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WHEN ARE THE TANGENT SPHERE BUNDLES
OF A RIEMANNIAN MANIFOLD REDUCIBLE?

E. BOECKX

ABSTRACT. We determine all Riemannian manifolds for which the tangent
sphere bundles, equipped with the Sasaki metric, are local or global Riemann-
ian product manifolds.

1. INTRODUCTION

When studying the geometry of a Riemannian manifold (M, g), it is often useful
to relate it to the properties of its unit tangent sphere bundle T3 M. In earlier
work, we have been primarily interested in the geometric properties of T M when
equipped with the Sasaki metric gg. This is probably the simplest possible Rie-
mannian metric on T3 M and it is completely determined by the metric g on the
base manifold M. In this way, we have obtained a number of interesting charac-
terizations of specific classes of Riemannian manifolds. We refer to [2], [5], [6], [7]
and the references therein for examples of this. Also tangent sphere bundles T, M
with radius r different from 1 and equipped with the Sasaki metric have been stud-
ied recently ([9], [10]). The geometric properties of these Riemannian manifolds
may change with the radius. See [9] for an example of this. Of course, other
Riemannian metrics on the tangent bundle and on the tangent sphere bundles
are possible. Of these, the Cheeger-Gromoll metric gog may be the best known.
However, for tangent sphere bundles, this specific metric yields nothing new, since
(T M, gc) is isometric to (T, g772M, gs). The isometry is given explicitly by
¢: oM — T, ) gz M: (,u) = (z,u/V1+12).

It is an interesting geometric problem to determine when a tangent sphere bun-
dle, which we always consider with the Sasaki metric in this paper, is reducible,
i.e., when it is locally or globally isometric to a Riemannian product manifold. To
our surprise, we could not find any results in the literature concerning this ques-
tion. Nevertheless, knowledge about reducibility could help to deal with geometric
questions about tangent sphere bundles. In [4] for instance, we use it in an essen-
tial way to determine all unit tangent sphere bundles that are semi-symmetric, i.e.,
for which the curvature tensor at each point is algebraically the same as that of
some symmetric space. Actually, that problem was the inspiration for the present
article. As concerns the local reducibility of tangent sphere bundles, we prove here
the following.
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Local Theorem. A tangent sphere bundle (T, M, gs), r > 0, of a Riemannian
manifold (M™,g), n > 2, is locally reducible if and only if (M, g) has a flat factor,
i.e., (M, g) is locally isometric to a product (M’,g") x (R¥, go) where 1 <k <n and
go denotes the standard Euclidean metric on R¥.

The corresponding global version reads as follows:

Global Theorem. Let (M™,g), n > 3, be a Riemannian manifold and suppose
that (T, M, gs) is a global Riemannian product. Then, (M, g) is either flat or it is
also a global Riemannian product, with a flat factor.

Conversely, if (M, g) is a global product space (M',g")x (F*, go) where1 <k <n
and F is a connected and simply connected flat space, then (T,.M,gs) is a global
Riemannian product, also with (F,go) as a flat factor.

In view of the comments above, these results remain valid if we consider the
tangent sphere bundles equipped with the Cheeger-Gromoll metric.

This article is organized as follows. After giving the necessary definitions and
formulas concerning tangent sphere bundles, we show in Section [J] that only two
types of decomposition for T, M are possible: a vertical and a diagonal one. The
special form of the curvature of (T,.M,gs) for vertical vectors is crucial here. In
particular, the same procedure does not go through for the tangent bundle T'M.
Section Ml deals with the diagonal case. We find that a diagonal decomposition
gives rise to a Clifford representation via specific curvature operators. As a result,
only base manifolds with dimension 2, 3, 4, 7 or 8 could possibly admit diagonal
decompositions. The different dimensions are then handled separately. It turns out
that diagonal decompositions can only be realized for a flat surface as base space.
The general situation with a vertical decomposition is treated in Section Bland leads
to the Local Theorem above. The final section is devoted to global considerations.

2. TANGENT SPHERE BUNDLES

We first recall a few of the basic facts and formulas about the tangent sphere bun-
dles of a Riemannian manifold. A more elaborate exposition and further references
can be found in [5] and [9].

The tangent bundle T'M of a Riemannian manifold (M, g) consists of pairs (z, u)
where z is a point in M and u is a tangent vector to M at x. The mapping 7: TM —
M: (x,u) — x is the natural projection from TM onto M. It is well known
that the tangent space to TM at a point (z,u) splits into the direct sum of the
vertical subspace VI'M, ,) = ker m,|(,.) and the horizontal subspace HT M, )
with respect to the Levi-Civita connection V of (M, g): T(y . TM = VT M ) @
HT My ).

For w € T, M, there exists a unique horizontal vector w® € H T Mg for which
T (wh) = w. Tt is called the horizontal lift of w to (x,u). There is also a unique
vertical vector w” € VI'M(, ) for which w"(df) = w(f) for all functions f on M. It
is called the vertical lift of w to (x,u). These lifts define isomorphisms between T, M
and HT'M; )y and VI'M, .y, respectively. Hence, every tangent vector to T'M
at (z,u) can be written as the sum of a horizontal and a vertical lift of uniquely
defined tangent vectors to M at x. The horizontal (respectively wvertical) lift of
a vector field X on M to TM is defined in the same way by lifting X pointwise.
Further, if T' is a tensor field of type (1,s) on M and Xi,..., X1 are vector fields
on M, then we denote by T'(X1,...,u,...,Xs-1)" the vertical vector field on T M
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which at (z,w) takes the value T(X14,...,w,...,Xs_1,)", and similarly for the
horizontal lift. In general, these are not the vertical or horizontal lifts of a vector
field on M.

The Sasaki metric gs on T M is completely determined by

gs(Xm Y™ = gs(X°, V") = g(X,Y)om, gs(X",Y")=0

for vector fields X and Y on M.

Our interest lies in the tangent sphere bundle T,.M of some positive radius r,
which is a hypersurface of T M consisting of all tangent vectors to (M, g) of length .
It is given implicitly by the equation g,(u,u) = r2. A unit normal vector field N
to T,-M is given by the vertical vector field u” /r. We see that horizontal lifts
to (x,u) € T, M are tangent to T,.M, but vertical lifts in general are not. For
that reason, we define the tangential lift w* of w € T,M to (x,u) € T.M by
wt = w? — %g(w,u)N. Clearly, the tangent space to T,.M at (x,u) is spanned
by horizontal and tangential lifts of tangent vectors to M at x. One defines the
tangential lift of a vector field X on M in the obvious way. For the sake of notational
clarity, we will use X as a shorthand for X — r% g(X,u)u. Then X* = X?. Further,
we denote by VT, M the (n—1)-dimensional distribution of vertical tangent vectors
to T,-M.

If we consider T, M with the metric induced from the Sasaki metric gg of TM,
also denoted by gg, we turn 7;.M into a Riemannian manifold. Its Levi-Civita
connection V is described completely by

V¥ = o g(Vu)X,

(1) VY = 3 (Ru, X)Y)",
VxnY' = (VxY)' + 5 (R(u,Y)X)",
thYh = (VX ) _%( ( ))

for vector fields X and Y on M. Its Riemann curvature tensor R is given by

RXLY)Z = (oY, 2) X'~ g(Z,X)Y")
R(Xt yhz" = (RX,Y)Z)"+ Y([R(u, X),R(u,Y)]|Z)
R(X"Y"Z" = —3(R(Y,2)X)" = ;(R(u,Y)R(u, Z)X)
R(X™, Yt)zh = LR(X,2)Y)' - H(R(X,R(u,Y)Z)u)
(2) +3((VxR)(u,Y)2)",
R(X"YMzt = (R(X,Y)Z)
+ 2(R(Y, R(u, Z)X)u — R(X, R(u, Z)Y)u)"
+ (VxR (u, 2)Y — (VyR)(u, Z)X)",
R(X"YyMz" = (RX,Y)Z2)" + 3(R(u,R(X,Y)u)Z)"
— Y(R(u, R(Y, Z)u)X — R(u, R(X, Z)u)Y)"
+3((V2R)(X,Y)u)!

for vector fields X, Y and Z on M. (See [9].)
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3. TWO TYPES OF DECOMPOSITION

Let (M™,g) be a Riemannian manifold of dimension n > 2 and suppose that
its tangent sphere bundle 7,.M is (locally) reducible, i.e., (T,.M,gs) ~ (My,¢1) X
(Ma,g2). A point (z,u) in T.M corresponds to a couple (p,q) € M7 x M, and
the tangent space T, )T M can be identified with T),M; & T;M>. In the sequel,
we will write T, ,)M1 and T{, )Mz for T;, My and T, M3, considered as subspaces
of T(4,u)T-M, in order not to make the notation too cumbersome.

Suppose first that, at a point (x,u) of T,.M, the tangent space to one of the
factors, say to Mj, contains a nonzero vertical vector X!, X € T, M and X L u.
Since we have a Riemannian product, the curvature operator R(U,V) preserves
the tangent spaces to both factors for all vectors U and V tangent to T,.M. In
particular, it follows that

R(Y', X)X = 5 (9(X, X) Y' — (X, ) X*) € Tys )My
for all vectors Y € T, M. As a consequence, VT, My .y C T(3,.4)M1, and M; is at
least (n — 1)-dimensional. Hence, if at a point of T, M one of the factors contains a
nonzero vertical vector, it contains the complete vertical distribution at that point.
We call the decomposition vertical at (x,u) in such a situation. Note that this is
the case as soon as max{dim M;,dim Ms} > n. Indeed, if dim M; > n, then

dim(VT M) 0 T M) = dim VM ) + dim T, 0) M
— dim(VT My ) + Toy M)
> (n—=1)+n—-(2n—-1)=0.

So, the only possibility for the decomposition not to be vertical at (z,u) is that
dim M; = n, dim My = n — 1 (or conversely) and neither factor is tangent to a
vertical vector. We call this a diagonal decomposition at (x,u).

The major part of the sequel will be devoted to the diagonal case. Using a purely
infinitesimal (i.e., pointwise) approach, we show that a diagonal decomposition is
only possible in one specific situation. Afterwards, we study the case of a vertical
decomposition.

4. DIAGONAL DECOMPOSITION

4.1. A suitable basis. In this section, we consider a diagonal decomposition
T.M ~ M; x My at (z,u) with dim M; = n and dim My = n — 1. For dimen-

sional reasons, we have
dim (7T g,y M1 N HT M5 ) > 0.

Let X,, € T,M be a unit vector such that X," is tangent to M; at (z,u) and
extend it to an orthonormal basis {X1,..., Xp} of T M. If 7, (5 ) (T(e,u)M1) #
T, M, then there must be a vertical vector tangent to M at (x,u), contrary to the
hypothesis. Hence, there exist well-defined vectors Yi,...,Y, 1 orthogonal to u
for which X;* + Vit ..., X, 1" + Y, 1! and X," are tangent to M; at (z,u).
Clearly, they form a basis for T(, .M, though not in general an orthonormal one.
Moreover, {Y1,...,Y,_1,u} is a basis for T, M too. Otherwise, there would exist
a nonzero vector Y € T, M, orthogonal to w and to Y;, i =1,...,n — 1. But then
Y* would be orthogonal to X,” and to X;” + Y;*, i = 1,...,n — 1, and hence

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



WHEN ARE TANGENT SPHERE BUNDLES REDUCIBLE? 2889

would belong to (T(g,:’u)Ml)l = T(z,u)M>, contrary to the hypothesis that M> has
no vertical tangent vector.

Next, consider the (n — 1) x (n — 1) matrix o = (92(Yi,Yj))i,j=1,...n—1. Since
this matrix is symmetric and positive definite, it can be diagonalized by a suitable
orthogonal transformation:

PaP! = diag(M\?, ..., \n_1?)
where P = (p;;) € O(n —1) and \; >0 fori=1,...,n— 1. If we put

for ¢ = 1,...,n — 1, then both {Xl, oy Xno1, X} and {Y7, .. .,f’n,l,u/r} are
orthonormal bases for T, M. Further, the vectors
n—1
XM+ ANY =D pi (XYY, di=1, n -1,
j=1

together with X,,” span the tangent space to M; at (z,u) and these vectors are
pairwise orthogonal. The tangent space to My at (x,u) is then spanned by the
orthogonal vectors

NX -Vt i=1,...,n—1.

Finally, we show that all the numbers A; are equal. To do this, we use that
gs(R(U, V)W ,T) = 0 at (z,u) as soon as one of the vectors involved is tangent
to M; and another one is tangent to Ms. In particular, for all¢,j,k,l=1,...,n—1,

it follows that
0=gs(R(X;" + ;Y1 V(A X" = Yi'), 7).

Using the expressions (2 for the curvature tensor R of (T,.M, gs), this leads to the

condition
S . - AN
0=\ (29(R(X;, X;)Ye, Y1) — g(R(u, Y1) X, R(u, Y) X;)) — T—QJ (0ixdj1 — 0ij0k1).
Switching the indices i and j, as well as k and [, we find
4\

0=\ (29(R(X, X;)Y1, Vi) — g(R(u, Yi) X;, R(u, ﬁ)Xj)) iy (010ik — 05i01k)-

Using the symmetries of the curvature tensor, it then easily follows that ;2 = \;?
or \j = Aj.
Summarizing, we have

Lemma. IfT,M ~ My x M is a diagonal decomposition at (x,u) with dim M; =

n and dim My = n — 1, then there exist orthonormal bases {X1,...,X,} and
M,..., Yo 1, u/r} of TuM and X > 0, such that an orthogonal basis for T .M
is given by

XA X A Yt X

and an orthogonal basis for T(, . Ma is given by

DY, CLI LD . GRS LU (L
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Remark 1. The number X\ has a clear geometric meaning. Take a nonzero vertical
vector U at (z,u): U= Z?:_ll «;Y;' and a nonzero vector V tangent to My at (z,u):
V= Z?:_ll B (AX;" —Y;*). The angle between the two vectors has cosine given by

A — >
cos(UV) = .
(V) Va2 Y BV + A2

By the Cauchy-Schwarz inequality, we have

1 cos(UV) < 1
V1I4AZ ™ TV A2
with equality if and only if (a1, ..., @n—1) and (B1,. .., Bn—1) are proportional. We
conclude that the angle 6 between VT, M, ) and T(, )Mz is such that cosf =
1/v/14 A% ortanf = A. So, A determines the angle between VT, M and Ms at (z, u)
(and hence also between VT, M and M; at that point).

Remark 2. Actually, we can give a stronger formulation of the lemma. To see this,
consider the mapping m1: T(zuMi — VI, Mz X" +Y" — Y'. Clearly, this
mapping is linear and one-to-one on (X,,")*. We restrict m to (X,")+ N T2,y M1
and define the linear mapping

Aiut - X, H Y - A, (z,u) (m1 1Y)
where, as before, 7: T,.M — M is the natural projection map. Since
AY; = AT (a0 (M 1Y) = A 0 (G + Y31 /) = X,

the map A is an isometry from u* to X, . It associates to a vector X, orthogonal
to X, the unique vector Y, orthogonal to u, such that X + \Y? is tangent to M;
at (x,u) (or such that AX" — Y* is tangent to Ma at (x,u)). So, in the lemma,
we can actually choose an arbitrary orthonormal basis {X1,..., Xn_1} of X+ (or,
alternatively, an arbitrary orthonormal basis {Y7,...,Y,_1} of ut). We will use
this possibility in the subsequent subsections. The vectors X,, (up to sign) and wu,
on the other hand, are determined geometrically.

4.2. Curvature conditions. Since (T,M, gs) is a (local) Riemannian product, all
the expressions of the form R(U, V)W are zero when U is tangent to M; and W is
tangent to My at (z,u). Using the curvature formulas (2)), this leads to a number
of curvature conditions for the manifold M. We list some of these now. From now

on, indices i, j, k and [ belong to {1,...,n — 1} unless stated otherwise.
The tangential and horizontal components of R(X,,", Y;*)(A X" — Y3!) give rise
to
2
(3) 2R(Xpn, X)Y; — 2 9(R(Xn, X&)Yj, w)u = R(Xy, R(u, Y;)Xx)u,
(4) NV, R)(u,Y;) Xy = —2R(Y;, Vi) X, — R(u, Y;)R(u, Vi) Xy,
while R(X,,", X;")(A X" — Y3.*) = 0 leads to
4
(5) 2A(Vx, R)(Xn, X;)u =4R(Xp, X;)Ys, — ) 9(R(Xn, X;) Y, w)u
+ R(X;, R(u, Y) X )u — R(Xp, R(u, Yi) X )u,
(6) 2((Vx, B)(u, Yi) X — (Vx, R)(u, Y3) Xn)

= ANR(Xn, X)X, + 2AR(u, R(X,0, X;)u) X
— AR(u, R(X;, Xi)u) Xy, + AR(u, R(X,, Xp)u) X ;.
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Considering R(X;" + \Y;*, Y;')(AXx" — Yi') = 0, we obtain
2

4
= R(Xi, R(u, ) Xi)u + — (§xYi — ik Y5),
(8) 2A(Vx, R)(u,Y;) Xk + 2R(Y;,Y%) X + R(u, Y;)R(u, i) X,
+ N (4R(Y;, ;) Xy + R(u, i) R(u, ;) Xy — R(u,Y;)R(u, Y;)Xy) = 0.
Finally, from R(X;" + /\Yit,th)(/\th - Yi?t) = 0, we derive

©)  2M(Vx, R)(Xi, X;)u — 4R(Xy, X,V + i g(R(Xs, X;) Vi, w)u
— R(X;, R(u, Vo) X;)u + R(X;, R(u, Yk)X Yu— 222 R(X;, Xp)Yi

+ zr—f 9(R(X;, Xi)Yi, w)u + N R(X;, R(u, Y;) Xy)u = 0,
(10)  4AR(X;, X)Xk + 2AR(u, R(X;, X;)u) X — AR(u, R(X;, Xp)u)X;
+ AR(u, R(X;, Xp)u) X; —2(Vx, R)(u, Yk)X- +2(Vx,; R)(u, i) X;
- 2)\2(ij R)(u,Y:) X — 2AR(Y;, Vi) X; — AR(u, Y;)R(u, Yy) X; = 0.
These conditions can be rewritten in an easier form. To start, we take the inner
product of (@) with Y;. This gives
29(R(Xn, Xk)Y;, V1) = g(R(Xyn, R(u,Y;)Xk)u,Y)
= 9(R(u, Y1) Xp, R(u, Y;) Xy)
—9(R(u, Y;) R(u, Y1) Xn, Xi).

This is equivalent to
(11)  2R(Y;, V)X, + R(uw,Y;)R(u, V1) X,, = —g(R(u,Y;) X, R(u, Y1) X)) X

By interchanging the indices j and [/ in this expression and adding both formulas,
respectively subtracting them, we get

(12) R(u, Y;)R(u, Y1) Xn + R(u, Y1) R(u, Y;) X

= —29(R(u, Y;) Xo, R(u, Y1) Xpn) X,
(13) R(u,Y;)R(u,Y)) X, — R(u,Y))R(u,Y;) X, = 4R(Y},Y;) X,,.
Substituting ([T) in @), we find the simpler form
(14) 2A(Vx, R)(u,Y;) Xk = g(R(u,Y;) Xpn, R(u, Y3) Xy) Xp.

Next, we substitute @) in (&) to obtain
2A(Vx, R)( Xy, Xj)u = R(X,, R(u,Yi) X;)u + R(X;, R(u, Yi) Xy )u.
Taking the inner product with Y;, we get
2)\9((VX;CR)(XMX')U V)
9(R(Xn, R(u, Yi) X;j)u, Y1) + g(R(X;, R(u, Yi) X0 )u, Y1)
9(R(u, Y1) Xn, R(u, Vi) X;5) + g(R(u, Y1) X, R(u, Vi) X»n)
—9(R(u, Yi)R(u, Y1) Xn, X;) — g(R(u, Y1) R(u, Yi) Xn, X;)
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by (IZ)). Hence,
(15) (Vx,R)(Xn, X;)u=0 or, equivalently, (Vx,R)(u,Y;)X, =0.
Substituting (I4) and [I5) in (@), we find

(16) % (R, Y;) X, R(1, Yi) X)) Xn

= 4R(Xn, X]‘)Xk + 2R(u, R(Xn, X])U)Xk
— R(u, R(X;, Xi)u) X, + R(u, R(X, X1 )u) X.

In order to rewrite (), we proceed as with ([@): we take the inner product with Y7,
and we use curvature properties to obtain

4

(Note that we also need ([[I) to know that the left-hand side in (I7) is orthogonal
to X,.) Again switching the indices j and | and adding and subtracting the two
formulas, we get

(17) 2R(Y;, Y1) X; + R(uw,Y;)R(u, V) X; =

4
2 (0uX; — 205X +6:;X1),

4
(19) R(u, Y})R(u, H)Xz — R(u, Y})R(u, Y})Xl = 4R(Y2, Y})XZ + 7“_2 ((MX]- — (Sinl).

(18) R(u, Yj)R(u, Y1) Xi + R(u, Y1) R(u, Y;) X; =

Substituting (I7) and ([@J) in &), this reduces to

2(\2 -1
(20) N 1)) X = 28 G — ),
or equivalently, via (1), to

2(\% —1)

(21) /\(in R)( Xk, Xl)u = (0iYr — 0 Yy).

r2
It is now easily verified that (@) is a consequence of the above formulas. As
to ([[0), using () and @0, it simplifies to
(22) 4R(Xi, Xj)Xk + QR(’U,, R(X“ X])U)Xk - R(u, R(Xj, Xk)u)Xz
40 = A2 +1)
A2r2
In the rest of this section, we will only need the formulas ([2)), (I3)), (I6), (I3,
(M) and 22)).

4.3. Clifford structures. Putting j = in (I2) and [IR)), we see that

+ R(u, R(Xl,Xk)u)X] = ((Siji — (5sz])

R(u,Y;)’X; = 0,

4
R(U,Y}')QXZ‘ = _T_QXi; Z#]a
R(u,Y;)*X,, = —|R(u,Y;)Xn|* X

Since R(u,Y;) is a skew-symmetric operator, the nonzero eigenvalues of R(u,Y;)?
must have even multiplicity. Hence,

e if n is even, the eigenvalue —4/r2 has even multiplicity n—2 on {X;, X,, }*.
Hence, the eigenvalue corresponding to X,, must be zero. This implies that
R(u,Y;)X,, =0 for j =1,...,n—1. By [@3), also R(Y;,Y%)X,, = 0 for
j,k=1,...,n—1. We conclude that X,, belongs to the nullity distribution
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of the curvature tensor R,. In this case, the conditions ([2)), (I3) and (I6)
are trivially satisfied;

e if n is odd, the eigenvalue —4/r? has odd multiplicity n —2 on {X;, X,,}*.
So, the eigenvalue corresponding to X,, must be —4/r? as well. Hence, it
follows that |R(u,Y;)X,|* = 4/r? for j = 1,...,n — 1. By Remark 2, we
even have |R(u,Y)X,|? = 4/r? for every unit vector Y orthogonal to u. Po-
larizing this identity, we obtain g(R(u,Y)X,, R(u, Z)X,,) = (4/r?) g(Y, Z)
for all vectors Y and Z orthogonal to u. In particular, the right-hand side
of (I2) equals —(86,/r*)X,. In this case, conditions ([[2) and ([I3) are
included in ([I8) and (19) if we allow the index i to be n.

Next, we put ¢ = j # [ in (I8). Since R(u,Y;)X; = 0 (this follows from
R(u,Y;)?X; = 0), we obtain R(u,Y;)R(u,Y;)X; = (4/r*) X;. Applying the op-
erator R(u,Y;) on both sides, we have

4
7“_2 R(’U,, YJ)XI = R(”? Y})QR(U,, Yl)XJ

—% (R(u, Y1) X; — g(R(u, Y1) X, X0) Xn)

— 9(R(u, Yl)Xja Xn)|R(U7 Yj)Xn|2Xn
or, equivalently,
A(R(u, Y7) X1 + R(u, Y1) X;j) = (4 = r?|R(u, ;) X g (R(u, Y1) X, X) Xin.

Since the right-hand side of this expression vanishes both when n is odd and when
n is even, we conclude

(23) R(u, ¥;) X1 + R(u, Yi)X; = 0

for j,l=1,...,n—1.

We are now ready to discover Clifford representations in our formulas, in partic-
ular in (I2) and (IJ)). First, consider the case when n is even. For j =1,...,n—1,
define the operators R,; acting on V" =T, M by

r

where (-, ) = g,. In particular, it follows that R;X; = X,,, R;X,, = —X, and
R, X; = (r/2)R(v,Y;)X;, j # i. Clearly, R; is a skew-symmetric operator and
R;? = —id.
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For i # j # k # i, we calculate:
(R; 0 R;+Rjo Rz)Xn =-R;X; —R;X;
r
= —5 (B(u, Yi)X; + R(u, ¥;)X;) =0, (by @3))

(RioR; +RjoRy)X; = Ri(g R(u,Y;)X;) + R; X5,
2
= - R(u,Y)R(u, Y;)X; = X; =0 (by (1D)

(R o R; + Ry 0 Ri) X = Ra(5 R(u, ;) X0) + Ry (5 Ru, Y1) Xa)
2

+ R(u, V) {R(u, Y) X = g(R(u, Y) Xy, X;) X;})

+2 (9(R(u, Y;) Xk, X3) + g(R(u, i) Xk, X)) Xy

N3

= T (R(u, Yi) R, Y5) X+ R(w, Y5 R(u, Yi) Xi)

r
— 5 g(R(U,, Yj)Xz + R(’U,, Yi)Xj, Xk) X,

=0 (by (I8) and [@3)).
So, for i,5 =1,...,n — 1, the operators R; satisfy
R0 Rj + Rj oR; = —251'3‘ id

and they correspond to a Clifford representation of an (n — 1)-dimensional Clifford
algebra on an n-dimensional vector space.

It is well known (see, e.g., [1] or [3]) that a given real Clifford algebra, say of
dimension m, has only one (if m # 3 (mod 4)) or two (if m = 3 (mod 4)) irreducible
representations and that the dimension ng of the corresponding irreducible Clifford
module is completely determined by m. This relationship is given in the following
table.

m| 8 8 +1 8+2 8+3 8+4 8+5 8+6 8p+7

no 24[) 24p+1 24p+2 24p+2 24p+3 24p+3 24p+3 24p+3

For a reducible Clifford module, the dimension is a multiple kngy of the number ng
corresponding to the appropriate Clifford algebra.

In the present situation, we have m = n — 1 and kng = n for even n. Therefore:
if n = 8p: 8p = k2%~! and hence p=1, k =1 and n = §;
ifn=8p+2: 8 +2=~k2t" and hence p=0, k=1and n =2;
ifn=8p+4: 8 +4=~k2*"t2 and hence p=0, k=1 and n = 4;
if n = 8p + 6: 8p + 6 = k2473, which has no solutions.

Next, suppose that n is odd. Now, we define operators R;, i = 1,...,n — 1,
acting on V"1 = T, M © RX, by

r
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where (-, -) = g» ® go with go(aXo,bX) = ab. Precisely as before, we show that
R;oR;+R;oR; = —2§;;id for 7,5 = 1,...,n — 1. So, we have again a Clifford
representation, this time with m = n — 1 and kng = n+ 1 for odd n. Therefore, by
the table above:

eifn=8p+1: 8 +2==Ek2% and hence p =0, k =2 and n = 1;

eifn=8p+3: 8 +4=~k2"2 and hence p=0, k=1 and n = 3;

o if n=8p+5: 8 + 6 = k213, which has no solutions;

oif n=8p+7: 8p+8=Ek2"*3 and hence p=0,k=1and n="7.

We conclude from this subsection that diagonal decompositions can only occur
when the base manifold has dimension 2, 3, 4, 7 or 8. (The case n = 1 is irrelevant,
since then T, M has dimension equal to one and no decompositions exist.)

4.4. The remaining dimensions.

Case n = 2. In this situation, we have a two-dimensional manifold for which the
nullity vector space of the curvature tensor is non-trivial. This implies that the
curvature tensor is identically zero and the space is flat.

Conversely, since any tangent sphere bundle of a flat surface M?(0) is a flat three-
dimensional space, a diagonal decomposition actually exists around each point (x, u)
of T,.M?(0). Note, however, that we also have T,M?(0) ~ M?(0) x S'(r) with
{z} x SY(r) = 7= (z). So, T,-M?(0) also admits a vertical decomposition.

Case n = 3. Let X3 be the unique unit vector (up to sign) such that X3 is
tangent to M; at (x,u). Pick a unit vector X; orthogonal to X3 and let Y7 be the
corresponding unit vector orthogonal to u (i.e., X;"+\Y;? is tangent to M;). From
the comments at the beginning of Subsection 4.3, we know that (r/2)R(u,Y1)Xs
is a unit vector, which is moreover orthogonal to X; and Xj5. So, we obtain an
orthonormal basis { X1, X2, X3} by defining X3 to be Xg := (r/2)R(u, Y1)X3. Let
Y5 be the corresponding unit vector orthogonal to u and Y;. (Since each Y; is fixed
together with its corresponding X;, we will not mention this explicitly anymore in
what follows.)

Using the properties of the operators R(u, Y1) and R(u, Y2), we then deduce that

R(U7Y1)X1 07 R(U7Y1)X2 - _% X3; R(U7Y1)X3 - %XQa
R(U7Yé)Xl = %X:i) R(U,Yé)XQ = 0) R(U,Yé)Xg = _% Xl

and from (I3)) and ([IJ) it follows that
(25) R(Y17Y'2)X1 = _7,.% X27 R(Y17Y'2)X2 - 7.% X17 R(Ylax/Q)XB =0.

(24)

Next, we compute R(X;, X;) Xy, i,j,k = 1,2, 3, from the equalities (I6) and (22)),
writing R(u, R(X;, X;)u) Xy as Y g(R(u,Y;)X;, X;) R(u, Y;) X}, and using (24)) and
[h). This gives

| X X X

(26) (X1,X5) | —AXy  AX; 0

r R
7“2 R(Xl,Xg) —CX3 0 CX1
7“2 R(XQ,Xg) 0 —CX3 CX3

where A = (\* — A2 +1)/A? and C = (3\2 +1)/\2
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Since both { X1, Xo, X3} and {Y7, Y2, u/r} are orthonormal bases for T,, M, there
is an orthogonal matrix @ = (¢;;) € O(3) such that

X, Y1
Xo |=Q| Y2
X3 u/r

Changing X3 to — X3 if necessary, we may even suppose that @ € SO(3). Then

R(X1,X3) = (quig32 — qiz2gs1) R(Y1,Y2) + w R(Y1,u)

q12433 — 413432 R(
T

+ Yo, u)

= —g2a R, Y2) — 22 R(u. Y1) + 2 R, Vo).

If we let both sides act on X7, X5 and X3 and if we use (24)), [25) and (26]), we
find that

@1 =—-C/2, q2=0, q3=0.

Since Q € SO(3), it follows that ga12 + g22% +q23% = 1 and hence 1 = (3A\%2+1)/2\2
or A2 + 1 = 0, which is a contradiction. Hence, no three-dimensional manifold
admits a diagonal decomposition of its tangent sphere bundles at any point.

Case n = 4. Let X, be the unique unit vector (up to sign) in the nullity distribu-
tion of R,. Take two mutually orthogonal unit vectors X; and X, perpendicular
to Xy4. Since (r/2)R(u, Y1)X>s is a unit vector and orthogonal to X7, X9 and X4, we
can define X3 := (r/2)R(u, Y1) Xs. From the properties of the operators R(u,Y;),
i=1,2,3, it follows that

| X1 X2 X3 X4

(27) TR(U, Yl) 0 2X3 —2X2 0
r R(u,Y2) | —2X3 0 2X, 0
’I“R(U,Y},) 2X2 —2X1 0 0

Next, we decompose X, with respect to the basis {Y1, Y2, Y3, u/r}:
u
Xo=a¥i+@Ys+a¥s+a—, o+’ e’ e’ =1
Then R(u, X4) = ¢1 R(u, Y1) + g2 R(u, Y2) + g3 R(u, Y3). Since X, belongs to the
nullity distribution of R, this operator vanishes identically. By (27)), we must have
g1 = g2 = q3 = 0. Hence, X4 = +u/r. But this is impossible, since u clearly does

not belong to the nullity distribution. So, also for four-dimensional manifolds, a
diagonal decomposition of its tangent sphere bundles does not exist at any point.

Case n = 7. The argument for n = 7 goes along the same lines as that for n = 3,
but it is more involved technically. Again we start with the unit vector X7, uniquely
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determined up to sign, such that X,” is tangent to M;, and with an arbitrary unit
vector X orthogonal to X7. The unit vector X3 := (r/2)R(u, Y1) X7 is orthogonal
to both X7 and X7. Then it follows that

U,Yl)Xl = 0, R(u,Yl)XQ = —% X7, R(U,Yl)X7 =2 XQ,
U,}@)Xl = %X7; R(U7Y2)X2 = Oa R(U,}@)X7 = _2X1~

Note that R(u, Y1) and R(u,Y2) preserve span{Xi, Xo, X7}, hence by skew-sym-
metry also its orthogonal complement. Next, take a unit vector X, orthogonal
to X1, Xo, X7 and define the unit vectors X5 := (r/2)R(u,Y2)Xy and X¢ :=
(r/2)R(u,Y1)X4. Then X5 and Xg are already orthogonal to X7, Xa, X4 and X7.

Further,
2
9(Xs5, Xe) = - g(R(u,Y2)Xa, R(u,Y1)Xa)
2
=~ 9(R(u, Y1) R(u, Y2) X, Xo)
2
(28) = T g(R(,Ya)R(u, Y1) X4, Xa)  (by ()

2
r
= _Z g(R(u7Y1)X47R(uaY2)X4)

= _g(X5a XG)

and X5 and Xg are mutually orthogonal as well. Finally, since R(u,Y7)X5 is or-
thogonal to X1, Xo, X5, X7 and

2
g(R(uv YI)X57X4) = _g(X5a R(uv YI)X4) = _; g(X57X6) =0,
T 2
g(R(u7Y1)X57X6) = 5 g(R(u7Yi)X57 R(’U,, YI)X4) - ; Q(X57X4) - 07
we may define X3 := (r/2)R(u, Y1) X5.
In this way, we have defined an orthonormal basis {X1, ..., X7}, and the actions

of the operators R(u,Y;), 7 =1,...,6, can be computed explicitly in this basis using
the properties (I2), (I8) and (23) above. We obtain

X, X, X; X, X Xe X,
TR(U,Yl) 0 —2X7 —2X5 2X6 2X3 —2X4 2X2
’I"R(’LL,YVQ) 2X7 0 2X6 2X5 —2X4 —2X3 —2X1
’I"R(’LL,YZ;) 2X5 —2X6 0 —2X7 —2X1 2X2 2X4
’I"R(U,Y;l) —2X6 —2X5 2X7 0 2X2 2X1 —2X3
TR(U,Y5) —2X3 2X4 2X1 —2X2 0 —2X7 2X6
TR(U,Y(;) 2X4 2X3 —2X2 —2X1 2X7 0 —2X5
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Next, we calculate R(Y;,Y;)Xy, from (I3) and (I39):

X, X, X5 X, Xs X X,

2 R(Y1,Y2) | —2Xo  2X;  2X; —2X3 2Xg —2X; 0

r2R(Y1,Y3) | —2X3 —2X; 2X; 2X, 0 2X,  —2Xg
7"2 R(Yi,Y4) —2X4 2X3 —2X2 2X1 2X7 0 —2X5
7“2 R(Yl, Y:r,) —2X5 —2X6 0 —2X7 2X1 2X2 2X4
7“2 R(Yl, Y%,) —2X6 2X5 —2X7 0 —2X2 2X1 2X3
7“2 R(YQ, Yg) 2X4 —2X3 2X2 —2X1 2X7 0 —2X5
7"2 R(Yé,Y4) —2X3 —2X4 2X1 2X2 0 —2X7 2X6
2 R(Y2,Ys) | 2Xg —2X5 —2X; 0 2X, —2X; 2X;
7“2 R(YQ, Y%,) —2X5 —2X6 0 2X7 2X1 2X2 —2X4
7“2 R(Yg, Y4) 2X2 —2X1 —2X4 2X3 2X6 —2X5 0

7“2 R(Yg, Y:r,) 0 2X7 —2X5 —2X6 2X3 2X4 —2X2
r2 R(Y3,Ys) | 2X7 0 —2X¢ 2X5 —2X4 2X3 —2X;
r2R(Yy,Ys) | 2X7 0 2Xs —2X5 2X4 —2X;3 —-2X;
r? R(Yy, Ys) 0 —2X; —2X; —2Xs 2X3 2X4 2X,
7“2 R(Y5, Y%,) 2X2 —2X1 2X4 —2X3 —2X6 2X5 0

Using (@) and (22), we can now compute the curvature components R(X;, X,;) X
fori,j,k=1,...,T:

X3 X5 X3 Xy X5 Xe X7
7"2 R(X17X2) —AX2 AXl 2X4 —2X3 2X6 —2X5 0
7"2 R(X17X3) —BX3 X4 BX1 _X2 0 0 0
P R(X1,Xy) | -BXy, -X3 Xo BX; 0 0 0
2 R(X1,X5) | -BXs;  Xg 0 0 BX; —-X, 0
7“2 R(Xl,XG) —BXG —X5 0 0 X2 BX1 0
7“2 R(X17X7) —CX7 0 0 0 0 0 CXl
7"2 R(X27X3) —X4 —BX3 BX2 X1 0 0 0
7“2 R(XQ,X4) X3 —BX4 —X1 BX2 0 0 0
7“2 R(XQ,Xg,) —XG —BX5 0 0 BX2 X1 0
7“2 R(XQ,XG) X5 —BX6 0 0 —X1 BXQ 0
7“2 R(X27X7) 0 —CX7 0 0 0 0 CXQ
7"2 R(X37X4) 2X2 —2X1 —AX4 AX3 2X6 —2X5 0
r? R(X3, X5) 0 0 —-BXs Xs BXs; —X,4 0
7“2 R(Xg,XG) 0 0 —BXG —X5 X4 BX3 0
2 R(Xs5,X7)| 0 0 —-CX; 0 0 0 CXs
7"2 R(X4,X5) 0 0 —X6 —BX5 BX4 X3 0
7"2 R(X4,X6) 0 0 X5 —BX6 —X3 BX4 0
7“2 R(X4,X7) 0 0 0 —CX7 0 0 CX4
7“2 R(X5,X6) 2X2 —2X1 2X4 —2X3 —AXG AX5 0
2 R(X5,X7)| 0 0 0 0 -CX; 0 CX;
7“2 R(XG,X7) 0 0 0 0 0 —CX7 CXG

where A= (M = A2+ 1)X%2, B= (A2 +1)2/A? and C = (3)\2 +1)/\2%
We now show that the tables above are incompatible. To see this, we relate
the two orthonormal bases {Xi,...,X7} and {Y1,...,Ys,u/r} by an orthogonal
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transformation. Let @ = (g;;) € O(7) be such that

X "
L | =@ v
6
X7 u/r

Putting QZJI ‘= Qikqjl — Giq;k, we then have the equality

6 6
R(Xi, Xj) = Y QY RMY, )+ > (Q/r) R(Yi,u).
k=1

k<l=1
So,
2 = r?g(R(X1, X2)X3, X4)
6 6
= > QI g(R(Y,Y) X5, X4) + > r Q2 g(R(Yi, u) X3, Xy)
k<l=1 k=1
= 2(Qi3 — Q¥ + Q%)
and

2= 7’2 g(R(Xla XQ)X5a XG) = 2(@%% + Qéi - %(23)

This implies that Q13 = 1. Now, using the Cauchy-Schwarz inequality and the fact
that @ is orthogonal, we find that

1 = Q3=quge — q2g21 = (q11,q12) - (q22, —q21)
Va2 + 22 Va2 + g2 < Va2 + o+ a2 Va2 + -+ @2 =1

Hence, all the inequalities must be equalities. In particular, we have ¢13 = --- =
qi7 = @23 = - -+ = @27 = 0 and consequently

X1 =cosb1 Y] +sinb; Ya, Xo=e1(—sinb; Yy + cosbty Ya)

IN

where €; = +1 and 6; is some real number. In a similar way, we can show that
31 = Q2 =1 and that

X3 =cosfy Y3+ sinfy Yy, Xy 262(—sin92 Y3 + cos 05 Y4),

X5 =cosf3Ys +sinfs3Ys, Xg=e3(—sinbsYs + cosfsYs).
As a consequence, we also have X7 = eu/r, ¢ = £1. Using the tables above, we
find that

0 = r? R(X1,X7) X5 = —€(cosbyr R(u, Y1) X3 +sin by r R(u, Y2)X3)
= 2¢e(cosby X5 —sin b Xg),

which gives a contradiction. So, also seven-dimensional manifolds cannot have a
diagonal decomposition for their tangent sphere bundles at any point.

Case n = 8. This case is treated as the case n = 4, but the appropriate choice for
the basis { X7, ..., Xg} requires a little more care. Let X5 be the unique unit vector
(up to sign) in the nullity distribution of R, and take two arbitrary unit vectors
X; and X, that are mutually orthogonal and perpendicular to Xg. As before, we
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define X3 := (r/2)R(u, Y1) X2, which is a unit vector orthogonal to X7, X5 and Xg.
It follows that R(u,Y;)Xs =0 for i = 1,2,3, and

R(u,Y1)X; =0, R(u,Y1)Xs =2X3,  R(u,Y1)X3=—-2X,,
R(ua YQ)Xl = _% X3; R(’U,, YQ)XQ = 07 R(U7Yé)X3 = %Xla

R(u,Y3)X1 =2X,,  R(u,Y3)Xo =—-2X;, R(u,Y3)X3=0.

Because they are skew-symmetric, the operators R(u,Y7), R(u,Y2) and R(u,Y3)
also preserve W = { X1, Xo, X3, Xg}*, and on this space they anti-commute by (IS).
It is easy to check that the operator (r3/8)R(u,Y1)R(u,Y2)R(u,Y3) is symmetric
on W and that it squares to the identity on W. Hence, it has a basis of eigenvectors
corresponding to the eigenvalues +1 and —1. Let X4 be a unit vector in W such
that 7> R(u, Y1) R(u, Y2)R(u, Y3) X, = 8¢X, where € = +1, and define
X5 = gR(u,Yl)X4, Xg = gR(u,Yg)X4, X7 = gR(u,Yg)X4.

Clearly, X5, Xg and X7 are unit vectors orthogonal to X1, X5, X3, X4 and Xs.
A computation similar to (Z8) shows that they are also orthogonal to one another.

So, we have an orthonormal basis {Xi,...,Xg} for T, M. It is now possible to
compute explicitly the action of R(u,Y;), ¢ =1,...,7, from the condition (I8). We
get
X, X5 X3 Xy X5 Xs X7 Xs
TR(U, Yi) 0 2X3 —2X2 2X5 —2X4 —2€X7 26X6 0
r R(U, YQ) —2X3 0 2X1 2X6 26X7 —2X4 —2€X5 0
r R(U, Yg) 2X2 —2X1 0 2X7 —2€X6 2€X5 —2X4 0
TR(U, Y;l) —2X5 —2X6 —2X7 0 2X1 2X2 2X3 0
TR(U, Y%) 2X4 —2€X7 26X6 —2X1 0 —26X3 26X2 0
TR(U, YVG) 2€X7 2X4 —2€X5 —2X2 26X3 0 —2€X1 0
T R(U, Y7) —2€X6 2€X5 2X4 —2X3 —2€X2 26X1 0 0
Next, decompose Xg with respect to the basis {Y1,...,Y7,u/r}:
u 2 2
X8ZQ1Y1+"'+Q7Y7+(]8;a @+ +gt =1
Since Xg belongs to the nullity distribution of the curvature, we have
7
0=R(u,Xs) = > _q; R(u,Y)
i=1
and from the table above we deduce g1 = -+ = g7 = 0. Hence, X5 = du/r, but

this is impossible since u does not belong to the nullity distribution. So, also in
the eight-dimensional case, a diagonal decomposition of the tangent sphere bundles
does not exist at even a single point.

Remark 3. The operator r® R(u,Y1)R(u,Y2)R(u,Y3) acts as 8eid on the vector
space spanned by Xy, X5, X¢ and X7, as is seen easily from the previous table.
The two different cases, ¢ = +1 and ¢ = —1, correspond to the two non-equivalent
irreducible Clifford representations of the seven-dimensional Clifford algebra.
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5. VERTICAL DECOMPOSITION

Now, we suppose that we have a vertical decomposition T,,M ~ M; x Ms such
that VT,.M ) C T(z,) M1 everywhere. In this situation, if (z,u) € M x {q}
for some g € Ms, then 7~ 1(z) C My x {q}. Consequently, we have M; x {q} =
7= (m(My x {q})). So, the leaves M; x {q}, corresponding to the product, project
under 7 to a foliation Ly on (M,g) and n~}(L1) = {M; x {q},q € Ms}. Let
L1 be the distribution on M tangent to L. Define the distribution Ly to be the
orthogonal distribution to Ly on M. Then

T(x,u) (Ml X {q}) = VTTM(z,u) 2] h(lec)a T(x,u)({p} X MQ) = h(LQ;c)

where h denotes the horizontal lift.

If X and Y are vector fields on M tangent to L, and U, V are tangent to Lo,
then X", Y are tangent to M; and U", V" are tangent to Ms. Because of the
product structure, we have that V x»Y" and V;;n X" are tangent to M; and Vi V?
and V x»nU" are tangent to M,. Using the expressions () for V, this means that

e VxY and VyX are sections of Ly: so, L; is totally geodesic and even
totally parallel;

e VyV and VxU are sections of Lg: S0, also Ly is totally geodesic and totally
parallel (in particular, Lo is integrable with associated foliation Lo);

e R(U,V)u = R(X,U)u = 0: so, Ly is contained in the nullity distribution
of the curvature. The leaves of Ly are therefore flat.

These properties imply that L; and Lo consist of the leaves of a local Riemannian
product M ~ M’ x R¥ where k = dim Ly < n (see []).

Suppose conversely that M™ is locally isometric to M’ x RF for 1 < k < n. This
gives rise to two foliations on M™: Ly = {M’x{v},v € R¥} and Ly = {{p} xR*,p €
M'}. Define two complementary distributions Ly and Ly on T, M by

Li=VT.M®h(TM'),  Ly=h(TRF).

It is easily checked using () that Ly and L, are totally geodesic and totally parallel
complementary distributions. Hence, the leaves of their corresponding foliations L;
and Ly are actually the leaves of a local Riemannian product. In particular, note
that Ly = {7~ 1(M’ x {v}),v € R*}. So, T, M is indeed locally reducible.

6. GLOBAL RESULTS

We continue with the notation of the previous section. In order to derive results
concerning the global reducibility of (T.M,gs), we will exploit the relationship
between the foliations Ly and Ly of (M, g) and the foliations L, and L, of (T M, gs)
in the case of a vertical decomposition. We have already remarked that L; and L,
determine each other reciprocally by Ly = 7r(I~11) and L; = 7~ 'Ly. The relationship
between the foliations Lo and I:2 is not so straightforward. We still have Lo =
W(ig), but determining Ly from Ly requires a little more care. To construct the
leaf S of Ly through a point (z,u) € T, M, consider all the curves in the leaf S
of Ly starting at € M. Then, S consists of all end-points of the horizontal lifts
of these curves starting at (z,u). We call S the horizontal lift of S through (z,u).
Since S is everywhere horizontal, the map 7: S — S is a local isometry and S is
a Riemannian covering of S. When S is simply connected, S and S are globally
isometric and, in particular, one-to-one.
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With these comments in mind, we now proceed to the proof of the Global The-
orem. So, we suppose that dim M > 3 and that (T,-M, gg) is isometric to a global
Riemannian product (M1, g1) X (M2, g2). Since dim M > 3, this is a vertical decom-
position and VT, M is tangent to one of the factors, say M;. Consider M; and M>
as submanifolds of T, M (i.e., choose one leaf of each of the foliations L; and L)
and define the submanifolds M’ := mw(M;) and F := w(Mz) of M. From the local
considerations in the previous section, we know that (M, g) is locally isometric to
the Riemannian product M’ x F and that F is flat.

We show that there is a one-to-one correspondence between M and M’ x F. Take
a point x € M and consider an arbitrary vector v € T, M of length r. Through
(z,u) € T, M, there is a unique leaf S1y of Ly and a unique leaf S, of Ly. Because
of the product structure on T,.M, S’lu cuts Ms in a unique point ¢, € My and
S5, cuts M in a unique point p, € M. Put p, := 7m(py) € M’ and g, := 7(Gy) € F.
We claim that the correspondence M — M’ X F': x — (py, q,) is well-defined, i.e.,
independent of the choice of the tangent vector u. To see this, take another vector
v € Ty M of length r. Since 7(z,u) = z = m(z,v), the leaf Sy, of Ly contains both
(z, u) and (z,v); so we have Ste = Stv, Gu = Go and ¢, = go. The unique leaf Sa,
of Lo through (z,v) is different from Sou. However, both are horizontal lifts of
Sor = m(Sau). So, if A, (t) = (x(t),u(t)) is a curve in Sy, such that 7,(0) = (x,u)
and 7, (1) = p, € My, then v = 7 0 4, runs from x to p, € M in Ss,. Denote
by 7, the horizontal lift of ~ starting at (x,v). Clearly, 4, lies in Sy, and ends
at p, € My. Hence, p, = 7(py) = 7(F(1)) = v(1) = pu.

On the other hand, starting from a couple (p,q) € M’ x F, we find the corre-
sponding point x € M as © = w(p,q) for some p € M; with 7(p) = p and the
unique ¢ € My with 7(¢) = ¢. Via an argument as above, one shows that x does
not depend on the choice of p and that the map (p,q) — =z defined in this way is
the inverse of the map z — (py, qu)-

Next, we note that the correspondence M — M’ X F': & + (py,qy) is defined
so as to respect the local product structure. In particular, the metric g on M
corresponds to the product metric of M’ x F', and the first statement is proved.

Conversely, suppose that (M, g) is the global product space (M’,g") x (F, go)-
By choosing a leaf of both product foliations, one can consider M’ and F as sub-
manifolds of M. Let xo be their intersection point and choose a vector ug € Ty, M
of length r. Define M; as the inverse image of M’ under the projection 7m and
M; as the horizontal lift of F' through (zo,uo). Since we suppose F' to be simply
connected, Ms is isometric to the flat space (F, go) and My and My have (xq, ug)
as unique intersection point.

We show that there is a one-to-one correspondence between T, M and M; x Ms.
Take (z,u) € T, M and denote by S7 the unique leaf of Ly on M through z and by
Sy the unique leaf of Ly on M through x. Then, the leaf S; of L; through (z,u)
is given by 77 1(S1) and the leaf Sy of Ly through (,u) is the horizontal lift of Sy
through this point. S; cuts M, in a unique point § with m(¢g) = S1 N F, and
Sy cuts M in a unique point p with 7(p) = SaN M’'. (Note that the simply
connectedness of F' is essential to ensure uniqueness.) Clearly, the correspondence
T.M — My x Msy: (z,u) — (P, ) is well-defined and it is not difficult to construct
its inverse. Since this correspondence also respects the local product structure, the
metric gg on T, M corresponds to the product metric on My x Ms. This completes
the proof of the Global Theorem.
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Remark 4. The proof of the Global Theorem continues to hold when n = 2 for the
case of a vertical global decomposition of (T.M, gs). Clearly, the base manifold is
then flat. That we need the simply connectedness of the flat factor can be seen
from the example of a two-dimensional flat cone C. The vertical and horizontal
distributions on T,.C are both integrable, and locally their integral manifolds are
the leaves of the local product foliation on T,.C'. If it were a global decomposition,
every maximal integral manifold of the horizontal distribution would intersect ev-
ery vertical fiber exactly once and it would be isometric to C' under the natural
projection 7. This would define a global parallelization of C', contrary to the fact
that its full holonomy group is non-trivial.
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