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Abstract

Thecompletesetof measurementsthatcouldeverbeusedby apassive3D visionalgorithm

is theplenopticfunctionor light-field. We give a concisecharacterizationof whenthe light-field

of aLambertiansceneuniquelydeterminesits shapeand,conversely, whentheshapeis inherently

ambiguous.In particular, we show thatstereocomputedfrom the light-field is ambiguousif and

only if thesceneis radiatinglight of aconstantintensity(andcolor, etc)overanextendedregion.

Keywords: 3D shapereconstruction,stereo,shape-from-silhouette,theplenopticfunction, light-

fields,uniqueness.
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1 Intr oduction

Computervision algorithmsoperateon measurementsof light. Thecompletesetof all suchmea-

surementsis known asthe plenopticfunction [AdelsonandBergen,1991] or light-field [Levoy

andHanrahan,1996]; i.e. the radianceof light in free spacegiven asa function of 3D position,

2D direction,wavelength,polarization,andtime. Any passive 3D vision algorithm,whetherit be

a stereo algorithm,a depth-from-defocusalgorithm,or a shape-from-shadingalgorithm,uses(a

subsetof) the informationcontainedin the light-field. Perhapsthemostfundamentalquestionin

3D visualreconstruction,then,is whendoesthelight-field uniquelydeterminethesceneshape?

A closely relatedquestion,recentlyconsideredby [Kutulakos andSeitz,2000], is when

doesthe � -camerastereoproblemhave a uniquesolutionandwhenis it inherentlyambiguous?

KutulakosandSeitzshowedthat � -camerastereois not alwaysuniqueandproposedtheconcept

of thephoto-hullto quantifyany ambiguity. They providedvery little insight,however, into when

� -camerastereois actuallyambiguousandwhenthesolutionis (theoretically, at least)unique.

We analyzestereocomputedfrom theentirelight-field. In particular, we presenta charac-

terizationof whenthe light-field of a Lambertiansceneuniquelydeterminesits shape,andcon-

verselywhenstereois inherentlyambiguous.Intuitively thereareseveralphenomenathatmight

causestereoto beambiguous.Oneobviousexampleis thepresenceof constantintensityregions

whereany pixel in theconstantintensityregion “matches”any other. A secondexamplemight be

thepresenceof repeatedstructuresin thescenelikeapicketfence.Stereomightthenbeambiguous

becauseawindow in oneimagematchesmultiplewindows in theotherimage(s).

Our characterizationof whenstereois uniqueis particularlyconciseandintuitively very

natural;stereois unique(given the light-field) if and only if thereis no extendedregion in the

scenethat is radiatinga constantintensity, color, andpolarization.Our analysisthereforeshows

thatconstantintensityregionsaretheonly inherentambiguitiesin stereo;i.e. theonly ambiguities

thatcannotberesolvedby usingmorevisualmeasurements.It alsoshows thatconstantintensity

regionsarealwaysambiguousfor stereo;i.e. for any numberandarrangementof cameras.

We also show that constantintensity regionsare not always ambiguousfor shape-from-
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silhouette. (Part of our analysisconsistsof formalizing thedifferencebetweenstereoandshape-

from-silhouette.)Our analysisthereforedoesnotcompletelyanswerthemostgeneralformulation

of whenthelight-field uniquelydeterminesthesceneshape.Answeringthatquestionis left open

for futureresearch.Ouranalysisalsodoesnotnotproveanythingabouttheuniquenessof � -camera

stereo.The mostwe cansayis that,givenenoughcameras,andin the absenceof both constant

intensityregionsandnon-Lambertianreflectance,stereois unlikely to have inherentambiguities.

Completeabsenceof ambiguitycannotbeguaranteedthough.

Proving our claimsinvolvesaddressinga numberof technicaldetails.To avoid burdening

the readerwith all of the detailsat once,we organizethis paperas follows. In Section2 we

introducethequestionof whethertheshapeof thesceneis uniquegiventhelight-field. Weproceed

informally to outlinethemajorargumentsin theproofof ourclaims.In Section3 weformally state

our claimsasa theoremanddiscussits implications.Weprove thetheoremin AppendixA.

2 StereoUniquenessand Ambiguities

2.1 The PlenopticFunction or Light-Field

The plenopticfunction [Adelsonand Bergen, 1991] or light-field [Levoy and Hanrahan,1996]

is a function which specifiesthe radianceof light in free space. It is typically assumedto be a

5D functionof position(3D) andorientation(2D). It is alsosometimesmodeledasa functionof

wavelength,polarization,andtime, dependingon the application.We ignoretheselast 3 effects

because:(1) our resultscaneasilybegeneralizedto thecasethat light canbedistinguishedbased

on its wavelengthor polarization,and(2) thereis animplicit assumptionin stereothattheimages

arecapturedat thesametime,or equivalentlythatthesceneandilluminationdonot change.

Assumingthat thereis no absorption,scattering,or emissionof light throughtheair [Na-

yar and Narasimhan,1999], the light-field is only a 4D function, a function of direction (2D)

definedon a (2D) surface[Gortleret al., 1996,Levoy andHanrahan,1996]. (Similarly, thelight-

field of a 2D sceneis 2D ratherthan3D, as illustratedin Figure1.) We make the “no absorp-
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Figure1: An illustration of the 2D light-field of a 2D scene.The sceneis conceptuallyplacedwithin a
circle, radius	 . Theangleto theviewpoint 
 aroundthecircle is measuredby theangle � , andthedirection
that theviewing ray makeswith theradiusof thecircle by � . For eachpair of angles� and � , theradiance
of light reachingthe viewpoint is denoted
���������� , the light-field. Although the light-field of a 3D scene
is actually4D, we will continueto usethe 2D notationof this figure for easeof explanation. Everything
derivedherealsoholdsfor the4D light-fieldsof 3D scenes.Thecirclecanalsobereplacedwith anarbitrary
piecewisesmoothcurve (surfacein 3D) in morecomplex scenes(andneednotbeconnected.)

tion/scattering/emission”assumption.For easeof explanation,we alsoassumethat the surface

thatthelight-field is definedonis asphere(circle in 2D.)At nopoint is thissphericalsurfaceprop-

erty requiredin our analysis.All of our resultsgeneralizeto thecasethatthelight-field is defined

onanarbitrarypiecewisesmoothsurface(consistingof afinite numberof connectedcomponents.)

Aside: It might beaskedat this point why we work with the4D light-field ratherthanthe

5D plenopticfunction. Thereare2 answersto this question:(1) Thedomainof the5D plenoptic

function is freespace.Theshapeof thesceneis thereforetrivially uniquegiventhe5D plenoptic

function.(2) Assumingnoabsorptionor scatteringof light, etc,knowing the4D light-field andthe

shapeof thesceneis equivalentto knowing the5D plenopticfunction. In this paper, we assume

thatweknow the4D light-field andaskwhetherwecanuniquelycomputetheshapeof thescene.
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2.2 AssumptionsMade About the Scene

Without makingany assumptionsaboutthesceneit is impossibleto sayalmostanything. There

arethreecomponentsin theformationof a light-field: (1) theshapeof thescene,(2) its reflectance

properties,and(3) theilluminationconditions.Wemakepiecewisesmoothnessassumptionsabout

theshapeof thescene,piecewisesmoothnessassumptionsabouttheillumination,andtheLamber-

tian assumption(madeby all brightnessconstancy algorithms)on thereflectanceproperties.See

theformulationof thetheoremin Section3 for moredetailsof theseassumptions.

2.3 Uniquenessof Stereofr om Lambertian Light-Fields?

Light-fieldsof Lambertianscenescontainshapeinformationin thatany two rayswhich imagethe

samescenepointmustnecessarilyhave thesameintensity. Is this informationenoughto constrain

the sceneshapeuniquely? Conversely, of course,just becausetwo points in the light-field have

thesameintensitydoesnot meanthat they necessarilycorrespondto thesamescenepoint; there

maybemultiple pointsradiatingthesameintensity. This is just thewell-known correspondence

problem, andwearesimplyaskingwhetherthecorrespondenceproblemhasauniquesolution.

KutulakosandSeitzstudiedthis question(for � -camerastereo)andshowedthat if there is

anyambiguity, thereis onespecialsolution(thephotohull) whichis theunionof all of thesolutions

andthereforecontainsthemall [KutulakosandSeitz,2000]. (They alsoproposedanalgorithmto

estimatethe photo-hull.) But, is thereever any ambiguity? Kutulakos and Seitz did give one

examplewherethereis ambiguity, albeit ignoring inter-reflections. (SeeFigure3 in [Kutulakos

andSeitz,2000].) Is thisgenerallythecase,or is thesolutionuniquemostof thetime?Weanswer

this questionby characterizingwhenthelight-field of a Lambertiansceneuniquelydeterminesits

shape,andconverselywhentherearemultiplescenesthatsharethesamelight-field.

Weformulateourcharacterizationin termsof thelight radiatingoutwardsfrom thesurface

of the scene(i.e. the light-field) ratherthanin termsof the sceneshape,reflectance,andillumi-

nationconditions. This leadsto a muchmoreconcisecharacterizationthanwould otherwisebe
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Figure2: Examplesof situationsin which theshapeof thesceneis ambiguousevengiven the light-field:
(a) if therearepartsof thescenethatarenot visible in any partof thelight-field, theshapeof thoseregions
cannotbe uniquelydetermined,and(b) if the light radiatedfrom the sceneis constantover an extended
region, in this casethe entirebottomfaceof the rectangleon the left andthe entirecurved bottomof the
“carved-out” rectangleon the right, the shapeof the two scenescansometimesbe in-distinguishable; i.e.
their light-fieldscansometimesbesetupto beidentical(with anappropriatechoicefor thealbedovariation.)

possible.Thelight-field is alsotheinformationthatastereoalgorithmhasto work with. Ourchar-

acterizationwill thereforebemoreusefulto astereoalgorithmthatis trying to determinewhether

thereis a uniquesolutionor not, ratherthana characterizationin termsof thequantitiesthatare

unknown to thealgorithm(i.e. shape,reflectance,andillumination.)

2.4 The Ambiguous Cases

Thereare two simplescenariosin which the shapeof the scenecannotbe uniquelydetermined

from thelight-field. Thefirst suchcase,illustratedin Figure2(a),occurswhentherearepointsin

thescenethatarenot visible in the light-field. (Theshapeof thesceneis, of course,completely

unconstrainedanywhereit is not visible.) This trivial caseis really just anartifactof our param-

eterizationof the light-field by pointson a sphere(or by a circle in 2D). Sincethe light-field can

alwaysbedefinedonapiecewisesmoothsurface,possiblydisconnected,sothateverypoint in the

sceneis visiblesomewhere,this scenariocanbeignored.

The secondambiguouscaseis moresignificant. It occurswhenthe intensityof light ra-

diatedfrom thesceneis constantover anextendedarea.SeeFigure2(b) for anexampleof such

a scenario.In this case,therectangleandthemodified“carved-out” rectanglewith theconcavity
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bothhave thesamevisualhull [Laurentini,1994]. If thealbedovariationin theconcavity is setup

in a way that the intensityof light radiatedoutwardsis constantacrossthe concavity (andis the

sameasthat for therectangle),thetwo sceneshave exactly thesamelight-field. Theshapeof the

sceneis thereforeambiguous,evengiventheentirelight-field. (Theambiguousexamplepresented

in [KutulakosandSeitz,2000] is similar andalsohasextendedconstantintensityregions.)

To completethe proof that this is an ambiguouscasewe must show that it is actually

possibleto configurethealbedovariationto achieve a constantradianceover anextendedregion.

Suppose� is a point in theregion thatwe wish to make radiatea constantintensity. (SeeFigure3

for an illustration.) Suppose� hasalbedo �� "!$#%�'& . The light falling on � can be divided into

two components,that inter-reflectedfrom theconstantintensityregion, andthatcomingfrom the

restof thescene(which maybeeitherdirect illumination or inter-reflectedfrom someotherpart

of the scene.) Supposethat the radianceof the constantintensity region is ()�+*�,.- . Denotethe

foreshortenedsolid angle(see[Horn, 1986]) subtendedby the non-constant“rest” of the scene

by /�010.�+#2�'& . Theforeshortenedsolid anglesubtendedby theconstantintensityregion is therefore
354 /�010.�6#%�'& . Finally, denotethe foreshorten-weightedaverageincoming illumination radiance

from the restof the scene(% 2 "7�89#%�'& ; i.e. the total incomingirradiancefrom the restof the scene

dividedby /�010.�+#2�'& . Thetotal incomingirradianceis therefore:

/'0$0.�6#%�'&;:<(% " 27�89#2�'&>=@? 3A4 /�010.�6#%�'&)BC:<()�6*�,.-$D (1)

Multiplying this expressionby the albedogives the amountof light radiatedby point � . The

constraintto besolvedto obtainaconstantintensityregion is therefore:

(%�+*�,.-FE �� "!$#%�'&+#G/'0$0.�6#%�'&H:I(% " 27�89#2�'&>=@? 3A4 /�010.�6#%�'&)BJ:I()�6*�,.-�&6D (2)

Thisequationcanalwaysbesolvedfor �� "!K#2�'& . We justhave to makesurethattheresultingalbedo

is valid (the surfacedoesnot radiatemorelight thanit received); i.e. we just needto checkthat

�� "!K#2�'&MLONQP 3 [Horn,1986]. Substitutingthis inequalityinto Equation(2) andsimplifying gives:

()�+*�,.-OLR(% " 27�89#2�'&SD (3)
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Figure3: A derivation of the albedovariationrequiredto createa constantradianceregion. Considera
point V with albedo WKX�YZ��V[� . Supposethat the requiredconstantradianceis \2]_^a`b	 , the foreshortenedsolid
angleof the scenethat doesnot have theconstantradianceis c[dZdbWe��V[� , andthat the foreshorten-weighted
averageincomingradiancefrom thatpart(i.e. therest)of thesceneis \"XfXfgihj��V[� .

Equation(3) meansthat we can always find an albedovariation to createa constantintensity

region so long asthe constantradiancedesiredis lessthanor equalto the minimum (computed

over theconstantradianceregion) foreshorten-weightedaverageincomingradiance() " "7689#2�'& (the

total incoming irradiancedivided by the foreshortenedsolid anglesubtendedby the rest of the

scene.)Thescenarioin Figure2(b) is thereforerealizablein practice.It is a valid ambiguouscase

wheremorethanonedifferentlyshapedscenessharethesamelight-field.

2.5 Uniquenessof Stereofr om Light-Fields

We have just shown thattherearecaseswheretwo differentlyshapedscenessharethesamelight-

field. In the concreteexamplethat we exhibited thereareextendedregions that areradiatinga

constantintensity. We now arguethat if thereareno suchregionsthe light-field uniquelydeter-

minestheshapeof thescene;i.e.all ambiguouscasesincludea constantintensityregion.

Themainstepin the(2D) proof is illustratedin Figure4. Supposethat k and l areapairof

anglesdefininga point in the light-field m # kinol & . If k changesto k =qp k and l changesto l =qp l
in a way that thesamepoint in thesceneis imaged,thegeometryis assketchedin themiddleof
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Figure4: If the2D light-field is differentiableat ���t���6� , it is locally constantin at leastonedirection(the
directionorthogonalto thegradient.) If thegradientis non-zero,the light-field is locally constantin only
onedirectionandthatdirectionuniquelydefinesthedistanceto thepoint in thescene(i.e. thedepthu .) The
depthis thereforeuniquelydefinedwherever thegradientexistsandis non-zero.Thedepth(sceneshape)
is alsoglobally uniqueif the light-field is not constantin an extendedregion (i.e. onecontainingan open
subset)sinceunderthisassumption(andappropriatesmoothnessassumptionsaboutthesceneshape),there
canonly be“isolatedpointsandcurves” where
H���t���6� is eithernotdifferentiableor haszerogradient.The
depthat thesepointsis thenuniquelydeterminedbecauseof theassumedpiecewisecontinuityof thescene.
Thisargumentcanbeextendedto the4D light-fieldsof 3D sceneswherethereis a3D hyper-planein which
thelight-field is locally constantandwhichuniquelydefinesthescenedepth.(SeeAppendixA.1.)

Figure4. Applying thesinerule to thesolid trianglegives:

vxwzy ?{NQ|~}~� 4 # 4 p l =�p k & 4 #%�~}~� 4 l &)B� E
vxwzy ? 4 p l =�p k B

-��Qp k (4)

where � is the distanceto the scenepoint (asmeasuredfrom theviewpoint circle.) Rearranging

this expressiongives:

p l
p k E N 4 -� �Q�Z� v l D (5)

This equationmeansthat thereis a one-to-onerelationshipbetweenthedirection �S���� in the light-

field andthe distance� to the point in the scene.The 2D light-field of a Lambertianscenewill

thereforebe locally constantin the directiondefinedby Equation(5). If the light-field is differ-

entiableandhasnon-zerogradient,this directionwill bethedirectionorthogonalto thegradient.

Thegradientof m # k�nol & , if it existsandis non-zero,thereforeuniquelydeterminesthedistanceto

thescene.Thedirectionof thegradientof thelight-field thereforecould(theoreticallyat least)be
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usedasacuefor shaperecovery. Notethatthiscueandtheanalysisin thissectionareveryclosely

relatedto theextractionof depthfrom epipolar-planeimages(EPIs)[Bolleset al., 1987].

In generaltherewill bemany pointsat which the light-field m # k�nol & is eithernot differen-

tiableor haszerogradient.Theargumentabovedoesnot applyat thesepoints.Assumingthatthe

light-field is notconstantin anextendedregion(i.e.onecontaininganopensubsetor equivalentlya

smalldiskwith non-zeroradius),thegradientcanbezero(or undefined)only onasetof “isolated

pointsandcurves.” (SeeAppendixA.1 for moredetails.) The depthwill thenalsobe uniquely

definedat theseisolatedpointsandcurvesusingthe assumedpiecewise continuity of the scene.

So, assumingthat every point in the sceneis visible somewherein the light-field, the light-field

uniquelydefinesthesceneshapesolongasthereareno extendedconstantintensityregions.

2.6 StereoVersusShape-From-Silhouette

In Section2.4weshowedthatthereareambiguouscaseswherethelight-fielddoesnotuniquelyde-

fine theshapeof thescene.In Section2.5wearguedthatall ambiguouscasescontainanextended

region that is radiatinga constantintensity. Are all casesthat containsucha region ambiguous?

Perhapssurprisingly, the answeris no. Figure5 illustratesa scenewhich containsan extended

constantintensityregion (theblackdisk,or spherein 3D) andwhich hasa uniquelight-field.

The fact that the light-field of this scenecannotbe generatedby any otherscenecanbe

deducedusinga similar argumentto that usedin shape-from-silhouettealgorithms[Giblin and

Weiss,1987,Martin andAggarwal, 1983]. Sincethe walls are textured(with no black andno

constantintensityregions),the argumentof theprevious sectionimplies that the volumeoutside

theblackdisk (theregion to theright of thedashedray in thefigure) is emptyspace.We canthen

deducethat thereis a black object in the middle of the room, the visual hull [Laurentini,1994]

(definedby an infinite numberof cameras)of which is a disk (a spherein 3D). Sincethe only

shapewhich hasa disk as its visual hull is the disk itself, the object in the middle of the room

mustbea disk. Theshapeof thesceneis thereforeunique.(This argumentextendsto spheresin

3D. Also notethat if thedisk is replacedwith a rectangle,thesituationis exactly thesameasin
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Figure5: An exampleof ascenewhichcontainsanextendedconstantintensityregion(theblackdiskin the
centerof thescene)andyetwhichhasauniquelight-field. Theuniquenessof thelight-field canbededuced
usinga shape-from-silhouettelike argument[Martin andAggarwal, 1983,Giblin andWeiss,1987]. (See
thebodyof thetext for moredetails.)To distinguishstereofrom shape-fromsilhouette,we excludetheuse
of any tangentrays(or raysthatareinfinitesimallycloseto tangentrays)from stereo.Oncesuchraysare
excluded,theshapeof thesceneis thenalwaysambiguousif thereis anextendedconstantintensityregion.

Figure2(b)andtheshapebecomesambiguousagain.)

Theuniquenessof thesceneshapein thisexampleis deducedusingashape-from-silhouette

like argument. We would like to distinguishstereoalgorithmsandshape-from-silhouettealgo-

rithms. Thekey distinguishingaspectof shape-from-silhouetteis that it usesraysthataretangent

to thesurfacesof theobjectsin thescene.Stereo,ontheotherhand,primarily only “matches”rays

thatareradiatedfrom the“bodies”of theobjectsin thescene.Tangentraysarenotused.

It turnsout that if we exclude tangentrays from the light-field, and therebyremove the

sourceof information usedby shape-from-silhouettealgorithms,the situationis changedcom-

pletely. Theshapeof thesceneis thenalwaysambiguousif thereis anextendedconstantintensity

region. The proof of this fact is constructive andoperatesby “carving” out a concave hole in

theconstantintensityregion withoutchangingthevisualhull. Thealbedois thenmodifiedin the

carved region to restorethe constantintensityregion. The fact that this canalwaysbe donewas
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shown in Section2.4.Thedetailsof theproof areincludedin AppendixA.2.

3 Formalization asa Theorem

So far we have presentedour argumentsinformally to provide the readerwith an overview. We

now formally stateourclaimsasa theorem.Firstweneedadefinition:

Definition: A LambertianSceneis a 3D sub-manifoldof ?�} n N�Bz� with boundary. (See[Bröcker
andJänich,1982] for a definitionof theseterms.)Theboundaryconsistsof a finite collectionof
continuouslydifferentiablesurfacepatches,eachaconnected2D manifoldwith (possiblyoverlap-
ping) 1D boundaries.Eachsurfacepatchis a perfectLambertianreflectorandhascontinuously
differentiablealbedovariation.Eachsurfacepatchis alsoanarealight-sourceandradiates(finite
valued,possiblyzero)light in anisotropicmanner, continuouslydifferentiablyacrossthepatch.

We assumethat the sceneis containedin ?�} n N�B � to avoid certaintechnicalproblemswith

raysof light thatgo off into infinity anddo not intersectthescene.Eachboundarysurfacepatch

is assumedto have continuouslydifferentiablealbedoandradiatedlight. Nothing is gainedby

generalizingthis assumptionto piecewise continuouslydifferentiablealbedoand radiatedlight

becausethe surfacepatchescan always be sub-divided giving a larger numberof smallerones

wherethealbedoandradiatedlight arecontinuouslydifferentiable.Ideal“point” light-sourcesare

alsoexcluded. Thereare,of course,no suchthingsin reality. Moreover, it is alwayspossibleto

approximateapoint light-sourcearbitrarilywell with a verysmallsource.We thenhave:

Theorem: Supposethat �>� is a LambertianSceneand m � a light-field of that scenewith the
following properties:(1) m � is definedon a finite collectionof continuouslydifferentiablesurface
patchesin ?�} n NZB�� , (2) m � is openor equivalentlyeveryray in m � is containedin a 4D opensubset
of raysin m � (i.e. acrossthe2D surfaceon which m � is definedand the2D spaceof directions),
(3) everyrayin m � intersects�>� somewhere, (4) everypoint in freespaceandonthesurfaceof �>� is
visiblein m � somewhere, and(5) no ray in m � is tangentto �>� or to thesurfacepatch onwhich the
light-field is defined.Then,there is anotherLambertianScene�'� (i.e. thathasa differentoccupied
volume)thatalsohaslight-field m � if andonly if m � is constantin a 4D opensubset.

Of thefiveassumptions,thefirst statesthatthelight-field is definedon a 2D surfacerather

thaneverywherein 3D space;i.e.weareassumingthatthereis noabsorptionof light in freespace.
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If the light-field weredefinedeverywherein free-spacethe problemwould becometrivial. The

domainof thelight-field would immediatelydeterminewhichpartsof thescenearefree-spaceand

which areoccupied.Seetheasideat theendof Section2.1 for morediscussionof this point. The

secondassumptionstatesthatthereis a2D opensetof directionsfor whichthelight-field is defined

aroundeachray makingtheentirelight-field 4D. Thethird assumptionoutlaws raysthatgo off to

infinity without intersectingthe scene.Thereis no control over suchraysandso they mustbe

eliminatedfrom consideration.Thefourthassumptionis thevisibility assumption.Everypointon

thesceneboundaryandin free-spacemustbevisible in the light-field. Every point in freespace

mustbevisible in the light-field, becauseif not, is it possibleto addnew occupiedregionsto the

scenewithoutchangingthelight-field. Thefifth assumptionstatesthatno“shape-from-silhouette”

informationcanbeused.

3.1 Inter pretation of the Theorem

Figure6 containsaschematicdiagramillustratingtheresultsprovedin thispaper. Theonly if half

of thetheoremshowsthattheshapeof thesceneis unique,solongasthelight-field is notconstant

in anextendedregion. Thisresultholdswhethertheshape-from-silhouettetangentray information

is usedor not. It doesrequirethat theLambertianassumptionholdsandthat theentirelight-field

begiven.This resultdoesnotapplyto the � -camerastereoproblem.It does,however, indicatethat

thereareunlikely to beambiguitiesif everypoint in thesceneis imagedby enoughcameras.

Theif half of thetheoremshowsthattheshapeof thesceneis alwaysambiguouswhenever

thereis anextendedregionin thescenethatis radiatingaconstantintensity, evenif theentire light-

field (withouttangentrays)is given.This resultalsoholdsin the � -cameracase,andunderweaker

assumptions,suchas in the absenceof the Lambertianassumption.Constantintensity regions

arethereforeinherentambiguitiesin thesensethatthey cannotberesolvedby addingmorevisual

measurements.So,if weencounteraconstantintensityregion,wecanimmediatelydeducethatwe

will needto usea priori assumptions(or silhouetteinformation)to resolve theinherentambiguity.
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Light-field

No Yes

No Yes

Is the shape of the scene unique ?

No, ambiguous Depends

Constant intensity regions ?

Yes, unique Tangent rays ?

Combined stereo and Stereo only (i.e. with no
shape-from-silhouette) shape-from-silhouette

Either with or without
shape-from-silhouette

Figure6: Ourcharacterizationof whenthelight-field of aLambertiansceneuniquelydeterminesits shape.
If the light-field containsno extendedconstantintensityregions,theshapeof thesceneis alwaysunique.
If the light-field doescontainany suchregions,but doesnot containany tangentrays,the sceneshapeis
alwaysambiguous.If thelight-field alsocontainstangentrays,theshapemayor maynotbeunique.

3.2 OpenQuestions

This last resultonly appliesto stereoalgorithmsthat do not take advantageof the shape-from-

silhouetteinformationprovidedby tangentrays.Whenthis informationis added,theshapeof the

scenemay or may not be unique. Providing a concisecharacterizationof this caseis probably

difficult to do (in termsof thelight-field at least)andis left asanopenquestion.(This questionis

muchharderthancharacterizingtheinformationin silhouettes[Martin andAggarwal,1983,Giblin

andWeiss,1987,Laurentini,1994] becauseit is thelight-field thatis given,not thesilhouettes.)

As anexampleof why this questionis probablyquitehardconsiderthescenein Figure5

again(the light-field of which is unique.) This scenecanbe turnedinto an ambiguouscaseby

simplyaddingapairof blackhemispheresto thesceneandplacingthemagainstthewallsopposite

eachother. SeeFigure7. Although the shapeof the two hemispheresthat wereaddedcanbe

uniquelydetermined,theshapeof thediscin thecenterof thesceneis now ambiguous.Partsof it

cannow becut away, asshown in Figure7 (right), without thelight-field changing.This example

showsthatwhetherthesceneshapeis uniqueor notdependsonglobalpropertiesof thelight-field.

Globalpropertiesaregenerallyfarharderto analyzethanthelocal onesusedin this paper.
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Light−field circle

Figure7: If the uniqueexamplepresentedin Figure5 is augmentedwith two black hemispheres,it be-
comesambiguous.Althoughtheshapeof thehemispherescanberecoveredusinga shape-from-silhouette
argument,theshapeof thediscin thecenterof thescenebecomesambiguous.Partsof it canbecutaway, as
illustratedon theright, without the light-field changing.This exampleshows thatanalyzingtheambiguity
of constantintensityregionsin thepresenceof tangentraysdependsonglobalpropertiesof thelight-field.

3.3 Summary: A Characterization of StereoAmbiguities

Stereoambiguities(in Lambertianscenes)canbecategorizedinto two types:(1) thosecausedby

constantintensity regionsand(2) thosecausedby the fact that only a finite numberof cameras

areavailableratherthantheentirelight-field. Oneway to interpretouranalysisis thatambiguities

of the first kind are inherent, whereasambiguitiesof the secondkind will only be a problemin

practiceif too few camerasareused,or if theLambertianassumptionis nota reasonableone.

3.4 Practical Implications

It goeswithoutsayingthatthispaperis atheoreticalpaper. Thisdoesnotmean,however, thatthere

arenopracticalimplications.Someof theimplicationsareasfollows:

� The only if part of the theoremshows that if an imageever containsa constantintensity

region, the shapeof the scenemustbe ambiguous.Thereis nothing that canbe doneto

resolve this ambiguity. The shapecannotbe recoveredusingvisual measurementsalone.

Prior informationmustbeusedinstead.Thispointclearlymotivatesfurtherstudyinto model

14



basedstereoalgorithmssuchasthosebasedonpiecewiseplanarity[DevernayandFaugeras,

1994,Belhumeur, 1996,FaugerasandKeriven,1998,Baker etal., 1998].

� The if partof thetheoremshowsthattheshapeof thesceneis uniqueif theentirelight-field

is known andthereareno constantintensityregions. Becauseof the idealizedassumptions

and the requirementthat the entire light-field is known, the practicalimplicationsof this

part of the theoremare more limited. This part doessuggesthowever how to arrangea

stereo-rig,providing extra insight into previous work [Okutomi and Kanade,1993,Bhat

andNayar, 1995]. From the proof of Section2.5 andAppendixA.1.3, it is indicatedthat

in practicethreenon-colinearlyarrangedcamerasimagingeachpoint shouldbeenoughto

avoid inherentstereoambiguities.Thereasoningis thatin thelimit thatthelocationsof these

camerasmoveto thesamepoint, thereis enoughinformationto estimatethedirectionof the

gradientof the light-field. Sincethedepthis uniquegiven this quantity, it is reasonableto

assumethat if we setup the camerasso that we canapproximatethis quantity, the scene

shapewill not be ambiguous.This reasoningpaysno attentionto noiseor to the discrete

natureof realmeasurements,but it doesprovidesomeinsightinto how to setupastereorig.

� Thepathologicalcasein Section2.6providessomeinsightinto thedifferencebetweenstereo

andshape-from-silhouette. Thesetwo 3D reconstructionparadigmsusefundamentallydif-

ferentsourcesof information. Section2.6 shows the power of silhouetteinformationand

Figure6 clearly illustratesonedifferencebetweenthesetwo sourcesof information. This

distinctionmotivatesresearchthat tries to combinestereoandshape-from-silhouettein the

bestpossibleway, taking maximumadvantageof the positive aspectsof the two typesof

information.Wehave recentlyproposedanalgorithmto do exactly this [Cheung,2002].
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A Proof of the Theorem

Wedividetheproof into two halves.Wefirst show thatstereois ambiguousonly if thereis at least

oneextendedconstantintensityregion; i.e.stereois uniqueif therearenosuchregions.Afterwards

weconsiderthe if half andshow thatstereois ambiguousif thereareany suchregions.

A.1 Stereois Unique in the Absenceof Constant Intensity Regions

Theproof thatstereois uniquein theabsenceof constantintensityregionsis anextensionof Sec-

tion 2.5by acontinuityargument.Wefirst needonetechnicalresult.Weshow in SectionA.1.1that

thelight radiatedfrom aLambertianScene�>� is differentiableeverywhereexceptin a1D subsetof

its boundary. We thenassumethatthereis asecondLambertianScene�'� thatis differentfrom �>�
andderive a contradiction,therebyproving thetheorem.In SectionA.1.2 we show that if thereis

suchascene�'� thereis apoint � in oneof �>� and �'� (andwhichis not in theother)for whichthere

is a light-ray in m � thatpassesthrough � andintersects�>� at a point thatis radiatinglight: (1) dif-

ferentiablyand(2) that is not locally constant.This is a contradictionbecausethe argumentin

Section2.5showsthatnosuchpointcanexist; thedepthalongthatlight-ray through� is uniquely

definedby m � . To completetheproofwe extendSection2.5 to 3D scenesin SectionA.1.3

A.1.1 The Light-Radiated fr om a Lambertian Sceneis Differ entiable Almost Everywhere

The argumentin Section2.5 that the distanceto the surfaceof the sceneis uniquerelieson the

light-field beingdifferentiable(with non-zerogradient.)We thereforeneedto show that the light

radiatedby thesceneis differentiablealmosteverywhereacrossits boundingsurface.

Theincomingirradianceat any point on a surfacein thesceneis a (foreshorten-weighted)

integral of theincomingsceneradianceover thehemisphereof incomingdirections.SeeFigure8

for an illustration. Sinceit is an integral of a realvaluedfunction, it is continuous(exceptat the

boundaryof thesurfacepatcheswherethesurfacenormalmaybediscontinuous.)Thelight radi-

atedfrom thesurfacepatchesis thereforealsoacontinuousfunction,againexceptattheboundaries
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Figure 8: The incoming irradianceis continuoussinceit is an integral of the incoming light over the
hemisphereof incomingdirections.Theonly exceptionis at theboundariesof thesurfacepatcheswherethe
surfacenormalis discontinuous.Theradiatedlight is thereforealsocontinuousexceptat theboundariesof
thesurfacepatches.Theincomingirradianceis thereforedifferentiablesinceit is theintegralof apiecewise
continuousfunction. The only exceptionsarewherethe visibility changesat bi-tangency pointswith the
surfacepatchesand their boundaries.The radiatedlight is thereforedifferentiableeverywhereexceptat
thesebi-tangency points(andatthesurfacepatchboundarieswherethealbedomaynotevenbecontinuous.)

of thesurfacepatcheswherethealbedoandsourceradiatedlight maybediscontinuous.

The incomingirradianceis thereforea differentiablefunction (sinceit is the integral of a

continuousfunction,thesceneradiance)exceptwherethe“visibility” of surfacepatcheschanges.

This only occursat pointsof bi-tangency betweensurfacepatches,andat pointsof bi-tangency

betweensurfacepatchesandthe 1D boundariesof surfacepatches.The radianceof light is dif-

ferentiableat thesamepointsthat the incomingirradianceis differentiable.The radiatedlight is

thereforedifferentiableon the surfacesof thescene,except: (1) at thesurfacepatchboundaries,

(2) at pointsof bi-tangency, and(3) at pointsof bi-tangency with the surfacepatchboundaries.

All of thesetypesof pointsare1D manifoldsat most. Thefirst follows by definition. Thesetof

bi-tangency pointsof a pair of surfacesandthesetof bi-tangency pointsof a surfaceanda curve

arealsoat mostsubsetsof 1D curves. So, if we considerany opensubsetof the surfaceof the

scene,therewill be a point in that opensubsetwherethe radiatedlight is differentiable.In fact

therewill beanentireopensubsetaroundthatpoint wheretheradiatedlight is differentiable.
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Figure9: Giventwo differentLambertianscenes� � and � � theremustbea point V that is in oneof them
andnot in theother. Therearetwo cases.Case1 is where V is in � � andnot in � � . In case2, V is in � � and
not in � � . In eithercaseit is possibleundertheassumptionsof thetheoremto find apoint u thatis in � � and
not in � � for which theradiatedlight is differentiableandnot locally constant.

A.1.2 If Two ScenesareDiffer ent there must be Non-ConstantDiffer entiable Point

The argumentof Section2.5 only appliesto pointswherethe radiatedlight is: (1) differentiable

and (2) not locally constant. We now show that if thereis a secondscene�'� that is different

from �>� thereis sucha point on thesurfaceof �>� for which theradiatedlight is differentiableand

not locally constant.Theargumentis essentiallya simplecontinuityargument.Theproof of the

theoremis thencompleteexceptfor showing thatSection2.5canbeextendedto 3D.

Supposethat �'� is a secondLambertianscenedifferentfrom �>� . Thereis thena point �
that lies in oneof �>� and �'� but not theother. Therearetwo cases.SeeFigure9. Thefirst case

(Case1) is when � lies in �>� but not in �'� . By assumption(4) in the theoremthereis thena ray

in the light-field that first intersects� andthen(possibly) �'� somenon-zerodistanceafterwards.

By assumption(2) thereis anopenneighborhoodof raysaroundthis ray in thelight-field thatpass

throughanopenneighborhoodof � on thesurfaceof �>� . By theargumentof theprevioussection

andtheassumptionthatthelight-field is notconstantin anextendedregiontherehasto beasecond

point � in this openregion for which the radiatedlight is differentiableandnot locally constant.

Moreover, therehasto bea light ray in �H� thatfirst intersects�>� at � andthen(possibly)intersects

�'� later. If it doesintersect�'� it is at anon-zerodistancelater. SeeFigure9 for anillustration.

Thesecondcase(Case2) occurswhen � lies in �'� but not in �>� . By assumption(4) of the
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Surface of Scene

Light−Field Ray

Surface on which Light−Field Defined

Figure10: Sinceweperformadifferentialanalysiswecantreatthescenesurfaceandthesurfaceonwhich
the light-field is definedasinfinitesimalplanarpatches.The light radiatedfrom the scenevarieslinearly
acrossthesurfacepatch.This is projectedontothesurfaceon which thelight-field is defined.Thereis one
directionin which theintensityin thelight-field will beconstant.To extendtheargumentof Section2.5 to
3D we justneedto make surewe work in someotherplanecontainingthelight-field ray.

theorem� is visible in thelight-field andby assumption(3) thatray laterintersects�>� at thepoint
� . By a similar continuity argumentto Case1, thereis thena openneighborhoodof raysabout

the ray through � and � andan openneighborhoodof �>� which containsanotherpoint � where

the radiatedlight is differentiableandnot constant.Theopenneighborhoodscanalsoalwaysbe

chosensmall enoughto ensurethat one of the rays in ��� that intersects� first intersects�'� a

non-zerodistancebeforeit intersects�>� at � . SeeFigure9 for anillustration.

A.1.3 Extensionof Section2.5 to 3D Scenes

Theextensionof theargumentin Section2.5 to 3D scenesis straight-forward. Any planein the

3D world canbeusedto applySection2.5.Theonly time thatthis is aproblemis whenthatplane

happensto line up with thedirectionin which the intensityradiatedfrom thesurfaceis constant

(the direction orthogonalto the gradientof the radiatedintensity on the surfacein the world.)

Unfortunatelywedonotknow thesurfaceof thesceneor thedistributionof light radiatedfrom it.
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Figure11: Theproof thatconstantintensityregionsarealwaysambiguousis constructive andoperatesby
finding a point on thesurfaceof � � in a constantintensityopenregion wherethesurfacecanbe“carved”
away and mademore concave. To be able to do this without the light-field being changedrequiresthe
assumptionthat thereareno tangentrays in the light-field. The incomingraysfor an entireopenregion
thereforeall lie in acone(boundedawayfrom thetangentplane).Theoccupiedvolumeof � � canbecarved
awaybeneaththeopenregionwithoutthevisualhull beingchanged.As wasshown in Section2.4thealbedo
in thecarvedregion canalwaysbesetup to reproducetheoriginal constantintensity.

Wenow show how to avoid thisdegenerateplaneusingonly thelight-field.

Becausewe areperforminga differentialanalysiswe cansimply treatboth thesurfaceof

thesceneandthesurfaceon which the light-fields is definedasinfinitesimalplanarpatches.See

Figure10. The variation in radiatedlight can be regardedasvarying linearly acrossthe patch

in onedirection. Thereis thenonedirectionin which the radiancevariationis constant.This is

projectedontothesurfaceon which the light-field is defined.Thedirectionin which theradiated

light in thesceneis constantandthe light-field ray definea plane. The intersectionof this plane

with thesurfaceonwhichthelight-field is definedhasconstantintensityvariationin thelight-field.

Thisdegenerateplaneis thereforealsodefinedby thelight-field rayandthedirectionin which the

light-field is constant(alongthesurfaceon which is it defined.)Theargumentin Section2.5 can

beconductedin any planethatcontainsthelight-field rayexceptthis constantintensityplane.

A.2 Stereois Ambiguous in the Presenceof Constant Intensity Regions

Theproof thatconstantintensityregionsarealwaysambiguousis acombinationof thearguments

in Sections2.4 and2.6. Supposethat thereis a constantopensubsetin the light-field. We can

thenfind apointon thesurfaceof �>� andanopenneighborhoodof thatpointsuchthateverypoint
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in the openneighborhoodis the endpoint of a light-field ray in the constantopenregion of the

light-field. Wecanthenfind anopensubsetof thesurfaceandaconein whichall of theincoming

light-rayslie, everywherein thatopenregion. Thissteprequiresassumption(5) of thetheorem.

The opensubsetis then further reduceduntil the boundaryof the coneis tangentto the

surfaceat the boundaryof the openregion. (This reductionis neededto avoid the “visual hull”

changingwhenwecarve theregionbelow.) A region is thencarvedoutof theoccupiedvolumeof

�>� beneaththisopenregionof thesurfaceandthealbedochangedthereasin Section2.4. (Carving

meansremoving the openregion from the surfacepatchandsomeof the scenevolumebeneath

it andfinally addingin an additionalsurfacepatchto form the new surface. Note that carving

the surfacein this way requiresthe fact that thesceneis not infinitely thin. This possibility was

excludedwhen we assumedthat the sceneis a 3D sub-manifoldof �� e¡.¢Z£ in Section3.) As is

illustratedin Figure11, neitherthevisual hull nor the light-field is changedin this carvingstep;

i.e. wehavemodified �>� to createadifferentscene�'� with thesamelight-field.

Thereis aminor technicaldetailto dealwith herein thatchangingtheshapeof thesurface

changes¤)¥"¥"¦�§9¨%�'© andmaymake it smallerthan ¤%ª+«�¬.­ andviolateEquation(3). Thisproblemcan

beremovedbynoting: (1) thereis aglobalscaleambiguitybetweentheilluminationandthealbedo

andsowecanalwaysfind anew stereosolutionwith ¤%¥2¥"¦�§9¨%�'© multipliedby anarbitraryconstant,

and(2) it is alwayspossibleto changetheshapeby a finite amountwithout ¤)¥"¥"¦6§9¨2�'© droppingto

zerobecauseof thecontinuityof thelight-field. (SeeFigure8 andSectionA.1 above.)
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