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�
We explorethe equilibrium propertiesof a systemcomposedof dipolar hardspheres. A new theory

basedon the ideasderivedfrom the work of DebyeandHückel, Bjerrum, andOnsageris proposedto
explainthe absenceof the anticipatedcritical point in this system.
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A representationof polar liquid in terms of dipolar
hard
	

spheres(DHS), N



rigid� spheresof diameter a,�
and
 dipole moment � inside a uniform medium of
dielectric
�

constant��� is, probably,oneof the mostbasic
statisticalmechanicalmodels. Yet, our understandingof
this
�

seeminglysimple systemis far from complete. A
naive argumentbasedpartially on intuition and partially
on� oversimplified approximationssuggeststhat, as the
temperature
�

is lowered, a fluid composedof DHS will
phase� separateinto a coexisting liquid and gas phases.
This conclusionseemsto bequiteintuitive, afterall, if the
potential� betweentwo dipoles,�����������! "#�$�%'& (*),+!-/.1032547698,:!;7<>=7?9@BADC/E�FGIH JLK (1)

�
is
M

Boltzmannaveragedover the relativeorientations,one
finds the familiar N'O>PRQ potential� of van der Waals [1]
which,S of course,leadsto phaseseparation. This argu-
ment, however,doesnot withstandthe test of computer
simulationswhich, until now, have failed to locate any
vestigeT of phasetransition [2–5]. Instead,the simula-
tions
�

find that, as the temperatureis lowered,the dipolar
spheresassociateforming polymerlike chains [3]. Can
the
�

formation of chainsexplain the disappearanceof the
liquid-gastransition?

To
U

respondto this questionis not easy. In searching
for theanswer,it is interestingto recall themechanismof
phase� separationin a different,but very related,system—
the
�

restrictedprimitive model(RPM)of electrolyte[6]. In
that
�

case,ionsareidealizedashardsphereshalf of which
carryV a positivecharge,while theotherhalf carry a nega-
tive
�

charge. At low temperatures,formation of clusters
composedV of positiveandnegativeionsis energeticallyfa-
vored.T Firstappeardimersmadeof WDX pairs,� thentrimersY[Z[Y

, etc. [7]. This looksvery similar to theformation
of� chainsin DHS, andyet the RPM doesphaseseparate,
whileS the DHS do not. What is responsiblefor this fun-
damental
�

difference? At first, onemight try to appealto
purely� electrostaticconsiderations.Thus,it is temptingto
attribute
 the phasetransitionin the RPM to the fact that,
by
\

the time a clustergrows to containfour ions, the lin-
ear] configurationbecomesenergeticallyunfavorable,and
ions
M

tendto arrangethemselvesin a square. Thesecom-

pact� configurationscould, in principle,providethe nuclei
for
^

thestartof condensation.It is tantalizingto think that
this
�

is the essentialdifferencebetweenthe ions and the
dipoles;
�

ions energeticallyprefercompactclusters,while
dipoles
�

preferlinearchains. As appealingasthisargument
mightsound,it is,nevertheless,incorrect. A carefulanaly-
sisof energiesclearlydemonstratesthat thecompactcon-
figurationsalsobecomeenergeticallyfavoredfor DHS by
the
�

time theclustersgrow to containfour or moredipoles
[8]. Thus,asquarecluster,in whichthedipolarvectorsare
arranged
 circularly (head-to-tail)at 45_ to

�
the lines con-

necting` the centersof the nearestneighbors,haselectro-
staticenergysmallera than

�
a linear chainof dipoles. The

fact
^

that the simulationsobservepolymerlike chainsof
dipoles,
�

insteadof compactconfigurationsfavoredby elec-
trostatics,
�

implies that the entropyplaysan essentialrole
in the formation of clusters. The energeticsaloneis in-
sufficient to explain the distinct thermodynamicbehavior
exhibited] by theRPM andtheDHS.

The
U

analogybetweenthe RPM and the DHS suggests
that
�

the methodsdevelopedto studythe RPM might also
be
\

applicableto the explorationof DHS. In this respect
the
�

Debye-Hückel-Bjerrumtheory DHBj of electrolyte
hasprovenparticularly illuminating [9,10]. This theory
augments
 the ideaof screening,introducedby Debyeand
Hückel
b

[11], to explicitly takeinto accountthe formation
of� clusterscomposedof oppositelychargedions[12]. The
estimates] of critical parametersbasedon DHBj theory
are,
 thus far, the closest to Monte Carlo simulations
[13]. While the idea of cluster formation is directly
applicable
 to DHS and has already been exploited by
variousT authors [14–17], dipoles, unlike ions, do not
produce� anyscreening.Instead,thethermodynamiceffect
of� dipolar motion translatesinto renormalizationof the
effective] dielectricconstantof themedium. Thequestion
that
�

we would like to answer is whether this residual
interactionis sufficientto producephaseseparation.

We
c

shall proceedin the spirit of DHBj theory [10].
The reducedfree energy density, dfehgjilk�mon of� solu-
tion
�

will beconstructedasa sumof termsembodyingthe
mostrelevantphysicalfeaturesof thesystem,startingwith
the
�

entropicidealgascontributionprq sutwv ln xzyo{!|z}�~f� .
Here,��������� is thedensityof dipoles,���h�������1�j� and
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is
M

the thermalwavelength. To obtain the electrostatic
freeenergy,let usfix oneparticleat theorigin andcalcu-
late
�

the electrostaticpotentialthat this dipole feelsdueto
the
�

presenceof othermolecules. The electrostaticpoten-
tial
�

canbefoundfrom thesolutionof theLaplaceequation,�r���5���/�
supplementedby theappropriateboundarycon-

ditions.
�

We shall separatethis potential into two parts, o¡ ¢
for
^ £D¤¦¥¨§

and
 ©«ª­¬¯® for
^ °²±¦³

. Clearly, ´²µ¦¶ cor-V
respondsto the excludedvolume region into which, due
to
�

the hard-corerepulsion,no other particlescan pene-
trate.
�

The boundaryconditionsrequirecontinuity of the
potential,� ·o¸ ¹»º½¼7¾o¿[À«Á­Â¯ÃÅÄÇÆ/È , and the displacementfi

É
eld,]Ê�Ë�ÌLÍÎ ÏÑÐ½Ò7ÓoÔ[Õ7ÖØ×ÙÛÚÝÜÅÞ½ß/à , acrossthesurfaceáãâ�ä . Wehave

introducedtherenormalizeddielectricconstantof thebulkå , theexpressionfor which canbeobtainedfrom theOn-
sager’s reactionfield] theory[18],æ9çéè�ç�ê�ëíì9î�ï3ðòñ7ó�ôõ ö¦÷7ølùjúrû�üþý (2)

�
The
U

Laplaceequationcannow be integratedto yield the
potential� of the centraldipole dueto otherparticles. The
electrostatic] free

ÿ
energyof� the whole systemis obtained

through
�

the Debyechargingprocess[10,11] in which all
the
�

particlesin thesystemarechargedsimultaneouslyfrom
zeroto their final dipolarstrength,���������	��

� �������� ������ d

� ��� �"!$#&%('*)�+, -/.103254(6*7�8:9 (3)
�

Theintegrationcanbedoneexplicitly yielding theelectro-
staticfreeenergydensity[19],;=<�<�>�?A@CB�BD E�F GH IKJMLONQPSRUT VWYX[Z]\_^*`Ya[b]cdfeg

ln
� h ij kYl[m]n(oqpsrtSu

ln
� vYw[xzy|{5}

(4)
�

withS ~Y�[�z�Y���/�[�]��������� ��S�"���q�z�������� �����/ ¢¡q£¥¤&¦
(5)
�

and
 §Q¨*© ª
«A¬]­¯®M° , where we have introducedthe re-
duced
�

density ±C²:³µ´·¶�¸ and
 the reducedtemperature¹Mº:»*¼]½M¾&¿�À�Á�Â�Ã�ÄOÅ
. CombiningEq. (4) with theentropic

contributionV mentioned earlier, the total free energy
density
�

of the systembecomesÆÈÇ*É=Ê Ë_Ì�Í=Î�Î . It is a
simple matter to seethat as the temperatureis lowered
this
�

free energy violates the thermodynamicconvexity
requirement,which resultsin a phaseseparationinto co-
existing] highandlow densityphases[19,20]. Specifi

É
cally,V

weS find the critical parametersto be ÏAÐÑ(Ò*Ó/Ô Ó�Õ¯Ö&Ó/×�ÓÙØYÔ�Ô�Ô
and
 ÚMÛÜÞÝ*ß/àâá�ãåäåæ¯ß�çèà�à�à . In principle,we couldhavealso
includedtheexcludedvolumecontributionto thetotal free
energy,] expressedthroughthe free volume or Carnahan-
Starling
é

approximation,but this would not significantlyV
affect
 the location of the critical point [21]. The funda-

mentalê conclusionof this Debye-Hü
ë
ckel-OnsagerV theory

(DHO)
�

is thatthesystemof dipolarhardspheresseparates
into
M

a coexistingliquid andgasphases.Canthis resultbe
trusted?
�

Clearly, basedon our experiencewith the RPM
[10], this conclusionmust be takenwith a grain of salt.
Just
ì

like pureDH, theDHO theoryis linear. This means
that,
�

althoughthe DHO is quite adequatefor capturing
physics� of large lengthscales,it fails for shortdistances.
In particular,the DHO theorydoesnot take into account
the
�

low temperaturepropensityto form clusters. It is
precisely� the importanceof theseconfigurationsí which
is
M

lost in the processof linearizations[18] leadingto the
Onsager
î

relation (2). This conclusion is very similar
to
�

the one reachedfor RPM [10]. A solution, in that
case,V had been proposedmore than seventyyears ago
by
\

Bjerrum, who suggestedthat the nonlinearities,in the
form
^

of clusters,canbe reintroducedinto the DH theory
through
�

the allowanceof “chemicalV ” association
 between
particles� [12]. A theory basedon Bjerrum’s concept
of� chemical equilibrium has proven quite successfulat
treating
�

thephaseseparationin RPM [10]. This suggests
that
�

thesamekind of methodologymightalsobeusefulfor
studyingDHS.We, thus,supposethatat low temperatures
the
�

systemconsistsof somefree unassociateddipolesof
density
� ïÙðòñ

as
 well asclusterscontainingó�ôqõUö*÷ hard
	

spheres. The densityof an nø clusterV is ùÙú . The particle
conservationV requiresthatû*ü ýþÿ���� �����
	 (6)

�
Following Bjerrum, we shall first treat clustersas non-
interacting
M

ideal species. The interactions,therefore,are
restrictedto unassociated� dipoles,

�
and their contribution

to
�

the total free energydensity is given by Eqs.(4) and
(5),
�

with ��
��������������� . In the caseof the RPM model,
this
�

approximationhas proven to be suffi
É

cientV to locate
the
�

critical point [10]. The free energydensityof an n�
clusterV reducesto the idealgasform,�
 !"$#&%�' ln (*)�+�,.-*/�021436587:9�;=< (7)

�
whereS we haveintroducedthe internal partition function
of� ann� cluster,V >4?8@ AB�C�D E FG HJILK

d
� MONQP d

� RTSU�VXWZYQ[]\�^_^`�a (8)
�

Here,
b bdcecf is

M
the pairwise interactionpotential obtained

from (1), and g ’ s arethe relativeangularorientationsof
dipoles
�

forming a cluster. In the limit of low tempera-
tures,
�

wherethe DHO predictsthe locationof the critical
point,� the integralsin (8) can be evaluatedfor chainlike
conV figurationsí to yield [10,14]h4i8jlknmpoLqsrut�vw�x y{z}|�~ exp] ����L������� ���������8����� �����u���������L���� �¡ ¢¤£�¥�¦�§©¨�ª�« ¬¤­�®u¯�°�±�²
³ (9)

�
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whereS ´�µ ¶¸·�¹_º�» and
 ¼�½ ¾s¿�À�Á�Â are
 the polygammafunctions
of� the first andsecondorder,respectively. Thecondition
for
^

chemicalequilibrium betweendipolesand clustersis
expressed] through the law of massaction, ÃÅÄ8Æ�Ç�È.ÉËÊ
whereS the reducedchemicalpotential of a speciessa is

MÌÅÍÅÎÐÏ�ÑÓÒ2Ô�Õ�Ö . Substitutingthetotal freeenergydensity,×:ØÚÙ8Û Ü�ÝLÞàß
á âãåäçæ
èeè , we fi
É

nd` the distributionof cluster
densities
�

to be é�ê8ëÐì4í6î�ïðòñôó�õ�ö ÷ø�ù (10)
�

whereS the excesschemicalpotential is defi
É

ned` in terms
of� the excessover the ideal gas contribution, in this
case,V úÓû¸üýÚþÐÿ����������
	�� . It is importantto notethatwithin
the
�

Bjerrum approximationthe excesschemicalpotential
depends
�

only on the density of free



dipoles,
�

and the
expression] (10) reducesto an infinite set of decoupled

�
algebraic
 equations.

We
c

now makethe following fundamentalobservation:
Since
é

the clustersare ideal, their presencecanonly shift
the
�

critical density, while leaving the critical tempera-
ture
�

unaffected[10]. Thus, the critical point must stilla
be
\

locatedat ��������������������� !�"��� and
 must stilla havethe
density
�

of free



dipoles
� #%$&('*)�+�, +�-�./+�01+32!,�,", ! The distri-

bution
\

of clustersat criticality is obtainedby substituting
these
�

parametersinto Eq. (10). In order for the sum in
(6)
�

to converge,the Cauchy-Hadamardtheoremrequires
that
� 465

lim
� 798;:�<>=@?"AA BDC . Insertingthe critical parame-

ters
E

into Eq. (10), we find that at criticality FHG*IDJ�K�K
andL the theoremis stronglya violated.M The critical den-
sity NPOQ(R lies far outsidethe radiusof convergenceof (6).
This
S

meansthat for anyT fi
U

niteV total density W the
E

den-
sity of free



dipoles
X

remainsinsufficientlyY small to reach
phaseZ separation.Clearly, the argumentpresentedabove
assumesL thatonly freeparticlesinteractwhile theclusters
areL treatedasnoninteractingideal species.This certainly
is
[

a very strongapproximationwhich mustbe considered
in more detail; nevertheless,we note that a similar ar-
gument\ hasproven to be suffi

U
cientY to locate the critical

pointZ of the RPM [10]. In that case,it wasfound that, in
the
E

vicinity of the critical point, the series(6) was very
quickly] convergentwith most of the ions belonging to
dipolar
X

pairs [7,10].
To
S

exploretheroleplayedby dipole-clusterandcluster-
clusterY interactions,it is necessaryto accountfor their
contributionY to the overall free energy. This is far from
simple. Someprogress,however,canbemadeif wemake
the
E

following observation. The electrostaticpotential
producedZ by a rigid line of dipolar densitŷ`_ba is exactlyc
the
E

sameasthe potentialdueto two fi
U

ctitiousY monopoles
ofd charge e�f>gbh locatedat the line’s extremities. This
canY be shown explicitly by integrating Eq. (1). The
isomorphismbetweenthe line of dipolesandtwo discrete
monopolesi suggeststhat, for low temperatures,when
the
E

dipolar chainsare quite rigid, the dipole-clusterand
cluster-clusterY contribution to the total free energy can

be
j

approximatedby the energythat is requiredto solvatekmlon�p�qsrut v9wyx`z;{
monopolesin the seaof dipoles,and

by
j

the energyof their mutual interaction. The solvation
energy| of an ion can be obtained following the same
methodi presentedearlier for calculatingthe dipole-dipole
contribution.Y We find}m~��o���m�(������b��� ������ d

X ��������������/��� �¢¡%£ (11)
¤

Performingthe integration,the reducedfree energyden-
sity dueto dipole-clusterinteractionsis foundto be¥�¦�§*¨ ©ª«(¬®­ ¯;°±�²H³P´µP¶�·¸º¹ »¼�½�¾�¿ÁÀÃÂÅÄ ÆÇ>ÈÁÉÃÊÅËÍÌ®Î!Ï�ÐÃÑÒÍÓ

ln ÔÖÕÁ×
Ø(Ù�Ú (12)
¤

Finally, the cluster-clustercontributioncan now be esti-
matedi as the energyof a plasmacomposedof ÛmÜ ions

[
insidea mediumof dielectricconstantÝ . We find the fa-
miliari Debye-Hü

Þ
ckelY expression[10,11],ß�àáà*â ã*äå�æHçéèÖê ln ë�ìîíðï�ñ®òuó�ôöõø÷�ù�ú�û�üþýÿ ��� (13)

¤
where� now �����
	���
�������� ���������� "!$#&%�')( * (14)

¤
It is easyto checkthat at low temperaturesboth dipole-
clusterY and cluster-clustercontributionsare quite small,
andL areunlikely to modify thepreviousconclusionof the
absenceL of criticality in DHS. The exact calculationis
rather+ diffi

U
cultY to perform since the law of massaction,

when� thedipole-clusterandcluster-clusterinteractionsare
included
[

into the total free energy,reducesto an infi
U

niteV
set of coupled, algebraicL equations. The preliminary
analysisL of these,basedon a variational approximation
for the distribution of clusters,doesnot, however,find
anyL indication of phaseseparation. The detailsof these
calculationsY will bepresentedelsewhere.

We
-

concludethat the low temperaturepropensityto
form
.

weakly interacting clusters absorbsmost of the
dipoles,
X

preventing the density of free unassociated
particlesZ from reachingthe minimum necessaryfor phase
separation.
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