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Abstract. In this paper, we shall study the system of transmission of the Schrédinger
equation with Dirichlet control and colocated observation. Using the multiplier method,
we show that the system is well-posed with input and ouput space U = L?(T") and state
space X = H~1(Q2). The regularity of the system is also established, and the feedthrough
operator is found to be zero. Finally, the exact controllability of the open-loop system is
obtained by proving the observability inequality of the dual system.

1. Introduction. In [I9], Salamon introduced the class of well-posed linear systems.
The aim was to provide a unifying abstract framework to formulate and solve control
problems for systems described by functional and partial differential equations. Roughly
speaking, a well-posed linear system is a linear time invariant system such that on any
finite time interval, the operator from the initial state and the input function to the final
state and the output function is bounded. This means that every well-posed system has a
well-defined transfer function G(s). An important subclass of well-posed linear systems is
formed by the regular systems. A regular system ([22]) is a well-posed system satisfying

the extra requirement that  lim  G(s) = D exists.
s€ER,s—400

There is now a rich literature on the abstract theory for regular well-posed linear
systems and from a practical point of view, the construction of specific examples of
distributed parameter systems which belong to this class is of considerable importance.
In recent years, a limited number of PDEs with boundary control and observation are
proved to be well-posed and regular (see [2], [], [7], [5], [6], [8], [@], [, [I0], [3]).
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94 I. ALLAG anD S. E. REBIAI

In this paper, we shall study the system of transmission of the Schrédinger equation
with Dirichlet control and colocated observation. Using the multiplier method, we show
that the system is well-posed with input and ouput space U = L?(I') and state space
X = H7Y(Q). The regularity of the system is also established and the feedthrough
operator is found to be zero. Finally, the exact controllability of the open-loop system is
obtained by proving the observability inequality of the dual system.

2. System description and main results. Let (2 be an open bounded domain of
R™ (n > 2) with smooth boundary T, and let ; be a bounded domain contained inside
Q; Q; C Q with smooth boundary I';, €5 is the domain O\Qy and v is the unit normal
of ' or I'y pointing toward the exterior of €2s.

Let a time T > 0 and two distinct constants a1, as > 0 be given.

In this paper, we shall be concerned with the following system of transmission of the
Schrodinger equation with Dirichlet control and colocated observation.

y'(z,t) = idiv(a(z)Vy(x,t)), (z,t) € Q x (0,T), (2
y(x,0) =y°(x), z€Q, (2.
ya(z,t) = u(z,t), (x,t) €T x(0,T), (2
yi(x,t) = ya(x,t), (x,t) €Ty x(0,7), (2

Ay (x, t Ays(x, t
o yla(f ) _ 4, yi?(f ) (@) eTy x (0,7), (2.5)
z(z,t) = iag(A_lyg(x,t)), (x,t) €T x (0,T), (2.6)
v
where
Oy(x,t
y’(a:,t) _ y(at )7
a(x) _ ai, T e
az, T €Ny’

(l‘ t) — y1($>t)7 (ﬂ?,t) S Ql X (O,T)
e y2($>t)7 (ﬂ?,t) EQQ X (O,T) ’
A:H™YQ) — H~1(Q) is a positive selfadjoint operator defined by

u(.,.) is the input function, and

z(.,.) is the output function.

Equation (Z1)), known as the position-dependent-mass (effective mass) Schrodinger
equation, has important applications in the field of material science and condensed mat-
ter physics such as semiconductors, quantum dots, He clusters, quantum liquids, and
semiconductor heterostructure (see [16] and [20] and the references therein).

When a; = a3, Guo and Shao [4] have shown that the system 2.1))—(2.6]) is well-posed
with input and output space U = L?(T') and state space X = H~ () and regular with
zero as the feedthrough operator. One of the aims of this paper is to investigate the
well-posedness and the regularity of the system [2I)—(2.6) in the case where a1 # as.
Indeed, we shall prove the following
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THE TRANSMISSION SCHRODINGER EQUATION 95

THEOREM 2.1. The equations (2.I)—(2.0) determine a well-posed linear system with input
and ouput space U = L*(T) and state space X = H ().

THEOREM 2.2. The system (Z.I))—(2.6]) is regular with zero feedthrough operator. This
means that if the initial state y(.,0) = 0 and u(.,t) = u(t) € U is a step input, then the
corresponding output satisfies

lim
o—0 r

1 /Oa z(as,t)dt’ dr = 0. (2.7)

g

The second aim is to study the exact controllability problem for the open-loop system
EI)-(23). Exact controllability of the Schrodinger equation with smooth coefficients in
the elliptic principal part and subject to boundary control was treated in [I1], [I7] and
[21]. To state our exact controllability result, we need the following assumptions:

(A1) T =T°UT?; IV is possibly empty while I'! is nonempty and relatively open.
(A2) az < ay.

(A3) There exists a real vector field h(.) € (C1(2))™ such that

(A3a)

Re(/ H(z)v(z)v(z)dz) > p/ v(z)|]? da
Q Q
for all v(.) € (L*(Q2))" for some p > 0, where
Oh;
H(z) = (%) ,vi=1,...,nand j=1,...,n.
(A3b)
h(z).v(z) <0, =xeli.
(A3c)
h(z).v(z) <0, zeTl?
THEOREM 2.3. Let T > 0 be arbitrary. Assume hypotheses (A1) and (A2). Then for
any initial data y° € H~1(Q), there exists a control u € L?(0,7T; L?(T")) with u = 0 on
I'Y such that the corresponding solution of the system (ZI)—(235) satisfies y(z, T') = 0.

As a consequence of Theorem 2] Theorem [23] and Proposition 3.1 of [I3], we have
the following uniform stabilization result for the system (Z.1)—(Z3]) on the space H ().

COROLLARY 2.4. Let the hypotheses of Theorem 23] hold true. Then there exist positive
constants M,w such that the solution of (ZI)-@3) with u = —az (o > 0) satisfies

ly(®)lx < Me™" [|3°]| -

3. Abstract formulation. We define the space
HQ(Q,Fl) = {y (S H&(Q) LY = i‘/\m (S H2(Qz),’b = 1,2;
1 92 }

=ay—— on I

“@ ov ov

with the norm
2 2 2
||Z/||H2(Q,F1) = ”ylHH?(Ql) + Hy2||H2(£22) :
It can be shown that H2(Q,T'1) is dense in H} ().
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96 I. ALLAG anD S. E. REBIAI

Let Ay :HY(Q) — H~Y(Q) be the extension of —div(a(x)V.) to H}(Q2). This means
that A, f = —div(a(z)Vf) whenever f € H*(Q,T;) and that A 'g = —(div(a(z)V)) g
for any g € L*(Q).

Let A1 : H1(Q) — (D(A))’ be the extension of A; to H (). Notice that (D(A))’
is the dual of D(A) with respect to the pivot space H ().

Define the Dirichlet map ~ by

YU =0
if and only if
div(a(x)Vv) =0 in Q,
v=uwuonl,

V1 = V2 O1N Fl,

Then v € L(L*(T), L*(2)) ([12]).
Using the operators introduced above, we can rewrite (2.11), 23)—(Z3) on (D(A))’ as

y'(t) = —iA_1y(t) + Bul(t)
where B € L(U, (D(A))’) is given by

Bu =1iA_jvyu.
We have, via Green’s second theorem,
oY
TAY = —— D(A).
VA =27 ¢ e D(4)
Hence the adjoint C of B is given by
0

C =iz (A1),

Now, we can reformulate the system (ZI)—(236]) into an abstract form in the state space
H=1(Q) as follows:

y'(t) = —iA1y(t) + Bu(t), (3.1)
y(0) =",
z(t) = Cu(t)

4. Proof of Theorem 2.7l The fact that the operator —iA; generates a Cy-group of
unitary operators S(t) on X is a consequence of Stone’s Theorem (see [I8]). In order to
establish the admissibility of B and C for the group S(t), we need the following identity,
which is a particular case of the identity (.10 in the appendix.

LEMMA 4.1. Let m(.) be a real vector field on § of class C'* such that
m=von [ and m =0 in Q,

where () is an open domain in R™ that satisfies

QL CQyCQycCO.
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THE TRANSMISSION SCHRODINGER EQUATION 97
Let {€2, fi} € HY(Q;) x L'(0,T,L?(£;)),i = 1,2, such that

& = &only,

€ = OonT.

Then for every weak solution of

(2, 1) = div(a(@)VE(, 1)) + f(,0), (2,8) € O x (0,T), (41)
&(x,0) = &(z), e, (4.2)
€(z,1) = 0, (z,1) €T x (0,T), (4.3)
€1(2.1) = &x(a 1), (2,1) €Ty % (0,T), (4.4)
o 28t _ 08l e p 0,1, (4.5)

ov ov
the following identity holds true:

gt

T
g— dUdt = Im( | &m.VEIQ)E + agRe/ EVE NV (divm)dQdt
0 Qo
T 3 T
— 2a2Re/ VEMVEDQdt + Re/
0 Ja, 0

Q2

T
fédivmdQdt — ZIm/ fm.VEdQdt.
0 J,
(4.6)

Q2

REMARK 4.2. Liu and Williams [8] made use of the vector field m to establish a
boundary regularity result for the problem of transmission of the plate equation.

4.1. Admissibility of B and C for the group S(t). Since the system @BI)-B3) is
colocated, the admissibility of B for the group S(t) is equivalent to the admissibility of
C for the group S(t). But the latter means that

T
/0 / CS ([ drdt < k [[]% (4.7)

for all ¢ € D(A) and for some T > 0.

Here and throughout the rest of the paper, k is a positive constant that takes different
values at different occurrences.

An equivalent partial differential equation characterization of the estimate (&7 is

given by
T
S )

where ¢° = A719) and ¢ is the solution of

dp ? 2
M dldt <k [eoll e » (4.8)

o' (x,t) = idiv(a(z)Ve(z,t)), (z,t) € Q x (0,T), (4.9)
o(x,0) = (x), re€Q, (4.10)
oo 8) = 0, (2,8) €T x (0,7T), (4.11)
v1(z,t) = a(z,t), (z,t) €Ty x (0,T), (4.12)
alas"la(j’ﬂ = as a‘”a(:’t), (z,t) € Ty x (0, 7). (4.13)
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98 I. ALLAG anD S. E. REBIAI

Specialization of the identity (£6) to the ¢-problem (L9)-@I3) yields

T 2 T
/ / ¢ didt = Im(/ em.VadQ)d + agRe/ / V.V (divm)dQdt
o Jrlov Qo 0 JQo
T
— 2aRe / V. MVdQt. (4.14)
0 Qg

Using Schwarz and Poincaré inequalities, we obtain from ({14)

T 2 T
/ / o¢ drdtgk/ /|Vgp\2d§2dt+k/ |Vga(x,0)|2d9+k/ IVe(z, T)| dS.
o Jrlov 0o Ja Q Q
But
[ vetoran = [ v de.
Q Q
Thus

a—“pzdrdt<ku o2
v =Pl @

I

4.2. Boundedness of the input-output map. It suffices to show that the solution of

EI)-EZ3) with y(z,0) = 0 satisfies

/T/ DA y(x,t)
0 T al/

for all u € L*(0,T; U).
From the admissibility of B, we have y € C(0,T; H=1(Q2)) for every y° € H=1(Q).
Let us introduce a new variable by setting

2 T
drdt < k / / lu(z, t)|? dTdt (4.15)
0 r

w(t) = A™ly(t) € C(0,T; Hy ().
Thus by (3I]), we obtain the abstract equation
w'(t) = —idyy(t) + iyu(t)

whose corresponding partial differential problem is

w'(z,t) = idiv(a(z)Vw(x,t)) + iyu(z, t), (z,t) € Q x (0,T), (4.16)
w(z,0) =0, x €, (4.17)
wa(z,t) =0, (x,t) el x(0,T), (4.18)
wy(z,t) = wa(x,t), (z,t) €Ty x(0,T), (4.19)
0 )t 0 Jt
a wg(j ) _ 4y wg(j ) (z,t) € Ty x (0, 7). (4.20)
The estimate ({15 becomes
T 2 T
/ / Ow@, )" gy < k/ / u(z, t))? dTdt. (4.21)
o Jr v o Jr
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THE TRANSMISSION SCHRODINGER EQUATION 99

As for (@), the estimate can also be deduced from the identity (£8). Indeed, setting
f =1iyu in [E6) and using the fact that v € L(L*(T), L?(f2)), we obtain

2 T T
IO k/ / |vw|2det+k/ \Vw(w,T)ldeJrk/ /Wdfdt
0 Q Q 0o JI

2 2
< k(llwlleo,rsm )y + lullz20,0;02(0))-

This together with the admissibility of B for the Cyp-group S(t) yields (@21)).

5. Proof of Theorem Since the system (ZI)—(Z8]) is well-posed, its transfer
function G(s) is bounded on some right half-plane (see [23]). To continue, we need the
following results.

The assertion of Theorem 2 holds true if for any v € C§°(I") the solution y of

sy(z) — idiv(a(z)Vy(z)) =0, =€ Q, (5.1)
yo(z) = u(zx), z €T, (5.2)
yl(x) = Y2 ( )7 zely,
y(;( z) = ay 3y821(/x)7 rely, (5.4)
satisfies
10y 2 B
sERléIBJroo/F sov| =0 (5:5)

Proof. We know from [23] that in the frequency domain, (Z7) is equivalent to

lim G(s)u=0 (5.6)

sER,s—+o00

in the strong topology of U for any u € U. Due to the boundedness of G(s) and the
density of L*(T) in C§°(T), it suffices to establish (5.6) for all u € C§°(I"). Now for
u € C§(T) and s > 0, let

y= (s +id,)"'B
Then y satisfies (1) (4] and

(A 'y)

G ) =i @), zer.

It follows from Lemma [Tl in the appendix that there exists a function v € H?(Q,T)
satisfying the following boundary value problem:

div(a(z)Vu(z)) =0, z€Q,

vo(x) =u(z), xzeT,

vi(z) = va(x), z €Ty,
1(%1( x) Ova ()

v = a2 E xzely.
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100 I. ALLAG anD S. E. REBIAI

Consequently, (5I)—(%4) can be written as
sy() — idiv(a(x)V (y(x) — v(x)) = 0, = € 2,
y2(x) —va(x)) =0, x €T,

y1(x) —vi(2) = y2(2) —va(), x €Ty,
Oy (x) —vi(@)) _  O(y2(x) — va())

I';.
ov a2 ov » el

ai

Hence
_ a2 0y(z)  ag Ov(z)

This gives (G.3). O

LEMMA 5.1. Let m be the vector field introduced in Section 4.1. Let u € C§°(T"). Then
the solution of (B.I)) satisfies
2

B
as / % AU = — > Im | ym.Vg+2Re | Vyo.MV7dQ
r|ov a2 Q Qs
—/ V| div mdQ+/|ng2|2dI‘. (5.7)
Qo I

Proof. We multiply both sides of (5] by m.Vy and integrate over Q. Using Green’s
first theorem, we find

0
s/ |y|2m.udf—s/ym.Vde—s/ ly|? divmdS) + ia, ﬂm.VyldI1
r Q Q r, v

0 0
+ iay / Viy1.V(m.Vy,)dQ — iag/ ﬂm.VQQdF — iag/ ﬂm.VQQdF
[oN r, 3V T 3V

+ias [ Vy2.V(m.Vy,)dQ = 0. (5.8)
Q2

Recalling the assumptions made on the vector field m, we simplify (58) to

s/|y\2m.udF—s/§m.Vde—s/ |y|2divmdQ—iag/ ‘%
r Q Q r|ov

+ iag/ Vy2.V(m.Vyy)dQ =0
Qo

2
dar

from which we obtain
2]

GQ/F v

On the other hand, we have

2
dl' = —sIm/ ym. VydQ) —l—agRe/ V2.V (m.Vy,)dS. (5.9)
Q Qo

1 1
Re | Vy.V(m.Vyp)d2 = Re | Vy.MVydQt 3 / |Vy2|2dr—5 / [Vya|? divmdS
r Qs

Qa Q2
(5.10)
where

M = (ami) .
8(Ej i=1,n;j=1,n
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THE TRANSMISSION SCHRODINGER EQUATION 101

Using the fact that
2

0
92 on I

Vo |? = |Vounl? + | 222
Vinl® = Tan? + |55

(EI0) becomes
1
Re / V2.V (m.V7,)dQ = Re / V2. MV, — o / |Vya|? divmdS
Qo

/ Wy, |2 dl + = / ‘ayg (5.11)
Insertion of (BIT)) into (59) yields (&.7). O
LEMMA 5.2. Let y be a solution of (&I)—(E4). Then
s/ ly|? d + i/ a(z) |Vy|* dQ = iag/ %@le’. (5.12)
Q Q r Ov

Proof. We multiply both sides of (51I) by 7 and integrate over . From Green’s first
theorem, we have

/ ly|* dQ — i{as —ygdf +as —deF — ag/ [Vyo|? dQ2
Fl QQ
Oy
—a a—lyldf —ax / |Vy2|2 dQ} (513)
r, ov Q2
Inserting the boundary condition (B4]) into (BI2)), we find that this simplifies to (GI2)).

O
5.1. Completion of the proof of Theorem 2.2l We first introduce some constants:
a =min(ay,az2), p1 =sup|m(x)|, pe=sup||M(z)||, wus=sup|divv(z)|.
Q Q Q
From (B7), we have the estimate

M1 2 H1 2
< dQ+ ——— Vy|© dS2
~ 2a9st/2 /Q vl + 2a953/2 /Q| Yl

2 1
+LIM3/ |Vy2|2d9+—2/|vayz|2d1‘. (5.14)
§ Q2 % Jr

3y2
v

On the other hand, (512) implies

ayQ
1/2/|y\ a2 < 2s 1/2 /' vl dF+2 5/2/‘ L, (5.15)
L 2 6yz
372 /QIVyI Q< 1/2/|yz\ dl' + 3 5/2 5, | (5.16)

Substituting (Il"):m)7 EI0) into (IBEZI), we get

ays |° 1 H1 2(2u2 + p3) /
dl’ <
Ov (431/2 * 4as1/2 +- 2as v
H1 H1 az(2p2 + p13) / Ays |° / 2
921 a0 4 — [ |Voy[? dr. 5.17
+ (451/2 4ast/2 2as )32 r|ov Tt r Voy| (5.17)
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102 I. ALLAG anD S. E. REBIAI

Since
yp=uonT x (0,T)
and
||y||?{1(r) = ||y||i2(r) + |||voy|||2L2(r) )
we rewrite (517 as follows:

Oya |* 2} 0! az(2u2 +p3) | 1 2
r| v dl' < (431/2 + 4as1/2 2as + 3_2) HUHHl(F)
f1 i az(2p2 + p3) 31/2
dr.
+ (451/2 4as1/2 2as ) v
This last estimate shows that
2
1
lim / —@ dl’ = 0.
sER,s—+o00 Jp | S ov

6. Proof of Theorem 2.3l Let
E(t) = / a(z) |Vl dQ
Q
be the energy corresponding to the solution of the system (A39)—(@I3]). Then
E(t) = E(0) for all t > 0.

By classical duality theory, to prove Theorem 2.3]it is enough to establish the associated
observability inequality

I
0 rt

where ¢ is the solution of the homogeneous system ([Z.9)—(ZTI3)).
To this end, we apply the identity (TI6]) to the p-problem (Z9)—-EI3)) to obtain

dldt = k ||<P0||?{3(Q) J (6.1)

a a‘” h.vdldt (6.1)
T
=2a(1 - = / / Gl h.udFdH—ag/ / |Vs|? h.vdldt
Fl 1—‘1
T
—ay / |Vr1|? h.vdldt + Im [/ “h. Vnde] + 2Re/ / x)Vo.HVpdQdt
0
/ / 2)pVe.V(divh)dQdt. (6.2)
Q
But
2 3%‘ 2 .
[Veil” = 5 +|Vepi|” on Ty x (0,T),i=1,2
and

IVop1]?> = |[Vopa|® on Ty x (0,T).
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THE TRANSMISSION SCHRODINGER EQUATION 103

Then (A2) and (A3D) imply that

- %
- [%

From (62) and (63)), we deduce that

T T
O [ h.vdDdt + ay / V| hovdldt — ay / V1 |? h.vdDdt
0 JI'y 0

T

5<P1

h.vdldt — (a1 — as) / |Voe1|? hovdldt > 0. (6.3)
'y

T
20T / ) [V | d < as / / Oa* h.vdDdt — Im { / @h.V@dQ]
Q rt Q 0
Re/ / a(x)pVe.V(divh)dQdt. (6.4)
o Ja
Application of Schwarz and Poincaré inequalities to the fQ—terms on the right-hand side
of ([6.4)) yields
0
(2p T—% ) |V dQ<a2c1/ / ]
Tt
1 2cyc 2
+ 5((02% + )T + gp) lellcorimay) — (6:5)
where

c1 =sup|h(x)|, co =sup|V(divh)|,
Q Q

¢p is the Poincaré constant:/ lp]? d < cp/ V| dQ, and
Q Q
€ is an arbitrary positive small constant.

The sought-after estimate follows now from (G.5]) by a compactness/uniqueness argument.

7. Appendix.

LEMMA 7.1. Let f be a solution to the following elliptic problem:

div (a(x)Vf(z)) = g(z), =€, (7.1)
fa(x) =u(z), €T, 7.2)
fi(@) = fo(z), x €T,
o 2@ _ 0f(@)
o = ay o x e Fl, (74)
for g € L?2(Q) and u € H3/2(Q). Then there exists a constant k independent of f, g and

u such that
1 r2g0,my) < B9l L2y + lull gare ) }-
Proof. Let f be a solution to (ZI)—(Z4). Then f can be written as

| filz), zeM
f($){ fQ(x), J?EQQ 9
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104 I. ALLAG anD S. E. REBIAI

where fy and f; are respectively the solutions of

asAfa(x) = g(x), € Q,
fa(z) = wu(z), z €l

and

a1 Afi(x) = g(x), x € Q,

fi(x) = fo(x), x €Iy, (7.5)
ay afgil') = a2 afazlgx), x € Fl.

From elliptic regularity theory (see [14]), we have
||f2||H2(Q) < k{”g||L2(Q) + ||U||H3/2(r)}- (7.6)
It follows from the trace theorem that f2|F € H3/?(Ty) and
1
12l 520,y < K NF2ll a2 - (7.7)
([TH) together with (T7) implies again via the elliptic regularity that f; € H?(€2;) and
If1ll g2,y < Bll9ll L2 @) + 12l sz, 3 (7.8)
Combining (Z6), (Z8)) and ([T7), we obtain
Hf1||H2(Ql) + ||f2||H2(Q) < k{”gHL?(Q) + ||U||H3/2(r)}
from which follows the desired estimate, since

2 2 2
1 2 rny = 1l ay) + 1F2llz2@) -
U

LEMMA 7.2. Let h be a real vector field of class C* on Q. Then for every solution of the
problem

& (z,t) = idiv(a(z)VE(z, 1)) + g(z,t), (x,t) € Qx (0,T), (7.11)
£(x,0) = &%), € Q, (7.12)
fg(.’ﬂ,lf) =0, (xvt) el x (OvT)v (713)
fl(x,t) = fz(l‘,t), (l‘,t) el x (O,T)7 (714)
a 961 (, 1) = ay 852(x7t)’ (z,t) e Ty x (0,7), (7.15)

ov ov
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we have

2
1

T
h.udrdt+2a1(ﬂ—1)/ / 96
a2 o Jry

T
- ag/ V&P hovdldt + aq / V& )P hovdDdt

352

as h.vdldt

= Im { / ¢h. V{dQ} +2Re / / 2)VEHVEIQd
/ / 2)EVE.V (divh)dQdt

T
+ Im / / gédivhdQdt — 2Im / / gh.VEdQadt. (7.16)
0 Q 0 Q

Proof. The identity (ZI6) will be established for strong solutions and the general case
will follow then by a standard density argument. To this end, let {£?, f;} € H?(Q;) x
HY(Q;) x LY(0,T; H*(€;)) such that

& =& onTy,
g1 =g2on Ty x(0,7T),
& =0onT,
g2=0onT x(0,7),
o8 _ ogg
v

ay W on I'y.

We multiply both sides of (ZI1]) by h.VE and integrate over Q x (0,T) to obtain

/ /thfdet = 1/ /dw x)VE) thdet—i—/ /gh VEdQdt. (7.17)

We have

/0 ) /Q ¢'h.VEdQdt = [ / §h.v§d9r_ / ’ / <€ hwdlds

/ / —idiv(a(z)VE) + §)h.VEAQAt + / / €€ divhdQdt.
(7.18)

Substituting (TI8)) into (1), we get

[ ¢h. VfdQ] - / / €€ hvdldt + / /Q —idiv(a(z)VE) + §)h.VEdQt

/ / ¢€ divhdQdt = i / / div(a(z)VE)h.VEIQdt + / / gh.VEdQudt.
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/ / div(a(z)VE)h.VEIQdL = Im { / ¢h. ngQ} — Im / / ¢€ hvdldt

+ Im / €€ divhdQdt — 2Im / / gh.VEdQut. (7.19)
0 Q 0 Q

Using Green’s first theorem along with the identity

Hence

2Re/ vw.V(h.vw)dazzRe/ Vw.vadQ+/ h.V (|Vw|?)dQ
Q Q Q

we rewrite the left-hand side of ([Z19) as

/ / div(a(z)VE)h.VEIQL

= 2a5Re / / 6§2h VE,dTdt + 2a; Re / / 82y, VE,dldt
Iy

_2a1Re/ / aflhvgldrdt—@/ /\ng\ hudth—ag/ / V& hvdTdt
T, I

T
+a / V& hovdDdt — 2asRe / Vo HVE,dQdt + as / / |Véa|? divhdQdt
0 Iy 0 Qo 0 Qo

T T
— 2ay Re/ V& HVE dQdt + a / V& |? divhdQdt. (7.20)
0 Ql 0 Q2
Recalling the boundary conditions (TI3)-(TIH), we have
h.V& = %h.u on ' x (0,7), (7.21)
hV(§1 _ 52) (gl 5 52)
B ar, 06
=(1- )5 on T (0,7). (7.22)

Inserting (C21)) and (T22) into (C20)), we find that this simplifies to

2Re/ /dw 2)VE)h.VEIQdE = —2ay( 1—— / / 0% |
Iy

%

h.vdl'dt

T
+ ap h.vdldt — ay / V& |? hvdldt + a / V&L |? hovdDdt
Iy 0

I

— 2Re / / 2)VEHVEIQA: + / / ) |VE? divhdQdt. (7.23)

Now, we consider the third integral on the right-hand side of (ZI9). Applying Green’s
first theorem and taking into consideration the boundary condition (ZI3]), we obtain

Im/ /ff divhdQdt = Re/ / \V§| dwh+Re/ / 2)EVEV (divh)dQdt

+ Im / / gedivhdQudt. (7.24)
0 Q
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THE TRANSMISSION SCHRODINGER EQUATION 107

Substituting (Z.23) and (7.24) into (ZI9) and using the boundary condition (ZI3]), we
obtain ([Z.16]). O
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