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Abstract. We study the free boundary problem for the plasma-vacuum interface in
ideal incompressible magnetohydrodynamics (MHD). In the vacuum region the magnetic
field is described by the div-curl system of pre-Maxwell dynamics, while at the interface
the total pressure is continuous and the magnetic field is tangent to the boundary. Under
a suitable stability condition satisfied at each point of the plasma-vacuum interface, we
prove the well-posedness of the linearized problem in Sobolev spaces.

1. Introduction. We consider the equations of ideal incompressible magnetohy-
drodynamics (MHD), i.e., the equations governing the motion of a perfectly conduct-
ing inviscid incompressible plasma. In the case of homogeneous plasma (the density
p(t,z) = const > 0), these equations in a dimensionless form are

o+ (v,Vv— (H,V)H+Vgqg=0, (1.1a)
OH + (v,V)H — (H,V)v =0, (1.1b)
dive =0, (1.1c)
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where v = v(t,x) = (v1, va, v3) denotes the plasma velocity, H = H(t,x) = (Hy, Ha, H3)
the magnetic field (in Alfvén velocity units), ¢ = p + |H|?/2 the total pressure, and
p = p(t,x) the pressure (divided by p). As the unknown we fix the vector U = (g, W)
with W = (v, H). System ([[.I]) is supplemented by the divergence constraint

divH =0 (1.2)

on the initial data W),—o = Wp.

The classical plasma-vacuum interface problem models confined plasmas in a closed
vessel (see, e.g., [§]). In this model the plasma is confined inside a perfectly conducting
rigid wall and isolated from it by a vacuum region. Until recent times there were no
well-posedness results for full (non-stationary) plasma-vacuum models. The linearized
plasma-vacuum problem in ideal compressible MHD was studied in [I3L[16], and the well-
posedness of the original nonlinear free boundary problem was recently proved in [14] by
the Nash-Moser method. Our main goal is to obtain an analogous result for the plasma-
vacuum interface problem for the model of incompressible MHD which can be used when
the characteristic plasma velocity is very small compared to the speed of sound. In
this paper we concentrate on the corresponding linearized problem. It is noteworthy
that the assumption in [I3|[I4L[I6] that the plasma density is strictly positive up to the
free boundary of the plasma region is automatically satisfied in incompressible MHD.
However, the non-hyperbolicity of system ([LT) produces additional difficulties compared
to the analysis in [I3]14L16].

Regarding the case without magnetic fields, the well-posedness of the free boundary
problem for incompressible Euler equations with a free interface that separates the fluid
region from the vacuum was proved in [6lT0,I8] (see also [7] for a comprehensive review)
under the condition (9p/dn)|r < 0, where n is the outward normal to the interface I
In [6LI0] the fluid domain was assumed to be bounded whereas in [I§] the problem was
set up in an unbounded domain. For our plasma-vacuum problem (see its statement just
below) we consider the case of an unbounded plasma domain and, as in [I0], neglect the
influence of gravity because it just contributes with a lower-order term in (LIa]).

Let Q7 (t) and Q~ (¢) be space-time domains occupied by the plasma and the vacuum
respectively. That is, in the domain Q7 (¢) we consider system (L)) governing the motion
of an ideal plasma, and in the domain 7 (t) we have the elliptic (div-curl) system

VxH=0 divH=0, (1.3)

describing the vacuum magnetic field H = H(t,z) = (H1,H2,H3) € R3. Here, as in
[BL8], we consider so-called pre-Mazwell dynamics. That is, as usual in nonrelativistic
MHD, we neglect the displacement current (1/¢) 9 FE, where c is the speed of the light
and F is the electric field.

The boundary of the domain Q% (¢) is a hypersurface I'(t) = {n(t,z) = 0} that is
the interface between plasma and vacuum. It is to be determined and moves with the
velocity of plasma particles at the boundary:

om+ (v,Vn) =0 on I'(¥) (1.4)

(for all t € [0,T7). As 7 is an unknown of the problem, this is a free-boundary problem.
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For technical simplicity we assume that the space-time domain Q7 (t) (the plasma
region) and Q7 (¢) (the vacuum region) are unbounded and the interface I'(¢) has the
form of a graph: =1 = p(t,2’), 2’ = (z2,x3). That is,

Q5 (t) = {1 2 p(t,2')} (1.5)
and the function ¢(t,z’) is to be determined. With the choice n(t,z) = x1 — (¢, 2),
([L4) becomes
0o = (v,N) onT(t), (1.6)
where N = Vn = (1, =02, —03¢).
The plasma variable U is connected with the vacuum magnetic field H through the
relations (cf. [BL])

[¢g=0, (H,N)=0 (H,N)=0, onTI(t), (1.7)

where [¢] = ¢|r — %|’H|‘2F denotes the jump of the total pressure across the interface.
These relations together with (ILG) are the boundary conditions at the interface I'(¢).
From the mathematical point of view, a natural wish is to find conditions on the initial
data
W(0,z) = Wy(z), ze€Q7(0), n(0,z) =no(z), x€T(0), (1.8)
H(0,2) = Ho(z), =€ Q™ (0), (1.9)
providing the local-in-time existence and uniqueness of a solution (U, H,n) of problem
([C1), @3)-([C9) in Sobolev spaces.

REMARK 1.1. In fact, for both the “elliptic” unknowns ¢ and H we do not need to pose
initial data. That is, the initial data (L)) are not quite necessary because the vector Hg
is uniquely defined through 7y from zero-order compatibility conditions. Indeed, after
straightening the interface I'(0) one can show that the elliptic problem composed by
system (L3) and the last boundary condition in (7)) considered at ¢ = 0 has a unique
solution M, in Sobolev spaces (see [14] for more details).

REMARK 1.2. As for current-vortex sheets, see [12], [15], we must regard the second
boundary condition in (7)) as the restriction on the initial data (IL8). More precisely,
after straightening of the interface and in exactly the same manner as in [12], [I5], we
can prove that a solution of (L)), (TR), (CI) (if it exists for all ¢ € [0,T7]) satisfies

divH =0 inQ(t) and (H,N)=0 onI(t)

for all t € [0,T], if the latter was satisfied at t = 0, i.e., for the initial data (L8]).

In the next section we first reduce the free boundary problem ()T, (TI), (T9)
to that of a fixed domain by a suitable straightening of the unknown interface; then
we linearize the resulting problem around a basic state (“unperturbed flow”). Under a
suitable stability condition satisfied at each point of the unperturbed interface, we prove
the well-posedness of the linearized problem in the Sobolev space H*.

The rest of the paper is organized as follows. In Section [2] we obtain the linearized
problem. In Section Bl we introduce the functional setting. In Section [] we state the

IStrictly speaking, in this paper, by stability we mean the well-posedness of the problem resulting
from the linearization about a given (generally speaking, non-stationary) basic state. This basic state is
not necessarily a solution of the nonlinear problem.
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main result. In Section [l we introduce a suitable “hyperbolic” regularization of the
linearized problem. In Section [l we derive a priori estimates for the regularized problem.
In Section [l we prove the well-posedness of the hyperbolic regularized problem. In
Section B we prove the well-posedness of the original linearized problem in conormal
Sobolev spaces (see Section 3 for their definition). At last, in Section @] using as in [12]
a current-vorticity-type linearized system, we estimate missing normal derivatives of the
perturbations of the velocity and the plasma magnetic field and prove the well-posedness
of the linearized problem in Sobolev spaces (more precisely, in weighted Sobolev spaces;
see Section 3), as stated in Section [l

1.1. Reduction to a fixred domain. We straighten the interface I' by using the same
change of independent variables as in [I3], that is inspired, in its turn, by Lannes [9] (see
also []). As in [I3], we set

Qf =R*N{£z; >0}, T :=R*nN{x; =0}. (1.10)

We want to reduce the free boundary problem (L)L), (L8), (T9) to the fixed domains
QF by constructing a global diffeomorphism of R, mapping QF (¢) onto QF and I'(¢) onto
I at each time ¢ € [0, 7).

The construction is based on the following lemma that shows how to lift functions
from T to R3; the key point is the regularization of one half derivative of the lifting
function ¥ with respect to the given function ¢ on T

LEMMA 1.3. Let m > 3 be a fixed integer. For all € > 0 there exists a continuous linear
map ¢ € H™ %%(R?) — ¥ € H™(R3) such that ¥(0,2") = ¢(2'), 1 ¥(0,2') =0 on T,
and

101 W[ oo ms) < ell@ll 2 @) - (1.11)
The following lemma gives the time-dependent version of Lemma [[3]

LEMMA 1.4. Let m > 3 be a fixed integer and let T' > 0. For all € > 0 there exists a con-
tinuous linear map ¢ € ﬂ;-’L:Ble([O, T); H"I1795(R?)) — U € m;’;glcj([o, T); H™9(R3))
such that ¥(¢,0,2') = o(t,2’), 01¥(¢,0,2") =0 on T, and

101 ¥ lepo, 1352 w2)) < €lllleqo,rymzr2)) - (1.12)

Furthermore, there exists a constant C' > 0 that is independent of T" and only depends
on m such that

Vi € N'Ci([0,T); Hm—705(R?)), vVt e [0,T],

H@,{\Il(t, ')HH"“M]I@) < C||8{ga(t, ')‘|H’“_j_0'5(R2)a j=0,....m—1.

For the proof of Lemmata [[3] and [[4], the reader is referred to [13].
The diffeomorphism that reduces the free boundary problem (LI)—(LC7), (L), (L3)
to the fixed domains QF is given by the following lemma.

LEMMA 1.5. Let m > 3 be an integer. For all T > 0 and for all ¢ € m;?;glcﬂ'([o,T];
H™~370-5(R?)) satisfying without loss of generality [|¢|c(o,7];m2(r2)) < 1, there exists a
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function ¥ € N7;'C7 ([0, T]; H™~7(R?)) such that the function
O(t,z) := (1 + V(t,2),2") = (P1(¢, z),2"), (t,z) € [0,T] x R? (1.14)

defines an H™-diffeomorphism of R? for all ¢ € [0,7]. Moreover, there holds &/ (® —
1d) € C((0,T); H™~3(R) for j = 0,....m — 1, B(t,0,2') = (p(t,«'), 2'), B, (t,0.a') =
(1,0,0).

Proof. The proof follows from Lemma [[4] because
@i (t,z) =1+ 0V(t,z) 21— [|01¥]lcqo, 1y ®e)) = 1 —€ll@lleo,m;mere) = 1/2,

provided e is taken sufficiently small, e.g., ¢ < 1/2. The other properties of ® follow
directly from Lemma [[.4] a
It is straightforward to check that, at each ¢ € [0, T, the diffeomorphism ®(¢, ), given
in Lemma [[5] maps the time-dependent domain Q% (¢) onto the reference domain QF
and the unknown interface I'(¢) onto T
We introduce the change of unknown functions induced by (LI4)) by setting

Ult,x) = U(t,®(t,x)), H(t,x):=H(t, Bt x)). (1.15)

The vector-functions U = (c}',ﬁ,ﬁ ) and H are smooth in the half-spaces QT and Q~
respectively. Dropping the tildes for convenience, the problem (I)-(L7), (LJ)), (T3]
can be restated in the fixed reference domains QF as follows.

Plasma part. System (L)) is reduced to the following;:

1
ov+ —{(w,V)v— (h,V)H} + Vgeq =10,
0,9,

O H + ﬁ{(w,V)H— (h,V)v} =0, (1.16)

divu=0 inl0,7] xQF,
where
U= (Un, 0201 P1,v301P1), v, =(v,n), n=(1,-02P1,—03P;) = (1,—02¥,—057),
w=u—(0;91,0,0) =u—(0;V,0,0), h=(H,, Ho1P1,H30:91), H, = (H,n),

o1q 02 W 03¥
Voq=| 75,50 Ooq, ———0 0s3q |.
g (814)1 X 14 + 029 X 14 + J3q
Here and below, vectors will be written indifferently in rows or columns in order to

simplify the presentation.
System (LI6) can be rewritten in the following shortened matrix form:

e L(Uv \I]) _ : +
P(U, D) ._< ol )_o in [0,7] x QF, (1.17)
with
L(U,®) = L(W, 0)U = Ly (W, &)W + ( ng ) :
where

Li(W,0) = 8, + Ay (W, ®)dy + Ax(W)Dy + As(W)ds (1.18)
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and
3
1
AW 0) = 5o (ar(w) - ;Ak(W)ak\If — 1600,
’U]CI?, —Hklg Vi _Hk
Ap(W) = =L® , with k=1,2,3.
—Hplz w3 —Hp vy

Vacuum part. The elliptic system (3] becomes
V(H,¥)=0 in[0,T] x Q~,
where

(1.19)

V(H,@):(VX’5>

div h
and
N =Hi101P1, Hry, Hry)s b= (M, HoO1P1, H301P1),
Hr, = H10W +Hy, k=2,3, Hn = (H,n).
Boundary Conditions. Conditions (L) and the first and third equations in (7)) become
B(U,H,o)=0 on[0,T] xT,

where
8t<p — UN
B(U,H,¢) = [q] (1.20)
Hn

and
1
[Q] =dqr — §|H||2I‘v UN = (’U,N), Hy = (Ha N)v N = (1a _8290, _8350)'

Notice that v, r = vy, Hyr = Hn-
Final System. To sum up, after the change of unknown functions ([([LTH), the free boundary
problem (1)), (L3)—(T3) is reduced to the following initial-boundary value problem:

P(U,¥)=0, in[0,7]xQ", (L21a
V(H,¥)=0, in [0,7] xQ™, (
B(U,H,») =0, on|0,T]xT, (1.21c
Wli—o = Wy, in QT Hlt=o = Ho, inQ, ©li—o = o inR%,  (

where P(U,U), V(H, V), B(U, H, ) are the operators defined in (CI7), (CI9), (C20)
respectively. We also did not include in our problem the equation

divh=0 in [0,7] x Q7 (1.22)
and the boundary condition
Hy=0 on0,T] xT, (1.23)

because they are just restrictions on the initial data (L2Id). More precisely, referring to
[15], [12] for the proof, we have the following lemma.
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LEMMA 1.6. Let the initial data (L21d) satisfy (L22]) and (L23). If (U, H, ¢) is a solution
of problem (L2Ta)—(L.21d), then this solution satisfies (I.22) and (23] for all ¢ € [0, T].

2. Linearized problem.
2.1. Basic state. For T > 0, let us set

QF = (00, T x QF,  wp:=(—00,T| xT. (2.1)
Let
U(t, ), H(t,x),4(t ) (2.2)
be a given suﬂimently smooth vector-function, respectively defined on QT, Qr, wr, with
U= (g, 9, H), such that

101wz + 1010 lwae oy + 1 Hllwe.x(ap) + 1@lwo o rixre) < K,
(2.3)
||S/5||C([0,T];H2(R2)) <1,

where K > 0 is a constant. Corresponding to @, let the function ¥ and the diffeomor-
phism ® be constructed as in Lemmata [[.4] and such that

0Py >1/2.
We assume that the basic state ([Z.2]) satisfies
O H + 1(1) {(@N)I?I — (h, V)@} =0, diva=0 inQF, (2.4a)
191
divh=0  inQgp, (2.4D)
8p—0y=0, [4]=0, Hg=0  onwr, (2.4¢)
where all the “hat” values are determined like corresponding values for (U, H, @), i.e.,
9= (7116151,72%2,7%3) Hep = H10,0 + Hy,, k=2,3,
(HmH28l¢’1aH38I 1) Ho = (H. 1),
(Hp, Hoy®1, H30,®1),  Hp = (H,7)

h = ;
{)]\7 = (67]\7)’ 7/_2 (HaN)a N: (1,—82(27, _6392)5 n= (15_62(1\/7_83(1})
and where

o= (b5, 020, @1, 0301 ®1), Tp = (0,7), ©=

Note that ([2.3]) yields

>
D
=
=
=

||Vt7m\IIHW2,oo([07T]XR3) S C’

where V, , = (0;,V) and C = C(K) > 0 is a constant depending on K.
It follows from (24a]) that the constraints

divh =0 inQ}, Hg=0 onwy (2.5)

are satisfied for the basic state (2.2)), if they hold at ¢ = 0 (see [15], [12] for the proof).
Thus, for the basic state we also require the fulfillment of conditions ([2.5) at ¢ = 0.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



556 A. MORANDO, Y. TRAKHININ, axnp P. TREBESCHI

2.2. Linearized problem. The linearized equations for (L2Ial)-([21d) read:

P(0,§)(50, 5%) = B0 W)leco = in QF,

P d
V/(H,0)(0H, 00) = ZV(He, Ve)lmo = F in Q.

B (U, H,$)(8U, 0H, 6¢) := (%IB%(UE,’HE, ©e)|e=0 =g on wr,
where U, = U + edlU, He = H+ edH, pe = @+ edp; 6V is constructed from ¢ as in
Lemma [ and U, = ¥ + 6. Here we introduce the source terms f = (f1,..., f7),
F=(E), x = (x1,Xx2, x3) and g = (g1, g2, g3) to make the interior equations and the
boundary conditions inhomogeneous.
We compute the exact form of the linearized equations (below we drop 4):

{L(W\,@)W}glg
= = 1*1
P(0, B)(U, 0) = (“ZVP‘I’)U) - 0 =5 @9
1V Uu
(v x| oy ,V\I/)
_@2
VH; x VU
V/(H, §)(H, W) = V(H, D) + (v % o) _ 7, (2.7)
— 713 )
Ho
61;(,0 + 17282@ + 17333(;7 — Ugr
Bl(fjv 7:27 @)(U7 H, 4,0) = q— (ﬁv H) =9, (2'8)

Hy — Ha0op — Hadsp

where

_ B Vs N
LW, 0)U = Ly (W, )W + ( §q> +C(W, )W,

u= (Uﬁ7U251§>1,U331‘/I;1)7 vy = (v,7),

(105 20 a2 (e ) 2L
01®4 0P 0 9, P,

o~

Ll(W, U) being the differential operator defined in (LIR) (with (W, ¥) = (W, ¥)), and
the matrix C(W, ¥) is determined as follows:
. CL (W, 0w 1 ( (u, V)0 — (h, V)H )

CW, )W = o = . R (2.9)
Co(W, U)W h® \ (v, V)H — (h, V)V

In order to cancel out the first-order operators in ¥ from the operators P’ ((7 , \i') and
V/(H,¥), as in [I], the linearized problem is rewritten in terms of the “good unknown”

. U ~ . \\ —~
U—U— —— 00, H=H-——o (2.10)
191 191
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Taking into account assumptions ([2.4d) and (240) and omitting detailed calculations,
we rewrite our linearized equations (Z.0)-(2.8) in terms of the new unknowns (2.10):

81{]L (U, )}
1By =f, inQf, (2.11)

divu

LW, W)U + >

V(ﬁ,@)+ al{v ) =F, inQ;, (2.12)

1
B'(U,H,¢) (U, H,¢)
O + 02020 + V303 — Uy — @ 010y
= G- (H,H) + [014]¢ =g, onwr, (2.13)
Hy — 02(Hap) — 05 (Hap)

where

i = (n, 0201 P1, 0301 81), 04 = (,7), g = (0,N),

7"[1\7 = (ﬂ,N)a [3161} = a1qA|F - (ﬁ,aﬁq)\r-

While writing down the last boundary condition in (2I3]) we used (2.4D) taken at z; = 0.
As in [ILBLI5], we drop the zeroth-order term in ¥ in [2I1]), (Z12) and consider the
effective linear operators

. L(U, 0)U
o (MO
divw

N V X §
V(H,\P)z( d;g’)zf,

where
1T O v<f>q T\TA
L.(U, \I/)U L(W \I!)U Ll(W \IJ)W+ 0 +C(W, )W (2.14)

and
= H10101, Hsp, Hey), b= (Hn, Ha01 1, Hzdr D),
7'.[N = 7'.[1 — 7‘2282(1\/ — 7"[3(93\/1\/, IHﬁ = 7—[181@ + 7'.[1‘, 1=2,3.

In the future nonlinear analysis by Nash-Moser iterations, the dropped term in (2.I1]),
([212) should be considered as an error term.
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To sum up, under the preceding reductions the linearized problem reads as follows:

LU, W)U = ( fo ) , (2.15a)
fu
diva = f7, in Q7 , (2.15b)
Vx9H=x, divh=Z, in Qr, (2.15¢)
Opp = 1 — Dodoip — V3030 + PO10g + g1, (2.15d)
q=(H, ") — 014 + g2, (2.15¢)
’HN = 82(72290) + 83(723@ + g3, on wr, (2.15f)
(W,H,p) =0, fort<0, (2.15g)

where we have used the notations f = (f’l)afHaf7)a fv = (f17f27f3)7 fH = (f47f5af6)7
F =(x, =) and g = (g1, 92, g3) for the source terms introduced in (Z0)—(ZF]).

The source term x of the first equation in ([2I5d) should satisfy the constraint
divy =0. (2.16)

Moreover, for the resolution of the elliptic problem ([ZI5d), [2.151), the data = and g3
must satisfy the necessary compatibility condition

/ de:/gg da’; (2.17)
a- r

see [I3]. We assume that the source terms (f,x, =) and the boundary data g vanish in
the past and consider the case of zero initial data. The case of nonzero initial data is
postponed to the nonlinear analysis.

2.3. Reduction to homogeneous data. We can reduce problem (ZI5]) to that with ho-
mogeneous data fg =0, fr =0, F = 0 and g = 0 (except f, # 0) by the following
steps.

2.3.1. Plasma part (f7 =0 and g1 = 0). We decompose the velocity © as v = ¢/ + ¢
and the front ¢ as ¢ = ¢’ + ¢, where ¥ and ¢ are such that

diva = f7 and O1p =V — 02029 — 03050 + P00 + g1

i.e., ¥ satisfies and ¢ satisfies with ¥ instead of ). Then v’ solves
¥ N N
the homogeneous equation

divi’ =0 in QF,
with 4/ = (0}, 1)581&)1,1}&81:1\)1) and 0, 1= 0] — 0, — 1};’383(1\!, and ¢’ is such that
61590/ = U;V — @28290/ — @363@/ + <p’6113]\»,.

Hence, (¢,7', H, ') satisfies system (ZI5) with f; = 0, g1 = 0 and new data f, = f/,
fu = fy, 92 = g5 and g3 = g5.
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2.3.2. Vacuum part (x =0 and = = g5 = 0). As in [13], we decompose the vacuum
magnetic field H as H = H' + H (and accordingly H=6H+96and h=b+ 6), where H
is a solution, for each ¢, of the following elliptic problem:

Vx.%:x, divH:E in Q™ ,
(2.18)
b =Hgy=gy onl.
Provided the data (x, Z, g4) vanish at infinity in an appropriate way and satisfy (216,
@I10) (with g5 = g4), the classical results of the elliptic theory ensure the existence of a
unique solution of ([ZI8) vanishing at infinity.
Once H is given, we look for H’ as a solution to the problem

Vx$H =0, divh =0, inQp,
g=(H,H)~ 03¢ + 95, (2.19)

7:l§\~, = Oo(Hay') + D3(Hzy¢!) on wr,
where
95 =95+ (H,H). (2.20)

If H and H' solve ([ZIR) and ([ZI9) respectively, then it is clear that = ' 4+ H solves
2I5d), @2I5€) and 2I50) with » = ¢/, g2 = ¢4 and g3 = g}.

Collecting the changes of unknowns performed above and dropping for convenience
the primes in ¢/, H', ¢', g4, f, and f};, we obtain the linearized problem (ZI5) with
fr=0,F=0and g1 = g3 =0:

L;(ﬁ,@)0_< Fo ) ,

fu
divi=0, in QF,
V(H,¥)=0, inQp, (2.21)
0
B(U,H,) U, H,0):=| 92 |, onwr.
0

2.3.3. Plasma-vacuum interface (fg = 0 and go = 0). From system ([22I)) we can
deduce nonhomogeneous equations which are a linearized counterpart of the divergence
constraint (L22)) and the “redundant” boundary condition (L23). More precisely, with
reference to [I5, Proposition 2] and [12] for the proof, we have the following.

LEMMA 2.1 ([I5]). Let the basic state (Z2)) satisfy assumptions (Z3)—(23). Then solu-
tions of problem (Z21)) satisfy
divh =r in Qf, (2.22)
ﬁgazip-i-ﬁ:;agtp—HN—(palﬁN =G on wr. (223)
Here

h= (Hp, Hy01®1, H301 @), Hy = Hy — Hy0o¥ — H3d30 (Hgle1=0 = Halzy—0)-
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The functions r = r(¢,z) and G = G(t,z’), which vanish in the past, are determined by
the source terms and the basic state as solutions to the linear inhomogeneous transport
equations

3tr + 172827” + 173837” + (82172 + 83173) T = lefH in Q;, (224)
where fr := (fr.i, 0191 f5, 11 fo), frn = ([, ) = fa — OV f5 — D3U fg and
001G + 190:G + 1303G + ((92@2 + 0503) G = fH),fL |z1=0 ON wWr. (2.25)

Equations (224]), (228) do not need boundary conditions at {z; = 0}.

Following [15], we now perform a further change of unknowns to make fz and g2 equal
to zero (in view of Lemma [ZT] r and G in (2Z22]), (Z23]) will become zero as well). Let
X € C§°(R4) be a cut-off function equal to 1 on [0, 1]. We define

7= x(z1)g2, (2.26)

and H solves the equation for H contained in (Z2I) with ¢ = 0, namely

~ 1 ~ —~ 0
OH + —— W, V)H+Co(W,0) | =~ |=fy inQFf. (2.27)
1Dy H
We define the new unknowns
¢ i—q .
U= o | = ¥ . HU=H. (2.28)
Hf H—-H

One can check that (U, H%) satisfies problem ([22I)) with fg = 0 and g» = 0 (and a
new f,). Dropping for convenience the indices 7 in ([2.28), the final form of our reduced
linearized problem reads

1T O _ Jo
]LE(U,\I/)U—( 0 ),

divu =0, in QF, (2.29)
V(H,¥) =0, in Qr,
B/(UaH7¢)( aHaSO):07 on wr .

License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf



PLASMA-VACUUM INTERFACE PROBLEM IN IDEAL INCOMPRESSIBLE MHD 561

Recall that the operators L/ (U, W), V(H, ¥) and B (U, H, $) are defined in (Z14), (LI9)
and (2.13)) respectively. We also write down problem (2.:29) in the component-wise form

1 ) .
O+ = {(w, Vv — (h, V)H} +Vaq+ O (W, )W = f,, (2.30a)
1%*1
O H + 1 {(w, V)H — (h, V)v} + Co(W, T)W =0, (2.30b)
X
divu=0 inQFf, (2.30c)
VxH=0, divh=0 inQj, (2.30d)
Opp = vy — D202¢p — D303 + O , (2.30e)
g =(H,H) - [2dle, (2.30f)
My = 82(ﬁ2@) + 83(7-7390) on wr, (2.30g)
)

(W,H,9) =0 fort<0. (2.30h

Clearly, for problem (230) we get (222) and (Z23) with r = 0 and G = 0. That is,
solutions to problem ([2:30) satisfy

divh =0 in QF, (2.31)
HN = ?1232<p+ﬁ383g0—g081?[1§, on wr. (232)
3. Function spaces. The purpose of this section is to introduce the main function

spaces to be used in the following and collect their basic properties.
Let us denote

QF =R, xQF, w:=R, xT. (3.1)
3.1. Weighted Sobolev spaces. For v > 1 and s € R, we set
N(E) = (P + [€?) (3.2)

and, in particular, A% := 51
Throughout the paper, for real v > 1, H5(R"™) will denote the Sobolev space of order
s, equipped with the vy-depending norm || - ||, defined by

lull?, = (27T)7”/ N (E)u(€)]de (3-3)
U being the Fourier transform of u. The norms defined by (B3], with different values of
the parameter v, are equivalent each other. For v = 1 we set for brevity || - ||s := || - ||s,1

(and, accordingly, H*(R"™) := H{(R™) for the standard Sobolev space).
For s € N, the norm in (B3] turns out to be equivalent, uniformly with respect to =,
to the norm || - HHg (k) defined by

lallfry ey = D P70z (3.4)
laf<s
where, for every multi-index o = (a1,...,a5) € N* we set 9% := 97" ...9%" and
la] == a1 + -+ + @, as usual.
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For functions defined over QJTr we will consider the weighted Sobolev spaces H" (QJTF)
equipped with the natural v-depending norm

e S el 2 e

la|]<m

where 9% := 9;°07" 052 05° with 9y = 0;. A useful remark is that

Jullsy <" llullry (3.5)

for arbitrary s <r and v > 1.

Similar weighted Sobolev spaces will be considered for functions defined on Q.

3.2. Conormal Sobolev spaces. Let us introduce some classes of function spaces of
Sobolev type, defined over Q+. Let o = o(z1) be a monotone increasing function in
C*(R) such that o(z1) = 1 in a neighborhood of the origin and o(z1) = 1 for z; large
enough. Then, for every multi-index o = (ag, a1, az, a3) € N*, the conormal derivative
o5, is defined by

tan

I}
a150/(1

= 6840 (U(l‘l)al)m 5328?3 ,

where 0y = 0.
Given an integer m > 1 the conormal Sobolev space H%,,(Q7F) is defined as the set of
functions u € L?(Q7) such that 02,,u € L*(QF) for all multi-indices a with |a| < m.

Agreeing with the notations set for the usual Sobolev spaces, for v > 1, H{, 7(QT) will
denote the conormal space of order m equipped with the ~-depending norm

(Q;) = Z ’Y Ial)H tanuHL2(Q+)> (36)

lor|<m

and we have HJ;,(Q7) := Hiz, 1(Q7)-
Similar conormal Sobolev spaces with y-depending norms will be considered for func-

tions defined on Q. We will use the same notation for spaces of scalar and vector-valued
functions.

3.3. Homogeneous Sobolev space. Because of the presence of the “elliptic” unknown ¢
we will also have to use the homogeneous function space

HYQ7) = {u € Li,.(Q7) | Vu € L*(Q7)}-

ull,

tan,y

4. The main result. We are now in the position to state the main result of the paper.
Recall that U = (¢, v, H), where we drop the dot from the variables for simplicity. The
main result of the paper reads as follows.

THEOREM 4.1. Let T > 0. Let the basic state (Z2)) satisfy assumptions ([Z3))-(23) and
|HxH|>6>0, onuwr, (4.1)

where § is a fixed constant. Then there exists 79 > 1 such that for all v > ~y and for
all f, € H,i (Q7F) vanishing in the past, namely for ¢ < 0, problem (2:29) has a unique
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solution (U, He, ¢+) such that (g,, Wy, Ho, 04) € HY(QF)x HX(QF) x HY(Q7) x H (wr)

with the trace (g, u1, v, b1, v, Hoy)lws € Him (wr) and obeys the a priori estimate
V(WL @iy + IV 22 gy + 1P

7B Ho) arlPop ) + 7200 Bty < gy« (42

where we have set U, := e "'U, H, = e "H, ¢, = e Mo and so on, and where
C =C(K,T,d0) >0 is a constant independent of the data f, and the parameter ~.

5. Hyperbolic regularization of the reduced problem. Problem ([2.29)
(or ([Z30)) is a nonstandard initial-boundary value problem. For its resolution we in-
troduce a fully hyperbolic approximation. Concerning the plasma part, we replace the
incompressible MHD equations with their “compressible” counterpart by introducing an
evolution equation for the total pressure involving a small parameter € which corresponds
to the reciprocal of the sound speed in the fluid. As for the vacuum part, we consider a
“hyperbolic” regularization of the elliptic system (2.30d]) by introducing a new auxiliary
unknown F which plays the role of the vacuum electric field, and the same small param-
eter of regularization e as above is now associated with the physical parameter 1/¢, ¢
being the speed of light. We also regularize the second boundary condition (2.30f]) and
introduce two boundary conditions for the unknown F.

Plasma part. Let us denote U® = (¢%,v%, H®) (we also set W& = (v%, H¢)). The regular-
ized system for the plasma part reads

~ ~ 1
&2 {atqf (O HY) - (H,0,H°) + —— (i, V¢")
1
0,

(@, (v, HE))

+Vgq" + (W, O)W* = f, (5.1b)

O:H® +

0,9,

+ Co(W, )W + Fodive’ =0 in QF, (5.1c)
191

where the matrices C; and Cs were defined in (Z3)) and u° is defined through v¢ like u

is defined through v.

In the matrix form, system (B1I) can be shortened:

3
A50,U° +3 " A59,U° +CU° =F  in Qf, (5.2)

Jj=1
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where the matrix-valued coefficients .Zl\j, 7=0,1,2,3, and C are easily computed in terms
of the basic state (/V[7, U) and F = (0, f,,0). The latter system with & = 1 looks like the
linearized system of compressible isentropic MHD equations reduced to a dimensionless
form.
Vacuum part. Let us denote VE = (H, E¢). We consider the following regularized system
for the unknown V*:

eoh® +V x € =0, (5.3a)

€0 =V xH" =0 inQr, (5.3b)
where

E° = (E1, B3, E5), € = (E{01®1, E5,, EZ)),
¢ = (ES, B501®1, E50,81), ES = B — E50,0 — E50,0, ES = E50,U+Ef, k=23,
All the other notations for H° (i.e. h* and $¢) are analogous to those for H.
We rewrite (B3] in the matrix form

3
OVE+ B5OVE+ > BidVe + ByVE =0,

k=2
where
3
~ 1 ~ ~ ~
B =——(B - BioV), B,=1,%B, (5.4)
g, (21~ 2 BiowT)
- - 0,0,0 ~ 9,0,
0 —0,050 4+ U™ 9,050 + 930 L
N 1(1)1 1(1)1
B=1| 0 SOV 0 , (5.5)
0,9, R
0 0 0¥
0,9,

I5 is the unit matrix of order 2, and the symmetric matrices B} (j = 1,2,3) coincide
with the corresponding ones for the vacuum Maxwell equations if € = 1:

0 0 000 0 00 0 0 01
0 0 000 —1 00 0 0 00
0 0 001 0 00 0 -1 0 0
Bszfl 35:71
1= 1o 0 000 0| 7% oo -1 0 00|
0 0 100 0 00 0 0 00
0 -1 000 0 10 0 0 00
0 000 —1 0
0 001 0 0
0 000 0 0
e _ ~—1
B;=e 0100 0 0
1000 0 0
0 000 0 0

(5.6)
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Boundary conditions. We couple equations (5.1) and (5.3]) with the following regularized
boundary conditions:

Ot = 1)15\7 — D202¢% — 03039 + p=Oh 0,

¢ = (H,H°) — [61d)¢° — <(E, E¥)

E;, = c0(H3p®) — € O2(E19°),

EE, = —c 0 (Ha¢®) — € 03(E1p7) on wr,

(5.7)

where E = (Ey, E», E3) and the coefficients Ej are given functions which will be chosen
later on. Again, v5 = (v%, N).

Final form of the regularized problem. Collecting the previous equations we obtain the
regularized problem given by (B1), (53) and (E1).

5.1. An equivalent formulation for the reqularized problem.

5.1.1. Plasma part. We derive an equivalent form for system (5.2)) in two steps. First
we write down this system in terms of the new unknown ¢'¢ = £¢° and then we pass to
the “curved unknowns” u®, he.

STEP 1. To symmetrize system (5.2)), we derive div u¢ from (GIal) and rewrite the
equation for the magnetic field in (B.Id) as

1

OH + - {(w,V)H — (b, V)v }+CQ(W,\I/)W
—52fl{6tq5—(8th,HE)—(fI,8tH5)+ — (0, V¢°)
0P,
1 ~ 1 ~
- —(w,(VH,H®)) — — (W, (H,VH*® =0. (5.8
= (0,91 = = (a.0.98)) | <0 59

Substituting (5.8)) in (BI)) gives a symmetric system. Unfortunately, the matrix-valued
coefficient by the t—derivative of U® is not uniformly positive-definite with respect to
€. This is inconvenient because we are interested in obtaining a uniform in e a priori
estimate for smooth solutions of (B.]). Therefore, we make the change of unknown

q°=eq (5.9)

and restate system (B.2)) in terms of the new unknown (¢’¢,v¢, H®). Just for simplicity
we again denote U® = (¢’¢,v¢, H¢). In the matrix form, system (5.2 becomes

3
~ =& —~ ~
AUt + A,0.U° + Y A0,U° +CU=F  in QF, (5.10)
Jj=2

where the new coefficients are the symmetric matrices

1 00 0 —cH —eH, —cH,

0 1 0 0 0 0 0

0 0 1 0 0 0 0
A= 0 o001 0 0 0

—Eﬁl 0 0 O 1+€2ﬁ12 €2ﬁ1ﬁ2 €2ﬁ1ﬁ3

—Eﬁg 0 0 O €2ﬁ1ﬁ2 1+€2ﬁ22 €2ﬁ2ﬁ3

—€ﬁ3 0 0 O 621{\[11{\[3 52ﬁ2ﬁ3 1+52ﬁ32
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1 0 —eHT
=| o I 0 ,
—eH 0 L+eHoH
o g1 0 0 e Hy ety Hy e, Hs
el o 0 0 —H 0 0
0 0 o 0 0 - 0
AS = 0 0 0 o 0 0 -
—etHy, —H, 0 0 &+ H2 e2H Hy <%, H Hs
—E@lﬁg 0 —ﬁl 0 EzﬁlﬁlﬁQ ’{)1 + 52@1[/’,\[22 E2ﬁ1ﬁ1ﬁ3
—et Hy 0 0 —H, ¢*HHy e20HyHy 1y +e20,H2
1 0 g1 0 —Eﬁgﬁl —562}?2 —5621?3
0 s 0 0 —H, 0 0
el 0 s 0 0 —H, 0
A = 0 0 0 by 0 0 —H,
—eoH, —Hy 0 0 o +e20,H2 20,H H,y 29y Hy Hy
—e0,Hy 0 —Hy, 0  e200H\Hy o+e20,H2 c20,H Hy
o Hy 0 0 —Hy &2inH Hs 200 HoHy g + 6262ﬁ§
03 0 0 et et H, el Hy U3 Hs
0 b5 0 0 —H, 0 0
0 0 3 0 0 —H, 0
A= &t 0 0 s 0 0 —H,
—etsH, —Hs 0 0  03+c203H2 e203H Hy,  e203H,H;
—Eﬁgﬁg 0 —ﬁg 0 Ezﬁgﬁlﬁg 173 + 62@3ﬁ22 EQﬁgﬁlﬁgg
—eU3Hy 0 0 —Hy &2i3HHs €203 HyHy b3 + e203H2
and the coeflicient /ﬁ is
~e 1 N 3. . .
A= —— [ A5 =) 0,045 - 9,047 |,
Dy =
while
—&(D, H?) 0
CUs = (W, &)W . =1 £ |,
Co(W,0)We +e2(D, H*)H 0
and
D=of+ (@ V)Q.
1<D1
Note that the coefficients Ej for j =1,2,3 and C® can be shortened:
R v; E_Ie;*-r —EﬁAjflT
A; = 5_162\ 5)\2\]3 —Hjlg s

—Eij\jH —Hjjg i)\j(lgg +€2f‘\[®ﬁ)
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with
617‘7 . N R
ej=1| 0, |, HoH=HH"
637‘7
and .
0 0 0 —eDT
cE=Ci(W, o) +1]0 0 0
Co(W, 1) 0 0 e2H®D
<3
Moreover, an explicit calculation gives the following expression for A;:
. . @ el —etw HT
A1 = al(/I\)l e~ n w113 —hq13 s (511)

—6’&)\11/; —Bllg @1(Ig+52ﬁ®ﬁ)
where we recall that

ﬁT = (1 —82\/13 —33(1\1) s ’&)\1 = i]\ﬁ — 8,5@, 7’),\1 = ﬁﬁ .

System (B.I0) is symmetric hyperbolic because the matrix 28 is uniformly definite pos-
itive for e sufficiently small. Unfortunately, the matrix in (5I1]) contains the singular
factor e~1. Fortunately, this potential difficulty will not prevent obtaining a uniform in
€ a priori estimate.

STEP 2. For overcoming the difficulty connected with the appearance of e~ 1 in (G.11]),
we rewrite system (BEI0) in terms of the new vector unknown Y = (¢'¢, u®, h). Observ-
ing that U® = JY¢, where the matrix J is

AN
10 0 0P 019
J=10 J of, J=|, _L o |- (5.12)
00 J 019, )
0 0 =
019,
we obtain the new system
3
A50,YE+ ) A0,y + A5V =F, (5.13)
j=1

where
~ ~ . ~ ~e . ~ -
Af = 81<I>1JTA6J, Af = 31<I)1JTA1J, Af = 31<I>1JTA2J (k=2,3),
- ~ —~ =€ 3 —~ ~ 5.14
A =019 (JTAgatJ+ JTA161J+ > JTAiakJ + JTC€J> , ( )

k=2
0
F=00J"F=| f, |, fo=00,J7F,. (5.15)
0
Direct calculations show that
A=A +e7l8 4, =123, (5.16)
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where
U/}j 0 —EU/}jﬁTj\
B=| o @ hTT ,
—ew; JTH —hyJTT ;07 (Is +e2H @ H)J
(5.17)
0 eJT 0
517j+1 =1¢€¢ 0 0 5 j = 1,2,3.
0 0 O

Compared to (&I0), the equivalent formulation (5I3]) has the advantage that the
factor e~! appears only by the constant matrices & ;11 and that the boundary matrix
Af takes the form

A5 = A +e'Er, (5.18)
where

Al =0 (5.19)

(since @1, = hilw, = 0; see [Z4d), 7). Moreover, an explicit calculation shows
that A5 and A5 do not contain the singular multiplier e~! (their elements are bounded
as € — 0).

5.1.2. Vacuum part. System (B3] can be written in terms of the “curved” unknown

We = (9%, €9) as

3
BodyW* + Y BEO,W* + BoV° =0, (5.20)
j=1
where
1 .
By=—=KK", K=L®K, By=0B, (5.21)
10,

1 -0 —0;30
Jt=10 0,9 0 , (5.22)
0 0 01D

K

and the matrices J and B; are defined in (5.12) and (B.6]) respectively; see [L3] for more
details.

System (0.20) is symmetric hyperbolic. The main advantage of the usage of the
variables ¢ rather than V< is that the matrices B in (2.20) containing the singular
multiplier ! are constant.

5.1.3. Boundary conditions. We restate the boundary conditions above in terms of

the unknown (Y¢, W¢) by using the relations (recall that 8161 =1onwy)
(H, 1) = HgHS + HoHe, + HaHe, = (b,9°),
(5.23)
(E,E°) = EgE; + ByE2, + B3z, = (5,¢9).
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Regarding the first line in (5.:23]), we notice that 61 = ';QN = 0 on wr, so that H] does
not appear in the boundary condition. Then the boundary conditions become
8tgog = Ui — @282(,06 — @383305 + (,0681171\7,
S = (6.9°) ~ [t — =€)
¢S = e 0 (Hzp®) — € Da(Erp°),
¢ =—¢ 0y (Ha®) — € 03(E1¢°) on wr .

(5.24)

5.1.4. Full equivalent reqularized problem. To sum up, we consider the following reg-
ularized problem for the unknown (Y, We, ¢°):

3

A50,YF +) A9,y + Ay =F i Qf (5.25a)
j=1
3
BooyWs + Y BSO,W + BV =0 in Qp (5.25b)
j=1
Dup® = uf — Da02p° — V303" + P 0, (5.25¢)
e71q'f = (0,9°) — [014)¢" — (7, €°), (5.25d)
€5 = e 0,(Hsp®) — € 02 (Er¢°) (5.25¢)
€5 = —c 0y (Hap®) — £05(E1¢°)  on wr, (5.25f)
(Y, W 0%) =0 for t < 0. (5.25g)

It is noteworthy that solutions to problem (5.25]) satisfy

divh* =0  in QF, (5.26a)

divh* =0, dive* =0 in Qr, (5.26b)

HY = Hy050° + Hy050° — 4,0881]?]9 on wr, (5.26¢)
HS, = 0o (Hag®) +05(Hag®)  onwr (5.26d)

because (5.26) are just restrictions on the initial data which are automatically satisfied in

view of (5.25g). Equations (5.26D) trivially follow from (525b) and (5:25g). Condition
(5:26d)) is obtained by considering the first scalar equation in (5.25b]) at 1 = 0 and taking

into account (5.25d)-(5-25g). As we already noticed, (5:25a), (5.25D) is a symmetric
hyperbolic system.

REMARK 5.1. The invertible part of the boundary matrix of a system allows to control
the trace at the boundary of the so-called noncharacteristic component of the vector solu-
tion. Thus, with system (5.25a)) (whose boundary matrix is —A5|,,,. = — 1€ 2, because
of (519)), we have the control of ¢’¢, u§ at the boundary; therefore the components of
Y® appearing in the boundary conditions (5.25d), (5.25d)) are well defined.

The same holds true for (5.25D)), where we can get the control of 3, H5, €5, €. The
control of €5, which appears in (5.25d), is not given from system (5.25D) but from the
constraints (5.26D)), as will be shown later on. We recall that $5 does not appear in the
boundary condition (5.25d), because by = ﬁN =0 on wr.
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Before studying problem (5.25) we should be sure that the number of boundary con-
ditions in (5.25d)-(E.25]) is in agreement with the number of incoming characteristics for
the hyperbolic systems (5.25a)), (5.25D). Since one of the four boundary conditions in
(5.25d)-(5.251)) is needed for determining the function ¢°(t,z’), the common number of
incoming characteristics should be three. Let us prove that this is true.

LEMMA 5.2. If € > 0 is sufficiently small, system (5.25al) has one incoming characteristic
for the boundary wr of the domain Q. If & > 0 is sufficiently small, system (5.25D)) has
two incoming characteristics for the boundary wr of the domain Q.

Proof. In view of (5.I8) and (5.19), we obtain
(A5YS,Y®) = e 1(&£2Y5, V) =27 ¢ %uf on wr. (5.27)

Hence, the boundary matrix A% at the boundary wy has one negative eigenvalue A_ =
—e7! (“incoming” in the domain @7) and one positive eigenvalue Ay = ¢!, and other
eigenvalues are zeros.

Let us consider system (£.250). The boundary matrix B has eigenvalues A\ o = —¢ 71,
A4 = €', As6 = 0. Thus, system (5.25D) has two incoming characteristics in the

domain Q.. |

6. A BVP associated to the regularized hyperbolic problem: a priori esti-
mates. Let T > 0. Let the basic state (Z2]) satisfy assumptions (Z3)-(Z3) and (I)).
Our next goal is to prove the existence of solutions (Y, W*, ¢°) to problem (520 and
a uniform in € a priori estimate in H},,,(QF) x HY(Q7) x H'(wr). This will be done in
several steps.

6.1. The boundary value problem. We assume that all the coeflicients and data ap-
pearing in (5.25) are extended to the whole real line with respect to the time, and recall
that QT = R; x QF and w = Ry x T (see (B.1))).

The first step of our analysis is to prove a uniform in € estimate for smooth solutions
to the boundary value problem (5.25a)—(5.25g) in Q, i.e., to the problem

A50,Ye+ 30 A0,y + AYE=F  in QF,
BodyWe + 370 BSOWE+ BV =0 in Q™

Orp® = u§ — 0202¢° — 0305p° + 905816]\7’
e7q' " = (h,9°) — [01dle° — e(e, €)
€5 — £ 0, (Hag®) — = Oa(Brp®),
¢ = —£ 0y (Hay®) — € 03(E1¢°) on w,

(6.1)

(Y, We %) =0 fort < 0.

Recall that Y& = (¢'¢,u, h®) and W* = (£, €°).
In this section, we prove a uniform in € a priori estimate of smooth solutions of (6.1]).
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THEOREM 6.1. Let the basic state ([2.2]) satisfy assumptions (2.3)-(2.1) and ([@.1]) for all
times. There exist g > 0, 79 > 1 such that if 0 < & < g9 and v > ~g, then all sufficiently
smooth solutions (Y, W¢, ©°) of problem (G.I]) obey the estimate

(V512 on + WS Iy + ¥l ) + VS22, )

i o
F7 15 s < TIF IR, o (62)

where we have set Y5 = ™'Y, Y = e " (e71q' %, ug, h), WS = e T'WE, ¢5 = e e
and so on, and where C' = C(K, ) > 0 is a constant independent of the data F and the

parameters ¢, 7.

In order to obtain the energy estimate (G2]), we use the same ideas as in [13] (see
also [I7]). We underline that the coefficients Ej in the boundary conditions in (G.1I)
are still arbitrary functions whose choice will be crucial to make boundary conditions
dissipative. Moreover, we have to be careful with lower order terms, because we must
avoid the appearance of terms with =1 (otherwise our estimate will not be uniform in
€). Also for this reason we use the unknown (Y¢,/¢) rather than (U¢,V®).

For the proof of the energy estimate (6.2)) we need a secondary symmetrization of the
transformed Maxwell equations in vacuum (5.3).

6.2. Secondary symmetrization for the vacuum part. Let us perform a new symmetri-
zation of the vacuum part (see [I7]) that consists of replacing the original system (B3]
with the equivalent system

_ 1 A 1
K707 + 2V x €) + K7 (91" = ZV x H7) xev + % divh = 0,
11

(6.3)

o~ 1 -~ 1
K10 — =V x $°) = K710, + -V x €°) x ev + Y divet = 0,
€ € XN

where K is defined in E22), while v = (11,v9,v3) and v; = vi(t,x) (i = 1,2,3) are
arbitrary functions that will be chosen in an appropriate way later on. We refer to
[13, Lemma 16] for the detailed proof of the equivalence between systems (£.3]) and (63)),
for an arbitrary v # 0.

STEP 1. With respect to the variable V¢ = (H¢, E¢), system (6.3]) reads

3
BEOVE + BV + > BV +BIVE =0, (6.4)
k=2
where
1 0 0 0 EV3 —ElV2
0 1 0 —El3 0 eV A
c 0 0 1 EVy —El] 0 I3 BS
Bo=1 | 10 o |~ \&" ’
—EV3 €Uy B; I
EV3 0 —E&l 0 1 0
—ElVy EVy 0 0 0 1
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V1 Vo vz 0 0 0
120 —U1 0 0 0 —571 /\ /\
€ L] 0 -, 0 g1 0 B, Bf
Pilo 0 o “\E" %)
Vi V2 V3 B B
0 0 et v —n 0
0 —e! 0 V3 0 -1
—lVy 17 0 0 0 571
11 120 1% 0 0 0 . /\
€ 0 v  —V2 -1 0 0 B, BS
B5 = 2 =7 2],
0 0 —¢ —lVy 0 B§ B,
0 0 0 %1 120 Vs
6_1 0 0 0 vy —U3
—v3 0 ©»v 0 —-e1!1 0
0 —v3 vp et 0 0 PN
€ vy V3 V3 0 0 0 B3 B§
%3 = 1 = T — s
0 € 0 -—u3 0 V1 B B
—e ! 0 0 0 —U3 o
0 0 0 121 Vs V3

where By is defined in (5.4).

Note that

—~T o —~T _ ~
B, =B, (j=12,3), B =-B; (j=0,1,2,3), Bi|c=0 = Ba.

J

STEP 2. Again, to avoid the appearance of the “dangerous” multiplier e~' in the
energy integral for problem (Gl we pass in system (64) from the unknown V¢ to the
“curved” unknown W¢ = (§°, €°):

where

3
M§OWE + M{oYWe + )~ MEORW* + M§WE =0,

k=2
£ 1 e T
MO:——AK%OK >07
019,
e 1 ne T € 1 2 7dl
Mi=-———K®K", M =-———KBK" (k=2,3),
81 1 1¥1
— — = 1
M = M§ + My, M =— = KBiKT — KB50,(L1),
1¥1

My = —K (B500 (L) + B505(L7Y) + Bios(L 7))

the matrices L and K are obtained from the relations

1 .
— K", K=L®K,

L' =
4

WE = LVe,
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and the matrix K was defined in (B22). The symmetric system (6.3]) is hyperbolic if
M§ >0, ie.,

ely| < 1.

The last inequality is satisfied for small €.

We need to know the behavior of the above matrices in (6.6) as ¢ — 0. To this end,
we find that

M{ =0(1), M;=—-B+0(1),
(6.7)
Mg =-B;+0(1) (k=23), M;=0(1),

where by O(1) we denote a generic matrix bounded w.r.t. ¢ and the matrices B; were
defined in (5.6). As the matrices M§ and M§ do not contain the multiplier e~1, their
norms are bounded as ¢ — 0. Recalling that the matrices B are constant, we deduce as
well that all the possible derivatives (with respect to ¢ and z) of the matrices Mf, Mg
have bounded norms as € — 0.

6.3. Final form of the regularized problem. After all the changes of unknowns de-
scribed above, the regularized problem (G.1]) takes the new form

3
A50,Y° + > Ay + Ay =F  inQF, (6.8a)
j=1
N 3
M§OWE + MioyWe + > MEGW + MEW =0 in Q™ , (6.8b)
k=2
615906 = ui — ’0282@6 — ’0383@6 + <p561f)1\7 R (68C)
el = (0,9°) — [Didle° — 26 €), (6.84)
€5 = £ 0y (Hsp®) — e 0x(E197) (6.8¢)
€5 = —c 0y (Hap®) — £ 03(E1°) on w, (6.8f)
(YE, W2, 0%) =0 for t <0, (6.8¢)

where for the readers convenience we recall that equation (6.8a) is the “compressible”
regularization of the plasma system written in terms of the unknown Y¢ = (¢'¢, u®, h¥)
while equation (6.8D) is the “hyperbolic” regularization of the div-curl vacuum system
written, after the secondary symmetrization, in terms of W¢ = (§°, €°).

6.4. Proof of Theorem [61] To obtain the a priori estimate (6.2]) we apply the energy
methods to the symmetric hyperbolic systems (68a)), (6.8B). In the sequel, 79 > 1
denotes a generic constant sufficiently large which may increase from formula to formula,
and C' is a generic constant that may change from line to line.
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First of all, let us restate systems ([6.8al), (6.8D) in terms of the y-weighted unknowns
YS, W5. The equations take the equivalent form

3
VAGYE + A0 s+ ASOYE+AYE=F, inQ",  (6.9)
j=1
M,

=
. 3
YMEWE + MOWE + M{OYWE + ) - MEORWs + M§WS =0 in@Q™ . (6.9b)
k=2

The arguments below are, with suitable modifications, analogous to those from [13]. How-
ever, for the readers convenience we do not drop them. We start with some preparatory
estimates.

Conormal derivative of the plasma unknown. First of all, we estimate the conormal de-
rivative 00y of Y¢. Applying to system (69al) the operator ¢d;, multiplying by oYy
and integrating by parts over Q1 gives the inequality

7“081Y75||%2(Q+)

C(, =
< — F 2
— v {H ’Y”H1

tan, v

(Q+) + ||Y,$H§{1 (Q+) + ||E_181 (gl’QY,YE) ‘|%2(Q+)} (610)

tan,y

for v > 7. On the other hand, directly from equation (6.9al), we get

67101 (612Y5) By < C{ 1B 2aqr + V512

tan,y

(Qﬂ} , (6.11)

where the constant C' is independent of € and  (recall the definition of the matrix & o

in (5I7)). From (6I0), ([@II) we obtain

C ~
Mo Wagry < = (1Bl 0 +I%5 1, @0} 72, (612

tan, v tan,y

where C is independent of € and 7.

Normal derivative of the noncharacteristic part of the plasma unknown. Also, using the
structure of the boundary matrix in (69a) (see (EI9)) and the divergence constraint
(5:26a)) allow us to get an estimate of the noncharacteristic part Y7, = e (7 '¢'¢, uf,

h5) of the “plasma” unknown:

100V 22 < € {IB ey + 152 o)} - (6.13)

where C' is independent of ¢ and ~.

Normal derivative of the vacuum unknown. As in [13], from system (6.95) and the diver-
gence constraints (5.26b) we can express the normal derivative of all components of the
“vacuum” unknown W7 through its tangential derivatives. This gives the estimate

3
|2 2 - < © {fnwsn%a@-) 10V ey + 3 |akws||%2@->} . (6.14)
k=2

where C' is independent of € and « for all ¢ < g.
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L?-estimate of the front. Writing the first boundary condition (6.8d) for ., that is
Vo5 + O, = Ui, — 020297 — 0303905 + 95010
multiplying it by ¢ and integrating by parts over w yields

c
M52 < ;HUi,yllia(w) ;Y20 (6.15)

where C' is independent of ~.
Tangential derivatives of the front. As in [I3], assumption (1)) on the basic state (U, H)
allows to solve the system of the boundary conditions (5.26d), (5.26d)) and (6.8d) (stated
in terms of ¢,) as an algebraic system for the space-time gradient Vi ps = (atgai, D205,
33802)5

Vi 9 = arh , +a2b7 , +asui , + @45 + 7545, (6.16)
where the vector-functions dq = dg (U|w, H|w) could be written explicitlyE From (6.16)

we may estimate Vi .S through the trace on the boundary w of the noncharacteristic
part of the unknowns (Y7, W5) and 5 itself:

Ve o5 2wy < C LY A lwllz@w) + IWSlwllz@w) + o5 2w } Y2, (6.17)

where C' is independent of € and ~.

L?-estimate. Now we are going to derive an L2-energy estimate for (Y2, W*). To this
end, we multiply system (G3al) by Y. and ([6.9H) by W:, and integrate by parts over QF
to find

'y/ (ASYf,Y;)dxdt—l—”y/
Q+

(M§W§,W§)dazdt+/A€dx'dt

w

3
1 . . .
_ §/Q+ ((atAg +5 0,45 - 2A3)Y§,Y;> da dt
i=1

3

1 —~

+ 5/ ((atMg + O + 37 M~ 2M§)W§,W§) de dt
Q- k=2

+ / (F,,YE)dzdt, (6.18)
Q+
where we have denoted

€ AEV € € 1 ATENIE €
A = (AlY,y,YW)|w+§(M1W7,W,y)|w. (6.19)

1
2
Recalling that Ag and M are positive definite matrices uniformly in ¢ for € < g¢, using
the Cauchy-Schwarz and Young inequalities, and the fact that

3 3
0 A5+ 0;A5 — 245 = 0(1), 9M§ + 01 M + > 0p Mg — 2M5 = O(1),
j=1 k=2

2Under the conditions about the basic state f—jN = ?ALN = 0 on w, one computes \fI X ﬁ\Q = (ﬁzﬁzg —

ﬁ3ﬁ2)2<v’<2>2, where (V/'@) = (1 + |828|? + 95|%)'/? and HyHs — HsHs is just the determinant of
the 2 x 2 algebraic system for 929, d3¢° made from the boundary conditions (5.26d), (5.26d).
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from (G.I8) we derive the L? estimate

AYE 220y + VWS 22 + / A di d
<C 1 ﬁ 2 Ye 2 We 2 6.20
> ”YH W||L2(Q+) + | y HLz(QJr) +| 7||L2(Q,) ., (6.20)

where C' is independent of ¢ and ~.
Using (5.27)), we obtain

(ASY2S,Y5) = M (&Y, V) = e 27 %u] onw.

Following [13], we choose the functions v; in the secondary symmetrization ([6.3) by
setting

vV =0 = ’Uzaggfi + @383(,0, vy =0, k=2,3. (6.21)

After long calculations we get

A = e—Q'yt{ E—lqleus 4 E_l(f)g@e _ ﬁ;@s)
+ (0295 + 0395)H5, + (0265 + 03€5)ES } onw. (6.22)
Now we use the boundary conditions in (1)) and the assumption H 5w = 0 for cal-
culating the quadratic form A%. Thanks to the multiplicative factor £ in the boundary
conditions ([6.8d), (6.8f)), we get rid of the singular multiplier e~} appearing in the second
term on the right-hand side of (G22]). The factor e ! multiplying ¢’¢ on the right-hand
side of ([6.22) is not dangerous because it is included in the definition of the noncharac-
teristic component Y,f = (e71¢'¢, u§, h5) of the vector function Y¢ = (¢'¢,uf, h¥) to be

estimated (see (6:2) in Theorem [6.1]).
After long calculations we get

A = 2 (B + il — 03 Ta) (B3 006° + 95030° — 95024°)
+(Es, E5 + Bz E5) (90 + 12000° + 0303¢°)
+ ¢ {[Ond v — 010y (e 'S + [01d)e°) + (0iHs — 02 E1) (95 + et EY)
+(OHs + 85 B ) (95 — 03 E%) + (02 + 05 Ts) (62995 + @3553)}} . (6.23)
Now we make the following choice of the coefficients Ej in the boundary conditions
(6.3d)- ([6.810):
E=—0xH, (6.24)

where 0 = (01, 02,03). For this choice

By +09Hs —03Hy =0, Bz =0, E: =0,
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and this leaves us with
Af =2 {<p€{[alq1 ui — g (e71q " + [014¥%)
+ (OHs — B B1) (95 + e02ES,)
+(OHa + 03 E1) (95 — e03ES) + (02Ha + 03H3) (6295 + @sbé)}}
= o {[0rd] i, — Orig (7' + [01d]3)
+ (0 Hs — o En)(95,, + e02E5, ) + (9Ha + 03E1) (95, — B )
+ (DHo + 05H3) (02995, + 0395,) ). (6.25)

where we restore the usage of the subscript +.
Substituting ([6:25) into ([@20) and using the Cauchy-Schwarz and Young inequalities,

from ([G20) we get

C ~
1B e + Y5 lellEago)

 IWslulle |+ € {I¥5 132y + W5 IR0y } + CIES 120y > (6:26)

where C' is independent of € and . Thus, if vy is large enough, we obtain from (6.26])

and ([6.13])
’Y‘|ny€||2L2(Q+) + 7||W5||2L2(Q,)

C ~
< {1 e + 1%,

7\|Yf||2L2(Q+) + '7||WA€/||2L2(Q_) <

e +IWELulZa b 0<e<en, 727, (627)

where C' is independent of ¢ and ~.
Tangential derivatives. Now we are going to derive an a priori estimate for the tangential
time-space derivatives of Y'¢, W¢. For simplicity, let us denote by Y?, W7 the vectors

a,Y* oW
Ye=e | ave |, Wo=e | aowe | (6.28)
5y D30

Below it will be sometimes convenient to write dy instead of d;. Applying 9; to (6.9al),
(.9D) for I = 0,2,3, we easily find that the vector-functions Y2, W2 must solve the
following system:

~ ~ 3 ~ ~
VASYS + A50,YS + Y AS9;Ys + AsYE =F,  in QT
j=1
€ € € € NE € 3 € € € € M — (6'29)
YMEWE + M5OWE + M5O WS + k;/vtkakww +MEWE =G, Q-

where
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3 Ag + (?tAg 3 9, As § 315%%
Ai=| oA Arods Ay .
03 A 03 A5 A§ + 05 A5

OF — 0,A9,Y° — 9,A5Y*
F,=e " | 0oF — 0,450,Y° — 0,45V
O3 F — 03450, Y° — 93 A5Y®

and
Mg Mg
M‘i: 9 la‘: ) 12032;3,
M M§
Mg + 8, M¢ 0y M5 9, Ms
D3 Mg OsMs M5 + 93 Mg

—8, MO, W* — 8, MW
ny = Gi’yt —62Mf81W8 - 82MZWE
— O3 MO We — O3 M§WF

Arguing as for ([@9), we derive from (6.29) that
vy / e N AZ0YF, 0,Y¢) du dt
1=0,2,37 Q"

+ Z/ e~ (MEQWE, 9WVF) da dt
o

1=0,2,3
1 ~ .
+ 5/@‘2"’t{(Mf81W5,81W5)—(Ai@lYE,E)lYE)}dx’dt
1=0,2,3 w
1 3
:5/(02+ D 0,45 245 | VY5 | dr
7=0
1 . 3
+—/ OMG + M+ O M;, — 2M5 | WS, WE | dadt
2Jo- k=2

+/ (IFV,YE/)da:dt—i—/ (G, WS) dedt. (6.30)
Qt Q-

The source terms F.,, G, appearing on the right-hand sides of (6.29)) contain the deriva-
tives of the functions Y7, WZ.

Since the normal derivative of the full vacaum unknown W is estimated through its
tangential derivatives by (6.14)), also using the structure of the matrices M5 (cf. (6.1))
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we get

/ (G, We) dzdt = Z/ e 2O MW W du dt
Q- 1=0,2,37 @~
-y / e~ Y MEWE WS dx: dt
o

1=0,2,3

S CIPIWilTe oy + D NlOWENG 20y ¢+ (6:31)
1=0,2,3

where C' is independent of ¢ and ~.

Since the normal derivative of only the noncharacteristic part of the plasma unknown
Y is estimated in (G.I3), the source term [, requires more attention. Firstly, from the
definition of ., we get

/ (F., Y2) do dt = / e PO FO,YE du dt
Q+ Q+

1=0,2,3

-y / e PO ATOY Y du dt —
Q+

/ e Y ASYE0,YE dadt.  (6.32)
1=0,2,3 Qt

1=0,2,3

The first and last integrals on the right-hand side of (6.32)) involve only tangential deriva-
tives of Y¢ and F. The second integral on the right-hand side of (632]) contains the
normal derivative of Y. But it follows from the special structure of the matrix A5 given

in (B.I8) that
QAT =9A5, 1=0,2,3, (6.33)

and (E19) implies
08501 Y || 2o +) < CllodrY el L2(q)- (6.34)
By the Cauchy-Schwarz and Young inequalities, (6.32)—([6.34) give the estimate
€ c A Y €
/Q EYDd < S S OB g+ IV B, @y 720, (639)
1=0,2,3

where C' is independent of ¢ and ~.
Using the fact that the matrices A5 and M are positive definite uniformly in ¢ for

e < gp, from ([630), (631) and (635) we derive

v Y A e on + D 1AW 2aon

1=0,2,3 1=0,2,3
£ Py £
+ 2 /Aldx/dtﬁgnyv I, @)
1=0,2,37
! LB 2 2|we )2 aWE|? > 6.36
+ O S, @n T IV e o) + Y oWiligy ¢ 7 =70, (6.36)

1=0,2,3
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where C' is independent of € and « and, for each [ = 0,2, 3,

A5 = e (A, + (Troov, o)L}
= et e a0, ay )l + (T, aw°)L. )
=2 {%(Mf&lws, OW)|w — elﬁlq’s(‘)luﬂw} . (6.37)
For the same choices as in ([6.21]) and (6.24)), we obtain for A; the following expression:

A = 64%31&{[31@(31”? + Vg Op”) +e 010z 0g
+ (020,95 + 030,95) (02 Hz + 95Hs)
+ (0 Ha + 05 E1)(0195 — €030, E5,)
+ (O, Hs — 02E1) (9195 + 56281Ejv)} +lot., onw, (6.38)

where l.o.t. is the sum of lower-order terms. The presence of ¢! on the right-hand side
of ([6:38) is not dangerous because £~ 1¢’€ is a component of the noncharacteristic part
Y? of the vector function Y. Using (6.18]), we reduce the terms involved in ([G38]) to
those like

chiowui, chidp®, ¢hidHj, chid€;,...onw,

terms as above with b5, uj instead of hj, or even “better” terms like
Ve Oy, et Oip” .
Here and below, ¢ denotes a generic coefficient depending on the basic state (Z2)). In-
tegrating by parts, such “better” terms can be reduced to the above ones and terms of
lower order.
Concerning the terms like Ehi@lui 21207
integral and again integrating by parts:

they are estimated by passing to the volume
/ 6727t5h§81u§|w1:0 da' dt = —/ e 20, (eh5opus5) dx dt
w Qt+

= / e (810)h5 (01uF) + E(OhT)OruT — (818)hiOus — E(01h5)0s } da dt
Qt+

where ¢|;, =9 = ¢. To estimate the volume integrals on the right-hand side of the equality
above, we only need to control normal derivatives of the noncharacteristic unknown Y7 ..
Thus, applying the Cauchy-Schwarz inequality and using ([GI3]) gives

/ 6*27t’c\hialui|ml=0 dx/ dt‘ S C {||F'Y||%2(Q+) =+ ||Y$||i]}aw,7(Q+)} . (639)
w
In the same way we estimate the other similar terms chi0i95, _o, chiO€5, .

Ebﬁ@luil 21207 ch50, in‘ »,—0> Where, after an integration by parts, again we only need to
estimate normal derivatives either of components of Y,;  or WS by using (6I3) and

©.14).
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We treat the terms like ¢hS|, _,01¢° again by substituting ([G.16):

/ e 2VChS01p° da’ dt‘

/ ¢hs ., (a1hs , +d2bh5 , + dsuf ., + ags, + VaseS) da’ dt‘
w

< OV allFa) + WSl lRa) + 22165 1320 | - (6:40)

Final estimate. Combining (@36]), (€39), (640), (GI5) and similar estimates for the
other terms in (63])) yields

v Y oS egn + D 1Vl 72-

1=0,2,3 1=0,2,3
< Lyyep2 colEe e
= o li~llHy,, (QF) v YUHY,, (QT) yIHI(Q™)
Ly, y|m%@+|W|nBW} 0<c<eo,v=m0, (641)

where C' is independent of €, v. Then adding (6.12), (€.14)), (6.217), (6.41]) we obtain

Y5 N7

tan,y

@n + Il < f 2IR I,

tan,y

Q+) + ||Y€||Ht1an (@)

+ ||W§||%I}Y(Q*) +7 (||er,'y|w||%2(w) + ||Wf,|w||2L2(w))} ; 0<e<er, vZ27, (642)

where C' is independent of ¢, ~.
It remains to produce an estimate for the traces on w of Y,7 . and W5. This is done
following the same arguments of [13].

LEMMA 6.2. The functions Y7 , and W5 satisfy

MY,

W”%Q(w) + ||Y"i'7|w||i1,ly/2(w) S C (HF’YH%?(QJr) + ‘|Y$||§[ganﬂ(Q+)) ?
(6.43)
YIWSlolZz @) + V5Ll ) < CIWVS IR - -

Substituting ([@43) in (642) and taking -y, sufficiently large yields

Y5 N7

tan,y

o+t ”YHW»?”%I%(Q—
HF ||Htla" W(Q+) ) 0<e< €0, Y Z Y0, (644)
where C is independent of €, 7. Flnally, from (615), [@I7), (643) we get
¥ (I, ¢|FU%M+MMH|FU%M)+vnmeWW
< _HF HH}MW(Q*) , 0<e<ey, 7= (6.45)

Adding ([6.44), (6.45) gives ([6.2]). This completes the proof of Theorem
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REMARK 6.3. For the sequel, it is convenient to reformulate Theorem in terms of
the original variable ¢° for the BVP corresponding to (51), (53), (5.7) when the time
belongs to R, i.e., for the problem

_ _ 1
g2 {atqa ~ QL) ~ (H.0H) + (0. 91)
1*1
1 /- 1 /o~ 1
——A(w, (VH,H€)>— _ (w,(ler,VHE))}Jr —dives =0,
81@1 81@1 alq)l

1 N ~
0rF + ——{ (@, V)0 = (b, V)H } + Vga° + Co(W, 9)W* = f,,
019,

1 .
O H® + — w, VYH® — (h, V)v*®
T+ o {0, DB = (9t}
N H . . o
+C (W, 0)We + ——dive®* =0 inQ",
011 (6.46)

cOhE+V x € =0

€0ie* =V xH =0 inQ,

Opp® = uj — Da0ap® — D303¢° + =10,
¢© = (0,9°) — [D1d)¢° — (e €°),

@5 = 58t(ﬁ3<,05) - 582(E\1§08)7

¢s = —£ 0y(Hap?) — e 05(E1°) on w.

THEOREM 6.4. Let the basic state ([2.2]) satisfy assumptions (2.3)-(2.1) and [@1]) for all
times. There exist g > 0, 79 > 1 such that if 0 < & < g9 and v > ~g, then all sufficiently
smooth solutions (¢¢, u®, h®, W¢, ¢°) of problem (G.40]) obey the estimate

’Y( |5Q§||%1,}MW(Q+) + ([ (w3, hi)”?{gmw@ﬂ + ”Wﬂﬁ{%(Q—)
165 0 B o2y + ISl )
IV ar) + 2715 B < SIF I, rys (647
where we have set W5 = e”7"W?, ¢f = ¢77"¢° and so on, and where C' = C(K,§) > 0
is a constant independent of the data F' and the parameters ¢, .

Proof. From the regularized interior equation (6.46), we can express Vz¢° through
conormal derivatives of (u, h) (since w; = h; =0 on w) by

e _ € 1 A e _ (7 el _ T €
Vad© = fo— 0t = o {(@.9)07 = (L V)| - G 9,
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and we use
Vqs = ala\)leV$qE.
The rest of the estimate (641) comes from (G.2). O

7. Well-posedness of the hyperbolic regularized problem. In this section, we
focus on the existence of the solution to the regularized problem (5.25). Here, we follow
a general strategy that is usual for initial-boundary value problems for linear hyperbolic
systems (see, e.g., [2], [13]). One firstly reduces the time-dependent problem (5.28]) to the
boundary value problem (G.I)) (where the time spans the whole real line) by a suitable
time-extension of the data F E Then one proves the existence of the solution of the
boundary value problem (6.1) with such an extended data. The restriction to the time
interval (—oo,T] of the solution to (GIl) will provide the solution of problem (G25),
6.206).

As a first step, we prove the existence of the solution of (6. Here we rely on
the result obtained by Secchi and Trakhinin in [13], where the plasma-vacuum problem
for the compressible MHD equations was studied. Indeed, for a fixed e, problem (G
coincides with that in [I3] up to the passage to new “scaled” unknownsl] By applying
[13, Theorem 15] to (61 for fixed € (0 < & < g), we get the following result.

LEMMA 7.1. There exist 79 > 1, &g > 0 such that for all v > 7, 0 < € < ¢y and
Fy = (0, fy,4,0) € H,, . (Q") vanishing in the past, problem (B.I)) has a unique solution

(Y2, W5, 05) € Hbp o (QF) x HYQ™) x HY*(w) with (Y., Wo)|o € Hy/?(w).

REMARK 7.2. In view of the proof of Theorem 1] that will be given in Section R it
is convenient also to restate Lemma [T in terms of the variable ¢° for the regularized

BVP (625).

LEMMA 7.3. There exist 79 > 1, g > 0 such that for all v > 7y, 0 < € < g9 and ﬁv =
(0, fu,4,0) € Hfy,,(QF) vanishing in the past, problem (G.4G) has a unique solution
(45,05 15 W5, 05) € H(QF) x Hiy o (QF) x H(Q) x H3'? (w) with eq5 € Hl,,, (@)

1/2
and (g5, ui ., hi o, W5)|w € HW/ (w).

As we announced before, the existence of a unique solution to the evolution problem
EI), B3), GO for fixed 0 < € < gp and given data ﬁv € H},,.(QF) vanishing in
the past comes directly from Lemma [(3] applied to the time-extension of }7'7. Since
the solution of the BVP (6.46) enjoys the a priori estimate ([6.47), then the solution

(65, 5, b5, W5, 65) € HA(QF) X Hign o (QF) x HA(Q7) x HY (wr) to G1), (53), G1)

3The extension of the data F' beyond T is made by the use of reflection methods of Lions-Magenes;
see [1I] and [2] for details. This kind of time-extension keeps the regularity of original data on (—oo, T7.
In particular, it defines a continuous operator from Htlam A ( ;) into Htlanﬁ(Q*), uniformly with respect
to ~.

4More precisely, they coincide if without loss of generality we set ¢ = 1 and reduce the regularized
linear problem in [I3] to a suitable dimensionless form.
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satisfies the following estimate:

(el _op) + 165 M @+ Wi lyery
2 2
10655 05 5 o I3 2y + WS 2072, )

C ~
PNV ) + 715 s or) < TNB MG, opye (D)

where the constant C = C'r is independent of € and 7.

8. Well-posedness of the original linearized problem in conormal Sobolev
spaces. We first prove the well-posedness of problem (Z29)) in conormal Sobolev spaces.

LEMMA 8.1. Let T > 0. Let the basic state ([2.2]) satisfy assumptions (IQ:{I) (IQE) and
(). Then there exists vo > 1 such that for all v > 4 and for all f, , € H},, (QF)
vanishing in the past, namely for ¢ < 0, problem ([2.29) has a unique solution (U, H~, ©~)
such that (g, Wy, Hy, ¢,) € HL(QF) x H,,, (QF) x HY(Q7) x HX(wr) with the trace

(Gys w1, ys P,y Hoy) | € Hi/z(wT) and obeys the a priori estimate
VIV 2 o+ IV 2 g + 17120

c
+ ||(q77u177’h17"/7,H'Y)|‘—UT||iIE//2(wT)> + ’YQHQOVH%Q(UJT) < ;”fl)ﬁ”i]tlan L(QF) (8.1)

where C = C(K,T,06) > 0 is a constant independent of the data f, and the parameter
.

Proof. For every € > 0 such that 0 < € < g9, v > 70 (where €9 and 7o are given by
Lemma[Z3) and f, € HE,,, (QF), let (¢5,us, hs, W2, %) € HY(QF) x HY,, (QF) x
H1(Q7) x Hq/ (wr) be the unique solution to the e-regularized problem (1), (B3,
B7) with data Fy, = (0,8,91J7f, -, 0).

The a priori estimate (Z1]) yields that {Vqs5, us, hZ, W5, 4,02}0<5<50 and {(q5, ui -, 5

W2)|wr Yo<e<e, are bounded sequences respectively in L? (QF)x H}y, 7(@;) x HY(Q7) x
H!(wr) and Hl/z(wT). Thus, one can pass to the weak limit as ¢ — 0, up to subse-

quences.
In particular,

(Va5 u, he, W3, 905) = (s tys by, Ways 05)
in L2(Q) x Hiyp o (QF) x HA(Qr) x Hi(wr), with
7A’Y = VQ’W q’Y € H’i(Q%)? (U’Yah ) € Htlan 'y(Q;)v

Wy = (9,,€,) € Hi(Q7), ¢y € Hi(wr).

We also define v, = ju,y and, similarly, we define H,, H,, E, through h,, 9, €,
Firstly, we pass to the limit as ¢ — 0 in (B.Jal), restated for ¢'* = eq®. Using that ¢'¢

is bounded in H7,,, . (QF) from estimate (), we get that the limit u of {u} satisfies

divu=0 in Qj. (8.2)
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Secondly, passing to the limit as e — 0 in the other equations of problem (5.1), (£3), (57
we get that (v, H,H, ) solves the original problem (2.30), and one has that £ = & = 0.

Passing to the limit as € — 0 in the a priori estimate (Z.I]), we get estimate (8I]) of
(Vq,v, H,H, ) (recall that v = ju, H= fh) This estimate gives the uniqueness of the
solution. (]

9. Current-vorticity-type linearized system: Proof of Theorem 4.1l Just as
in (6@13), from (230a) and (231 we can estimate the normal derivatives of the normal
components of the velocity and the plasma magnetic field through conormal derivatives
and the source term:

191 (ur, 21 agy < C LWl oy + Ity ooy + IFunlZaion }

Y
with
||UH§{}M(Q+) = Z ”agznuH%?(QJr)'

|a]=1

Then, it follows from Lemma [8I]that there exist 0iuq, , € LQ(Q;F) and 01 hy, -, € L? (Q;)
obeying the estimate

C
I84(us+. P )zo@r) € ZW ol ety (9.1)

To prove the existence of missing normal derivatives of W, (and obtain estimates
for them) we use arguments similar to those in [I2] for incompressible current-vortex
sheets. That is, we write down a current-vorticity-type linearized system which is a
linear symmetric hyperbolic system for the linearized vorticity &, = V x i, and current
zy =V x B, where

u’y = efwt}-la U= (Ulal‘/f’l,vﬁ,%g), Uy, = Ulai\/fj +u, =23,

o H:), H; =H 9,V +H;, i=23.
For obtaining this system we rewrite equations (2.30al) and (2.30bl) as

B, =e B, B=(H 0, H

1 o .
Outly 7tk + —= {(w, V)i, — (b, V)%W} + Vg, + Lot D =F,
11
(9.2)

1 A
8t%y + ’Y%ry + a—/\ {(TI}, V)%»y - (h, V)ﬂv} + 10t<2) =0 in Q; s
1*1

where
fv,’y:eirytfva fv:(flali\)lvf?mf‘f'g)v ff'i :flaz\/fl"’_flv i:2;3,

and Lo.t.¥) (k = 1,2) represent lower-order terms whose exact forms have no meaning
(they are linear combinations of components of W).

Applying the curl operator to (@2) and using the fact that diu; - and 91h;  can be
expressed through conormal derivatives, we obtain the current-vorticity-type system
( -V —h-V

1
8tZA, + ’YZA/ + —

0191

o .
—h-v mV)Z“LQ(W’\I})Z”_g nQr, (93
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Z, = (§7> 7 5= (V X for+ 1.O.t.(1)> 7
Zy lot(g)

the coefficients of the matrix € = C(W,@) are of no interest and lLo.t.(;y (k = 1,2)
represent linear combinations of components of W, and its conormal derivatives. Clearly,
[@3) is a symmetric hyperbolic system for the vector Z,, provided the right-hand side
3§ is given. It is worth noting that, in view of Lemma Bl § € L?(Q7F). Since |y, =
hilwy = 0 (see Z4d), (7)), the linear symmetric hyperbolic system (@.3) does not need
any boundary conditions on wp. Thanks to classical results, the Cauchy problem for this
system has a unique strong solution Z, € LQ(QJTF), obeying the estimate

C C
2 2 2 2
12,0 < 5 08la0py < 3 (WAl @n) + Wfeallnn)- (00)

tan ,vy

where

Since the components of W can be expressed through wy, hy and the components of
4 and B, we can express 01 W, through 01u1,~, 01h1,~, & and z,. Hence, there exists
MW, € L*(Q7). Moreover, estimates (81), (@) and ([@4) imply the a priori estimate
(#2). This completes the proof of Theorem A1l
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