E

Page 9 of 20


http://www.advancesindifferenceequations.com/content/2014/1/18

Ashyralyev and Agirseven Advances in Difference Equations 2014,2014:18 Page 10 of 20
http://www.advancesindifferenceequations.com/content/2014/1/18

oo
ST : D! / te A Ag(0)] e
-l Jo

k o\ -1\ k=i
+A1’°‘Zr ((1+rA)(1+rA+ (Tg) ) )
j=1 EE
2\ -1
X (1+ ﬂ)(1+ rA)<1+ TA + (c4) )
2 2 E—E
1 k _ Tt+)LA 1
< | A A A
1
Ae_TA (g(t_N) +g( j—-N-1 )) dt
E
| / k1 e dt 1++v2) 1-«a
=2 (k=1 J, voe (tT + )@ ”Ag(O)HE“ T M21-2(1 + /2)
k o] 2-a
o M2*dt
k—] —t
21: 1)'/ ¢ Urrrra|2 (g(tj N) +8(G-n-1) N
=J max [Ag@)] g, = max |Ag@]p,
for every 1 < k <N and A > 0. This shows that
lAvillg, < _Imax ||Ag t,)||E (23)

for every 1 < k < N. Using formula (22), the condition (21), and the estimate (5), we obtain
k
PR ||Ae‘“wk ”E <)\l Z .

-1\ k-
((I+ rA)<I+ TA + (TA)Z) ) ]
j=1 2
-1
(I+ ﬁ)(1+ TA)(]+ TA + (TA)2>
2 2
1

y / St o
ot
&= Jo (t7 + ayia /e

<M22‘“A1‘“2k:t 1 Oot"‘/e"Lll 1l

= k=) Jo (¢r + a2 VI Ee
22—a

=7 sup gllE,

j=1
— U 1<j<k

E—E

E—E

for every 1 <k <N and A > 0. This shows that

2-a

lAwkllg, = sup [lglg, (24)

1 - 151'5](

for every 1 < k < N. Using the triangle inequality and the estimates (23) and (24), we get

M22—ot
A < t; E..- 25
[ AulE, __glgéoﬂg( g, + — lsilgkll%llfa (25)
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In a similar manner as Theorem 1, applying mathematical induction, one can easily show
that it is true for every k. Theorem 3 is established. g

Now, we consider the difference scheme (10) when
A7'B(t)x #Bt)A™'x, x e D(A)

for some t > 0. Suppose that the operator B(t)A™' — A~ B(t), with domain which coincides
with D(A), permits the closure bounded in E and that the estimate

7(1-a)?e?1+a) 1 +2) e
eMU M (1 + 2M)(1 + My ) p2ra—o?

|A-1(AB(t) - B®)A)A™ |, , <

holds for every ¢t > 0 and some ¢ € [0,1].

Theorem 4 Assume that all conditions of Theorem 2 and Theorem 3 are satisfied. Then
for the solution of the difference scheme (10), the estimate (12) holds.

Proof Let us consider 1 < k < N. Using formula (22), the estimates (5), (17), and the con-
dition (19), we obtain

2% Ae™ Ay

2\ -1\ & 00
= ((I+ rA)(I +TA+ (D;) ) ) P « 1 i / tFle Ae TN Ag(0) dit
A

k

2\ -1\ k—j
+A1"“Zr<(1+1A)(I+IA+(D;)) ) J(u%)(um)

j=1

2\ -1 00 A
X |(I+TA+ (z4) 1 - / e te (e BijAe™ re5A
2 (k=)' Jo

X %A (g(t-n) + g(ti-n-1)) dt

k

2\ -1\ k—j
+A1-aZr<(1+rA)(1+zA+(“;)) ) J(u%)(um)

j=1
2\ -1 00
X (1+ TA + (c4) ) 1 . / et Ae T A1
2 (k= Jo

(tt+0)A (ct+m)A 1 1

X [e_ 2 AB] - BjAe_ 2 ]EA (g(t}_N) +g(t/_N_1)) dt

:P1 +P2 +P3.

Using the estimates (5), (17), and the condition (19), we obtain

“1N k
<(1 + rA)([ +TA + (t;‘)z) )

o0
"R : ] / tole |Ae M Ag(0)] e
i,

I1PillE <

E—E

Page 11 of 20
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1 o0 dt
< )\‘l—a k-1 _—t A ,
< [ Gy el
k -1\ k—j
A 2 ]
1Pyl <2 x <(1 + rA)(I +TA + (rz) ) )
j=1 E—E

-1
(I+ ﬂ>(1+ rA)<I+ TA + (TA)Z)
2 2

1 _ 7Tt+A
o el R L P 7 P

E—E

(rt+A )A 1

Ae T D A(glln) + 86 N—l))

X

_ = V2) M1 -a)(1-¢)
-2 M21-2(1 + /2)

k o] 2—a
1 i M2 dt
E et —
’ 1 T(k—j)!/o CERa

=@1-

(g(t} N) +8(6-n-1))

Eq

k
1 e8] ket 1—01 dt
S, T e el

for every1l < k <N and X > 0. Now let us estimate Ps;. By Lemma 2 and using the estimate
k
IPslle <2 ) <

(20), we obtain
2\ -1\ k—j
<(1+ TA)<[+ A+ (r‘;) > ) '
j=1

-1
(1_,, E>(1+ rA)(I+ TA + (TA)Z)
2 2

1 *© k—j — ﬂ
X (k_]),[) e t”Ae ||E—>E

E—E

E—E

« A_l[ _(rt+)\ B BAe rz+)»)A] 1 (g(t] N) +g(t] N 1))
M1+ 4/2) - 1
< 5 max |AYAB; - BAAT| ., Z T

j=1

. /00 g e(1+a)MEMI(1+ 2M;) (1 + M) o2
0 ma2(l-a)
M2% % dt 1 L
(tr +A)2@ )

k
<A*1- OlEZ'C
j=1

|Ag(t-n) + Ag(tin-1)

faly dt
e e Al

LT + A)%Y —N<z<0

for every 1 < k <N and X > 0. Using the triangle inequality, we obtain

A Ae MAVk”E <J _max | ||Ag(tk)||5
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for every 1 <k < N and A > 0. This shows that
Av, < max |Ag(t 26
lAvillg, < _max | Ag(te) HEa (26)

for every 1 < k < N. Using the triangle inequality and the estimates (26) and (24), we get

22—o¢
sup gk, -
— O 1<j<k T

lAuille, < _max g, +

In a similar manner as Theorem 1, applying mathematical induction, one can easily show
that it is true for every k. Theorem 4 is established. O

Note that these abstract results are applicable to the study of the coercive stability of
various delay parabolic equations with local and nonlocal boundary conditions with re-
spect to the space variables. However, it is important to study structure of E, for space
operators in Banach spaces. The structure of E, for some space differential and difference
operators in Banach spaces has been investigated in some papers [23-32]. In Section 3,
applications of Theorem 1 to the study of the coercive stability of the difference schemes
for delay parabolic equations are given.

3 Applications

First, the initial-boundary value problem for one-dimensional delay parabolic equations
is considered:

02 ul(t,x)

du(t,
% —alx) = 7 + du(t,x)

= b(t)(—a(x)% +8u(t —w,x)) +f(t,x), 0<t<oo,xe(0,]),

u(t,x) =gt,x), -w<t<0,x€(0,l],

(27)
u(t,0) =u(t,)) =0, -w<t<oo,

where a(x), b(¢), g(¢,x), f (¢, x) are given sufficiently smooth functions and § > 0 is a suffi-
ciently large number. It will be assumed that a(x) > a > 0. The discretization of problem
(27) is carried out in two steps. In the first step, the uniform grid space

[0,/]y ={x:%,=rh,0<r<K,Kh=1[}

is defined. To formulate the result, one needs to introduce the Banach space &hﬂ =
CP([0,1]1) (0 < B < 1) of the grid functions ¢"(x) = {¢,}~! defined on [0, 1], satisfying the
conditions ¢y = ¢x = 0, equipped with the norm

|(pk+r - <Pk|
L

[ =L, v sur

1<k<k+t<K-1

Here and in the future, C; = C([0,1];,) is the space of the grid functions ¢"(x) = {(p,}l()( de-
fined on [0, {];, equipped with the norm

B -
[¢"llc, = max el
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To the differential operator A* generated by problem (27), we assign the difference oper-
ator A7 by the formula

ALe"(%) = |~ (a@)gs),, + 50}

acting in the space of grid functions ¢"(x) = {¢,}X satisfying the conditions gy = ¢x = 0.
With the help of A7, we arrive at the initial-boundary value problem

d”hdf’x) + Asul(t, %) = OAT Ut - 0,%) + fA(t, %), ¢t>0,x€[0,]],

(28)
ul(t,x) = g"(t,x) =g(t,x) (~w <t<0),x¢e[0,1],

for the system of ordinary differential equations. In the second step, problem (28) is re-
placed by the first-order accuracy in the difference scheme in ¢,

L) — up_y (%)) + Afuf(x) = b(G)Afup_ (%) + [ (x),
f@x) =f"(tex),  te=kt,1 <k,Nt=w,xel[0, (29)
ul'(x) = g"(tr,x),  t = kt,—-N <k <0,x € [0,1];.

Theorem 5 Assume that

sup |b(8)] < (30)

0<t<oo 22 «

Then for the solution of the difference scheme (29) the following coercive stability estimates
hold:

|| T_l (uz - uZ—l) || éZa[o]l]h + h_2 || Al_AlJruZ || &20( [OJ]h

< M3(a) [_Lnjléo e INWNW &2 o,

h h
+ sup Cle +  sup Cle ,
; (n-1 N+1<t<nN“f H c2 oy [%]Nﬂgifk “fl H e [O’Z]h:|
0 1 (31)
<a< -
2
for all k > 1, where Ms(«) does not depend on g,’f andfkh. Here and in the future we put
N h h
A" (%) = x[@"(x £ h) - ¢" ()], xxEthe0,
The proof of Theorem 5 is based on the estimate

le <M, k=0,

] gy, =

and on the abstract Theorem 1, the positivity of the operator A} in Cg ,and on the following
theorem on the structure of the fractional space E,(Cj, A7).

Page 14 of 20
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Theorem 6 Forany 0 <« < % the norms in the spaces E,(Cy, A}) and Cia are equivalent
uniformly in h [25].

Second, the initial nonlocal boundary value problem for one-dimensional delay para-
bolic equations is considered:

dult, Put,
% —a(x)% +0u(t, x)

= b(e)(~a(x) PHELD 4 Syt — w,x)) +f(8,%),  0<t<o0,x€(0,]), )
U(t,x):g(t,x), -wo<t=<0,x€ [O,Z]r

M(t’ 0) = M(t, l); Mx(tr O) = lex(t, l)) -0 <t<00,

where a(x), b(¢), g(¢,%), f(¢t,x) are given sufficiently smooth functions and § > 0 is a suf-
ficiently large number. It will be assumed that a(x) > a > 0. The discretization of prob-
lem (32) is carried out in two steps. In the first step, let us use the discretization in
the space variable x. To formulate the result, one needs to introduce the Banach space
Cf = CP([0,1]5) (0 < B < 1) of the grid functions ¢’ (x) = {¢-}X defined on [0, ], satisfying
the conditions ¢g = ¢, @1 — Yo = Yk — px-1 equipped with the norm

it [9ker = il
||<p “Cg - ”¢ ”Ch +O§killﬂ)r§1( 2 ’

To the differential operator A* generated by problem (32) we assign the difference operator
Aj by the formula

AL () = {~(a)ez) , + S} (33)

acting in the space of grid functions ¢"(x) = {¢,}X satisfying the conditions ¢y = ¢x, ¢1 —

0o = ¢ — px_1. With the help of A7, we arrive at the initial value problem

—d”};(f’x) + A% (t,x) = bO)ATU" (t — w,%) + f1(t, %), t>0,x€[0,]

(34)
ul(t,x) = g"(t,x) =g(t,x) (~w <t<0),x€[0,l],

for the system of ordinary differential equations. In the second step, problem (34) is re-
placed by the first-order accuracy of the difference scheme in ¢

%(MZ(?C) — Ul () + ASul(x) = b(t) AUl (%) + £ (%),
flix) =t x),  t=kt,1 <k,Nt=w,x€l0,] (35)
MZ(JC) :gh(tk:x)y b = kt,-N =< k <0,xe [01 l]h'

Theorem 7 Assume that all the conditions of Theorem 5 are satisfied. Then for the solution
of the difference scheme (35) the coercive stability estimate (31) holds.

The proof of Theorem 7 is based on the estimate

[, e, =M. kZ0,
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and on the abstract Theorem 1, the positivity of the operator A in C;, and on the following
theorem on the structure of the fractional space E,(Cy, Aj).

Theorem 8 Forany 0 <o < % the norms in the spaces E,(Cy, A7) and Cﬁ" are equivalent
uniformly in h [27].

Third, the initial value problem on the range
{0 <t<l,x=(x1...,x,) ER" r= (rl,...,rn)}

for 2mth-order multidimensional delay differential equations of parabolic type is consid-
ered:

du(t,x) alrl u(t,x)
e T 2 rimam A (%) oy Su(t,x)

= DY oo e () S22 s 0t~ 0,) + £ (£,5), O<t<oo,xeR,  (36)
T

u(t,x)=g(t,x), -w<t<0,xeR"%|r|=ri+--+ry,

where a,(x), b(t), g(t,x), f(¢,x) are given sufficiently smooth functions and § > 0 is a suffi-
ciently large number. We will assume that the symbol [§ = (&,...,&,) € R"]

AFE) = Y ar@)(E)™ - (i)™

|r|=2m

of the differential operator of the form

gl
AT = ar(X) ————-» 37

acting on the functions defined on the space R”, satisfies the inequalities
0 < MyIE]P" < (-1)"AT(§) < Mal€" < 00

for & #0, where | £ |= \/|&1]% + - - - + |£,4]. The discretization of problem (36) is carried out
in two steps. In the first step the uniform grid space R}, (0 < /1 < h) is defined as the set
of all points of the Euclidean space R” whose coordinates are given by

Xy =sch, s =0,£1,£2,...,k=1,...,n.

The difference operator A} = Bj + o1, is assigned to the differential operator A* = B* + o1,
defined by equation (36). The operator

By=h" Y BEALAR - APIAR (38)

2m<|s|<S

acts on functions defined on the entire space R}.. Here s € R*" is a vector with nonnegative
integer coordinates,

Araf"(x) = £(f"(x £ exht) — f" (%)),

where e is the unit vector of the axis xy.
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An infinitely differentiable function ¢(x) of the continuous argument x € R” that is con-
tinuous and bounded together with all its derivatives is said to be smooth. We say that the
difference operator A7, is a Ath-order (A > 0) approximation of the differential operator A*

if the inequality

sup |Ajp(x) - Ao (x)| < M(p)H"

n
x€R}

holds for any smooth function ¢(x). The coefficients b} are chosen in such a way that the
operator A7 approximates in a specified way the operator A*. It will be assumed that the
operator A}, approximates the differential operator A* with any prescribed order [33, 34].
The function A*(£ 4, h) is obtained by replacing the operator Ay in the right-hand side
of the equality (38) with the expression +(e*#" —1), respectively, and it is called the sym-
bol of the difference operator 5j,.
It will be assumed that for |§x/| < 7 and fixed x the symbol A*(§/, k) of the operator

Bj, = A} — ol satisfies the inequalities
b
(DA Eh ) = MIEP",  |arg A ERR)| < ¢ <o = - (39)

Suppose that the coefficient b of the operator B} = A} — o), is bounded and satisfies the

inequalities
|bFrech —bY| < MK, xeR},ee(0,1]. (40)
With the help of A7 we arrive at the initial value problem

(u"(t, %)) + Afluh(t,x) = b(t)A’,;uh(t —w,x) +f(t,x), t>0,x¢ R7,

(41)
ul(t,x) = g"t,x) =g(t,x) (-w<t<0),xe R},

for an infinite system of ordinary differential equations. Now, problem (41) is replaced by

the first-order accuracy of the difference scheme in ¢

Lt () -, (v)) + ASult(x) = bt ASull_\ (%) + £ (%),
flx) =f"(tex),  te=kt,1 <k,Nt=w,xeR, (42)
ul(x) = g"(ti,x), te=kt,-N <k<0,xeRL

To formulate the result, one needs to introduce the spaces C;, = C(R})) and Cf =CP R})
of all bounded grid functions #"(x) defined on R”, equipped with the norms

’

[, = sup | )
xRy

HiN ok
”lxlhncﬁ = sup|uh(x)| + sup —|u () — w'lx + )l
b xeRrl xyeRY |yl#
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Theorem 9 Assume that all the conditions of Theorem 7 are satisfied. Then for the solution
of the difference scheme (42) the following coercive stability estimates hold:

” T_l (”z - uZ—l) H C2ma(RZ) + Z h_zm H Ailf Aii T Aif—n_l Af’lzf MZ ” C2m‘X(RZ)

2m=|s|<S

§M2(Ol)|:_1\11[l§i§0 o E AL AR - AP Al ”CZVW(RZ)

T 2m<|s|<S
(£ 1
h 3 1
+ ; (n_l);illl;anM chma(RZ) + %]Aslljiiﬁkm chma(Rz)j|, O<ac< oy

for all k > 1, where M () does not depend on g,}(’ z/mdfkh.

The proof of Theorem 9 is based on the estimate

_ X
Ay <M, k>0,

Caed C(R))—C(R))
and on the abstract Theorem 1, the positivity of the operator A7 in C(R}), and on the fact
that the E, = E, (A7, C(R}))) norms are equivalent to the norms Crme (R};) uniformly in /
forO<a< ﬁ [23, Chapter 4, p.283].

4 Conclusion

In the present paper, the well-posedness of the difference schemes for the approximate
solutions of the initial value problem for delay parabolic equations with unbounded op-
erators acting on delay terms in an arbitrary Banach space is established. Theorems on
the coercive stability of these difference schemes in fractional spaces are established. In
practice, the coercive stability estimates in Holder norms for the solutions of the differ-
ence schemes for the approximate solutions of the mixed problems for delay parabolic
equations are obtained. Note that in the present paper B(t) is a time variable unbounded
space operator acting on the delay term. The delay w is a positive constant. In general,
it is interesting to consider the delay as a function w(t), dependent on ¢. A well-known
parabolic problem with delay used in population dynamics is the so-called Hutchinson
equation where B(¢) is a time variable bounded nonlinear space operator acting on the
delay term [8, 9]. It would be interesting to consider the case when B(¢) is a nonlinear
unbounded space operator acting on the delay term. Actually, it will be possible after es-
tablishing theorems on the existence, uniqueness, and stability of the solutions, and the
smoothness property of the solutions, and obtaining a suitable contractivity condition of

the numerical solutions.
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