VOLUME 83, NUMBER 6 PHY SICAL

REVIEW

L ETTERS 9 AuGusT 1999

What Happened to the Gas-Liquid Transition in the System of Dipolar Hard Spheres?
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We explorethe equilibrium propertiesof a systemcomposedf dipolar hardspheres. A newtheory
basedon the ideasderivedfrom the work of Debyeand Hiickel, Bjerrum, and Onsageris proposedo
explainthe absenceof the anticipatedcritical pointin this system.

PACS numbers:61.20.Gy,64.70—p, 75.50.Mm

A representatiorof polar liquid in terms of dipolar
hard spheres(DHS), N rigid spheresof diameter a,
and dipole moment p inside a uniform medium of
dielectric constante is, probably,one of the mostbasic
statisticalmechanicaimodels. Yet, our understandingf
this seeminglysimple systemis far from complete. A
naive argumentbasedpartially on intuition and partially
on oversimplified approximationssuggeststhat, as the
temperatureis lowered, a fluid composedof DHS will
phaseseparateinto a coexistingliquid and gas phases.
This conclusionseemsgo be quiteintuitive, afterall, if the
potentialbetweentwo dipoles,

U () — L} (Pl Cpy - 3(pi r)z(Pz r)>’ )
Enr r

is Boltzmannaveragedver the relative orientations pne
finds the familiar 1/r% potential of van der Waals [1]

which, of course,leadsto phaseseparation. This argu-
ment, however,doesnot withstandthe test of computer
simulationswhich, until now, have failed to locate any
vestige of phasetransition [2-5]. Instead,the simula-
tions find that, asthe temperaturds lowered,the dipolar
spheresassociateforming polymerlike chains[3]. Can
the formation of chainsexplainthe disappearancef the
liquid-gastransition?

To respondto this questionis not easy. In searching
for theanswerit is interestingto recallthe mechanisnof
phaseseparationn adifferent,but very related,system—
therestrictedprimitive model(RPM) of electrolyte[6]. In
thatcase,ons areidealizedashard spheresalf of which
carry a positive charge while the otherhalf carry a nega-
tive charge. At low temperaturesformation of clusters
composeaf positiveandnegativeionsis energeticallyfa-
vored. Firstappeadimersmadeof + — pairs,thentrimers
+ — +, etc.[7]. Thislooksvery similarto theformation
of chainsin DHS, andyet the RPM doesphaseseparate,
while the DHS do not. Whatis responsiblefor this fun-
damentaldifference? At first, one might try to appealto
purely electrostaticonsiderations.Thus,it is temptingto
attributethe phasetransitionin the RPM to the fact that,
by the time a clustergrowsto containfour ions, the lin-
ear configurationbecomesnergeticallyunfavorable and
ions tendto arrangethemselvesn a square. Thesecom-
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pactconfigurationscould, in principle, providethe nuclei
for the startof condensation.lt is tantalizingto think that
this is the essentialdifference betweenthe ions and the
dipoles;ions energeticallyprefer compactclusters,while
dipolespreferlinearchains. As appealingsthisargument
mightsound|t is, neverthelessncorrect. A carefulanaly-
sisof energiexlearly demonstratethatthe compactcon-
figurationsalsobecomeenergeticallyfavoredfor DHS by
thetime the clustersgrow to containfour or moredipoles
[8]. Thus,asquarecluster,in whichthedipolarvectorsare
arrangedcircularly (head-to-tail)at 45° to the lines con-
nectingthe centersof the nearestneighbors haselectro-
staticenergysmallerthana linear chainof dipoles. The
fact that the simulationsobservepolymerlike chains of
dipoles,insteadof compactonfigurationgavoredby elec-
trostatics,implies that the entropyplays an essentiakole
in the formation of clusters. The energeticsaloneis in-
sufficientto explainthe distinct thermodynamidehavior
exhibitedby the RPM andthe DHS.

The analogybetweenthe RPM and the DHS suggests
that the methodsdevelopedo studythe RPM might also
be applicableto the explorationof DHS. In this respect
the Debye-Huickel-Bjerrumtheory DHBj of electrolyte
has proven particularly illuminating [9,10]. This theory
augmentgheideaof screeningjntroducedby Debyeand
Huckel [11], to explicitly takeinto accountthe formation
of clusterscomposedf oppositelychargedons[12]. The
estimatesof critical parametersbasedon DHBj theory
are, thus far, the closestto Monte Carlo simulations
[13]. While the idea of cluster formation is directly
applicableto DHS and has already been exploited by
various authors [14-17], dipoles, unlike ions, do not
produceanyscreening.lnsteadthethermodynamieffect
of dipolar motion translatesinto renormalizationof the
effectivedielectricconstanif the medium. The question
that we would like to answeris whether this residual
interactionis sufficientto producephaseseparation.

We shall proceedin the spirit of DHB;j theory [10].
The reducedfree energydensity, f = BF/V, of solu-
tion will be constructedasa sumof termsembodyingthe
mostrelevantphysicalfeaturef the system startingwith
theentropicidealgascontributionf'd = p In(pA3®) — p.
Here,p = N/V isthedensityof dipoles,8 = 1/kgT, and
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A is the thermalwavelength. To obtainthe electrostatic
free energy let usfix oneparticleat the origin andcalcu-
late the electrostatigotentialthat this dipole feelsdueto
the presenceof othermolecules. The electrostatigpoten-
tial canbefoundfrom thesolutionof the Laplaceequation,
V2¢ = 0, supplementedly theappropriatdooundarycon-
ditions. We shall separatethis potentialinto two parts,
¢in for r < a, and ¢y, for r = a. Clearly, r < a cor-
respondgo the excludedvolume regioninto which, due
to the hard-corerepulsion,no other particles can pene-
trate. The boundaryconditionsrequire continuity of the
potential, ¢i,(a) = douc(a), and the displacemenfield,
€opin(a) = e€d! (a), acrosghesurfacer = a. Wehave
introducedtherenormalizedlielectricconstanof the bulk
€, the expressiorfor which canbe obtainedfrom the On-
sagets reactionfield theory[18],

€ — €y)(eg + 2€

( wio )~ 4mprp. (2)
The Laplaceequationcan now be integratedto yield the
potentialof the centraldipole dueto otherparticles. The
electrostaticdfree energyof the whole systemis obtained
throughthe Debyechargingprocesq10,11] in which all
theparticlesin thesystemarechargedsimultaneouslyrom
zeroto their final dipolar strength,

2Np?
€0a3

! €(Ap) — €
-[0 AdA 726(/\1?) e 3)

Theintegrationcanbe doneexplicitly yielding the electro-
staticfree energydensity[19],

pdd — _

dd _ BFaa _ 1 _
f v o 477(13{ 2+¢()+¢(u)
3
= <2¢<u) =
; 3|n¢,(u)}, @)
with

Y(u) = e(u)/ ey = %(1 + u) + %\/9 + 2u + u?,

(5)
and u = 47 p*/T*, where we have introducedthe re-
duced density p* = pa® and the reducedtemperature
T* = kgT€pa’/p*. CombiningEq. (4) with the entropic
contribution mentioned earlier, the total free energy
density of the systembecomesf = fi¢ + f%. ltisa
simple matterto seethat as the temperaturds lowered
this free energy violates the thermodynamicconvexity
requirementwhich resultsin a phaseseparatiorinto co-
existinghighandlow densityphase$19,20]. Specfically,
we find the critical parameterso be p; = 0.0390807 ...
and7; = 0.138904.... In principle,we could havealso
includedthe excludedvolumecontributionto thetotal free
energy,expressedhroughthe free volume or Carnahan-
Starling approximation,but this would not significantly
affect the location of the critical point [21]. The funda-
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mental conclusionof this Debye-Hickel-Onsagetheory
(DHO) is thatthe systemof dipolarhardsphereseparates
into a coexistingliquid andgasphases.Canthis resultbe
trusted? Clearly, basedon our experiencewith the RPM
[10], this conclusionmust be takenwith a grain of salt.
Justlike pure DH, the DHO theoryis linear. This means
that, althoughthe DHO is quite adequatefor capturing
physicsof large length scales,it fails for shortdistances.
In particular,the DHO theory doesnot take into account
the low temperaturepropensityto form clusters. It is
precisely the importanceof these corfigurationswhich
is lost in the processof linearizationg[18] leadingto the
Onsagerrelation (2). This conclusionis very similar
to the one reachedfor RPM [10]. A solution, in that
case, had been proposedmore than seventyyears ago
by Bjerrum, who suggestedhat the nonlinearitiesjn the
form of clusters,canbe reintroducednto the DH theory
throughthe allowanceof “chemical associatiorbetween
particles [12]. A theory basedon Bjerrunis concept
of chemical equilibrium has proven quite successfulat
treatingthe phaseseparatioin RPM [10]. This suggests
thatthe samekind of methodologymightalsobeusefulfor
studyingDHS. We, thus,supposéhatat low temperatures
the systemconsistsof somefree unassociatedipolesof
densityp,, aswell asclusterscontaining2 < n < « hard

spheres. The densityof ann clusteris p,,. The particle
conservatiomequiresthat
P = Z npn - (6)
n=1

Following Bjerrum, we shall first treat clustersas non-
interactingideal species. The interactions therefore,are
restrictedto unassociatedlipoles,and their contribution
to the total free energydensityis given by Egs.(4) and
(5), with u = 47 p7/T*. In the caseof the RPM model,
this approximationhas provento be sufficient to locate
the critical point [10]. The free energydensity of ann
clusterreducedo the ideal gasform,

f;i1d = Pn ln(pnA:;n/gn) — Pn> (7)

wherewe haveintroducedthe internal partition function
of ann cluster,

dQ gy
n V}’l' f l_[ d3 yy AU . (8)

Here, U4 is the pairwise interaction potential obtained
from (1), and Q’s arethe relative angularorientationsof

dipolesforming a cluster. In the limit of low tempera-
tures,wherethe DHO predictsthe location of the critical

point, the integralsin (8) can be evaluatedfor chainlike
corfigurationsto yield [10,14]

b= T gl 2 [ — )
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where ¢V (n) and ¢ (n) are the polygammafunctions
of thefirst andsecondorder,respectively. The condition
for chemicalequilibrium betweendipolesand clustersis
expressedhrough the law of massaction, u, = nuy,
where the reducedchemical potential of a speciess is
us = 0f/dp,. Substitutingthe total free energydensity,
f=2>", fid 4 ydd e find the distribution of cluster
densitieso be

Pn = gnpfe”lﬁ s (10)
where the excesschemical potential is defined in terms
of the excessover the ideal gas contribution, in this
caseu™ = af4/ap,. Itisimportantto notethatwithin
the Bjerrum approximationthe excesschemicalpotential
dependsonly on the density of free dipoles, and the
expression(10) reducesto an infinite set of decoupled
algebraicequations.

We now makethe following fundamentabbservation:
Sincethe clustersare ideal, their presencecan only shift
the critical density, while leaving the critical tempera-
ture unaffected[10]. Thus, the critical point must still
be locatedat 77 = 0.138904 ... and muststill havethe
densityof free dipolesp;. = 0.0390807...! The distri-
bution of clustersat criticality is obtainedby substituting
theseparametersnto Eg. (10). In order for the sumin
(6) to converge the Cauchy-Hadamartheoremrequires
thatA = lim,_.ps’" < 1. Insertingthe critical parame-
ters into Eq. (10), we find that at criticality A. = 100
and the theoremis strongly violated. The critical den-
sity pi. lies far outsidethe radiusof convergencef (6).
This meansthat for any finite total density p the den-
sity of free dipolesremainsinsufficiently small to reach
phaseseparation.Clearly, the argumentpresentecabove
assumeshatonly free particlesinteractwhile the clusters
aretreatedas noninteractingdeal species.This certainly
is a very strongapproximatiorwhich mustbe considered
in more detail; neverthelesswe note that a similar ar-
gumenthas provento be sufficient to locate the critical
point of the RPM [10]. In thatcase,it wasfoundthat,in
the vicinity of the critical point, the series(6) was very
quickly convergentwith most of the ions belongingto
dipolar pairs[7,10].

To exploretherole playedby dipole-clustelandcluster-
cluster interactions,it is necessaryto accountfor their
contributionto the overall free energy. This is far from
simple. Someprogresshowevercanbe madeif we make
the following observation. The electrostatic potential
producedby arigid line of dipolardensityp/a is exactly
the sameasthe potentialdueto two fictitious monopoles
of charge=*p/a locatedat the line’s extremities. This
can be shown explicitly by integrating Eq. (1). The
isomorphismbetweenrthe line of dipolesandtwo discrete
monopolessuggeststhat, for low temperatureswhen
the dipolar chainsare quite rigid, the dipole-clusterand
cluster-clustercontribution to the total free energy can

be approximateddy the energythatis requiredto solvate
N. =2V >, p, monopolesn the seaof dipoles,and
by the energyof their mutual interaction. The solvation
energy of an ion can be obtainedfollowing the same
methodpresentecdkarlierfor calculatingthe dipole-dipole
contribution. We find

-l

] Nc 2 1

Fle = =L / AdA[ =
0 e(Ap)

Performingthe integration,the reducedfree energyden-

sity dueto dipole-clusteiinteractionds foundto be

(11)

€pa-

ge _ N _Pn [3 1 L i
P it EE T R R
+ 2|nc//(u)}. (12)

Finally, the cluster-clustercontribution can now be esti-
mated as the energyof a plasmacomposedof N. ions
insidea mediumof dielectricconstante. We find the fa-
miliar Debye-Hickel expressiorj10,11],

_ 2
1= 4774113 [In(l txa) ~xa+ %} =
wherenow
2 87T Z:ZZ pn
(ka)? = T (14)

It is easyto checkthat at low temperature$oth dipole-
cluster and cluster-clustercontributionsare quite small,
andare unlikely to modify the previousconclusionof the
absenceof criticality in DHS. The exactcalculationis
ratherdifficult to perform since the law of massaction,
whenthedipole-clusteandcluster-clusteiteractionsare
includedinto the total free energy,reducesto an infinite
set of coupled algebraic equations. The preliminary
analysisof these,basedon a variational approximation
for the distribution of clusters,doesnot, however, find
any indication of phaseseparation. The detailsof these
calculationswill be presentectlsewhere.

We concludethat the low temperaturepropensityto
form weakly interacting clusters absorbsmost of the
dipoles, preventing the density of free unassociated
particlesfrom reachingthe minimum necessaryor phase
separation.
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