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Abstract

Thecompletesetof measurementhatcouldeverbeusedby apassve 3D vision algorithm
is the plenopticfunction or light-field. We give a concisecharacterizatiomf whenthe light-field
of aLambertiansceneuniquelydeterminests shapeand,conversely whenthe shapds inherently
ambiguous.In particular we shav that stereocomputedrom the light-field is ambiguousf and

only if thescenes radiatinglight of a constanintensity(andcolor, etc) over anextendedregion.
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1 Intr oduction

Computervision algorithmsoperateon measurementsf light. The completesetof all suchmea-
surementss known asthe plenopticfunction[Adelsonand Bergen, 1991] or light-field [Levoy
andHanrahan1994; i.e. the radianceof light in free spacegiven asa function of 3D position,
2D direction,wavelength polarization,andtime. Any passve 3D vision algorithm,whetherit be
a stereo algorithm, a depth-fom-defocuslgorithm, or a shape-fom-shadingalgorithm, uses(a
subsef) theinformationcontainedn thelight-field. Perhapghe mostfundamentafjuestionin

3D visualreconstructionthen,is whendoesthelight-field uniquelydeterminehe sceneshape?

A closelyrelatedquestion,recentlyconsideredoy [Kutulakos and Seitz, 2004, is when
doesthe n-camerastereoproblemhave a uniquesolutionandwhenis it inherentlyambiguous?
Kutulakos and Seitzshaved that n-camerastereais not alwaysuniqueandproposedhe concept
of the photo-hullto quantifyany ambiguity They providedvery little insight, however, into when

n-camerastereas actuallyambiguousandwhenthe solutionis (theoretically atleast)unique.

We analyzestereocomputedrom the entirelight-field. In particular we presenta charac-
terizationof whenthe light-field of a Lambertiansceneuniquely determinests shapeandcon-
verselywhenstereois inherentlyambiguous.Intuitively thereare several phenomenahat might
causestereoto be ambiguous.Oneobvious exampleis the presencef constanintensityregions
whereary pixelin the constanintensityregion “matches”ary other A secondexamplemightbe
thepresencef repeatedtructuresn thescendik e apicketfence.Stereamightthenbeambiguous

becausawindow in oneimagematchesnultiple windows in the otherimage(s).

Our characterizatiorof when stereois uniqueis particularly conciseandintuitively very
natural; stereois unique(given the light-field) if and only if thereis no extendedregion in the
scenethatis radiatinga constantintensity color, andpolarization. Our analysisthereforeshows
thatconstanintensityregionsarethe only inherentambiguitiesin stereoj.e. theonly ambiguities
thatcannotbe resoled by usingmorevisualmeasurementdt alsoshaows thatconstanintensity

regionsarealwaysambiguoudor stereoj.e. for any numberandarrangemenof cameras.

We also shav that constantintensity regions are not always ambiguousfor shape-fom-
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silhouette (Part of our analysisconsistsof formalizing the differencebetweensterecandshape-
from-silhouette.)Our analysishereforedoesnot completelyanswerthe mostgeneraformulation
of whenthelight-field uniquelydetermineshe sceneshape Answeringthatquestionis left open
for futureresearchOuranalysisalsodoesnotnotprove anythingabouttheuniquenessf n-camera
stereo. The mostwe cansayis that, givenenoughcamerasandin the absencef both constant
intensityregionsandnon-Lambertiarreflectancestereois unlikely to have inherentambiguities.

Completeabsencef ambiguitycannotbe guaranteedhough.

Proving our claimsinvolvesaddressinga numberof technicaldetails. To avoid burdening
the readerwith all of the detailsat once, we organizethis paperasfollows. In Section2 we
introducethequestiornof whethertheshapeof thescends uniquegiventhelight-field. We proceed
informally to outlinethemajorargumentsn the proofof our claims.In Section3 we formally state

our claimsasatheoremanddiscussts implications.We prove thetheoremn AppendixA.

2 StereoUniguenessand Ambiguities

2.1 The Plenoptic Function or Light-Field

The plenopticfunction [Adelsonand Bergen, 1991 or light-field [Levoy and Hanrahan,1994
is a function which specifiesthe radianceof light in free space.lt is typically assumedo be a
5D function of position(3D) andorientation(2D). It is alsosometimesnodeledasa function of
wavelength,polarization,andtime, dependingon the application. We ignoretheselast 3 effects
because(1) our resultscaneasilybe generalizedo the casethatlight canbe distinguisheased
onits wavelengthor polarization,and(2) thereis animplicit assumptionn stereathattheimages

arecapturedatthe sametime, or equivalentlythatthe sceneandillumination do not change.

Assumingthatthereis no absorption scatteringor emissionof light throughthe air [Na-
yar and Narasimhan 1999, the light-field is only a 4D function, a function of direction (2D)
definedon a (2D) surface[Gortleret al., 1996,Levoy andHanrahan1994. (Similarly, the light-

field of a 2D sceneis 2D ratherthan 3D, asillustratedin Figurel.) We make the “no absorp-
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Figure 1: An illustration of the 2D light-field of a 2D scene.The sceneis conceptuallyplacedwithin a
circle, radiusr. Theangleto theviewpointv aroundthecircle is measuredby theangled, andthedirection
thatthe viewing ray makeswith the radiusof the circle by ¢. For eachpair of angles# and¢, theradiance
of light reachingthe viewpoint is denotedL(8, ¢), the light-field Although the light-field of a 3D scene
is actually4D, we will continueto usethe 2D notationof this figure for easeof explanation. Everything
derivedherealsoholdsfor the4D light-fieldsof 3D scenesThecircle canalsobereplacedvith anarbitrary
piecavise smoothcurve (surfacein 3D) in morecomplex scenegandneednot be connected.)

tion/scattering/emissionassumption.For easeof explanation,we also assumehat the surface
thatthelight-field is definedonis asphergcirclein 2D.) At no pointis this sphericakurfaceprop-
erty requiredin our analysis.All of our resultsgeneralizeo the casethatthelight-field is defined

onanarbitrarypiecavise smoothsurface(consistingof afinite numberof connectedomponents.)

Aside: It might be asled at this point why we work with the 4D light-field ratherthanthe
5D plenopticfunction. Thereare2 answerdo this question:(1) The domainof the 5D plenoptic
functionis free space.The shapeof the sceneis thereforetrivially uniquegiventhe 5D plenoptic
function. (2) Assumingno absorptioror scatteringof light, etc,knowing the4D light-field andthe
shapeof the scenes equialentto knowing the 5D plenopticfunction. In this paper we assume

thatwe know the4D light-field andaskwhetherwe canuniquelycomputethe shapeof the scene.



2.2 AssumptionsMade About the Scene

Without makingarny assumptionsboutthe scenet is impossibleto sayalmostanything. There
arethreecomponentn theformationof alight-field: (1) theshapeof thescene(2) its reflectance
propertiesand(3) theillumination conditions.We make piecavise smoothnesassumptionabout
theshapeof the scenepieceavise smoothnesassumptionabouttheillumination, andthe Lamber

tian assumptior{madeby all brightnessconstang algorithms)on the reflectanceroperties.See

theformulationof thetheoremin Section3 for moredetailsof theseassumptions.

2.3 Uniguenessof Stereofrom Lambertian Light-Fields?

Light-fieldsof Lambertianscenesontainshapenformationin thatany two rayswhichimagethe
samescenepointmustnecessariljhave the samentensity Is this informationenoughto constrain
the sceneshapeuniquely? Corversely of course just becausdwo pointsin the light-field have
the sameintensitydoesnot meanthatthey necessarilycorrespondo the samescenepoint; there
may be multiple pointsradiatingthe sameintensity This s just the well-known correspondence

problem andwe aresimply askingwhetherthe correspondenceroblemhasa uniquesolution.

Kutulakosand Seitzstudiedthis question(for n-camerastereo)andshovedthatif thereis
anyambiguity thereis onespeciakolution(thephotohull) whichis theunionof all of thesolutions
andthereforecontainsthemall [KutulakosandSeitz,200d. (They alsoproposedanalgorithmto
estimatethe photo-hull.) But, is thereever ary ambiguity? Kutulakos and Seitz did give one
examplewherethereis ambiguity albeitignoring interreflections. (SeeFigure 3 in [Kutulakos
andSeitz,200d.) Is this generallythe case pr is the solutionuniqguemostof thetime? We answer
this questionby characterizingvhenthelight-field of a Lambertiansceneuniquelydeterminests

shapeandcorverselywhentherearemultiple sceneshatsharethe sameight-field.

We formulateour characterizatioin termsof thelight radiatingoutwardsfrom the surface
of the scene(i.e. the light-field) ratherthanin termsof the sceneshape reflectanceandillumi-

nation conditions. This leadsto a much more concisecharacterizatiorthanwould otherwisebe
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Figure2: Examplesof situationsin which the shapeof the sceneis ambiguouseven given the light-field:
(a)if therearepartsof thescenghatarenotvisible in ary partof thelight-field, the shapeof thoseregions
cannotbe uniquely determinedand (b) if the light radiatedfrom the sceneis constantover an extended
region, in this casethe entire bottomfaceof the rectangleon the left andthe entire curved bottomof the
“carved-out” rectangleon the right, the shapeof the two scenexansometimese in-distinguishal#; i.e.
theirlight-fieldscansometimedesetupto beidentical(with anappropriatehoicefor thealbedovariation.)

possible.Thelight-field is alsotheinformationthata sterecalgorithmhasto work with. Ourchar
acterizatiorwill thereforebe moreusefulto a sterecalgorithmthatis trying to determinewhether
thereis a uniquesolutionor not, ratherthana characterizationn termsof the quantitiesthatare

unknawvn to thealgorithm(i.e. shapereflectanceandillumination.)

2.4 The Ambiguous Cases

Therearetwo simple scenariosn which the shapeof the scenecannotbe uniquely determined
from thelight-field. Thefirst suchcasejllustratedin Figure2(a),occurswhentherearepointsin
the scenethatarenot visible in the light-field. (The shapeof the sceneis, of course,completely
unconstrainecérywhereit is not visible.) This trivial caseis really just an artifact of our param-
eterizationof the light-field by pointson a sphere(or by a circle in 2D). Sincethe light-field can
alwaysbedefinedon a piecavise smoothsurface possiblydisconnectedsothatevery pointin the

scends visible somavhere this scenariccanbeignored.

The secondambiguouscaseis more significant. It occurswhenthe intensity of light ra-
diatedfrom the scenes constantover an extendedarea. SeeFigure 2(b) for an exampleof such

a scenario.In this case the rectangleandthe modified“carved-out” rectanglewith the concaity



bothhave the samevisualhull [Laurentini,1994. If thealbedovariationin the concaity is setup
in away thatthe intensity of light radiatedoutwardsis constantacrossthe concaity (andis the
sameasthatfor therectangle)thetwo scenedave exactly the samelight-field. The shapeof the
scends thereforeambiguousgvengiventheentirelight-field. (Theambiguousxamplepresented

in [KutulakosandSeitz,2004 is similar andalsohasextendedconstanintensityregions.)

To completethe proof that this is an ambiguouscasewe must shav that it is actually
possibleto configurethe albedovariationto achiese a constanradianceover anextendedregion.
Supposer is apointin theregion thatwe wish to make radiatea constanintensity (SeeFigure3
for anillustration.) Supposer hasalbedoalb(z). The light falling on z can be divided into
two componentsthatinter-reflectedfrom the constanintensityregion, andthatcomingfrom the
restof the sceng(which may be eitherdirectillumination or inter-reflectedfrom someotherpart
of the scene.) Supposehat the radianceof the constantintensity region is inter. Denotethe
foreshortenedolid angle (see[Horn, 1986) subtendedy the non-constantrest” of the scene
by fssa(z). Theforeshortenedolid anglesubtendedby the constanintensityregion is therefore
m — fssa(z). Finally, denotethe foreshorten-weightedverageincomingillumination radiance
from the restof the sceneillum(z); i.e. thetotal incomingirradiancefrom the restof the scene

dividedby fssa(z). Thetotalincomingirradianceis therefore:
fssa(z) x illum(z) + [7 — fssa(x)] X inter. (1)

Multiplying this expressionby the albedogivesthe amountof light radiatedby point z. The

constrainto be solvedto obtaina constanintensityregionis therefore:
inter = alb(z) (fssa(z) x dlum(z) + [r — fssa(x)] X inter). 2)

This equationcanalwaysbe solvedfor alb(x). We justhave to make surethattheresultingalbedo
is valid (the surfacedoesnot radiatemorelight thanit receved); i.e. we just needto checkthat

alb(z) < 1/7 [Horn,1984. Substitutingthis inequalityinto Equation(2) andsimplifying gives:

inter < illum(z). (3)
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Figure3: A deriation of the albedovariationrequiredto createa constantradianceregion. Considera
point z with albedoalb(z). Supposedhatthe requiredconstantadianceis inter, the foreshortenedolid
angleof the scenethat doesnot have the constantadianceis fssa(x), andthatthe foreshorten-weighte
averageincomingradianceérom thatpart(i.e. therest)of thescends illum(z).

Equation(3) meansthat we can always find an albedovariationto createa constantintensity
region so long asthe constantradiancedesiredis lessthan or equalto the minimum (computed
overtheconstantradianceregion) foreshorten-weighteeveragencomingradiancellum(z) (the
total incomingirradiancedivided by the foreshortenedolid angle subtendedy the rest of the
scene.)Thescenaridn Figure2(b) is thereforerealizablein practice.lt is avalid ambiguousase

wheremorethanonedifferently shapedscenesharethe samelight-field.

2.5 Uniquenessof Stereofr om Light-Fields

We have just shawvn thattherearecasesvheretwo differently shapedscenesharethe samelight-
field. In the concreteexamplethat we exhibited thereare extendedregionsthat areradiatinga
constantntensity We now arguethatif thereareno suchregionsthe light-field uniquely deter

minesthe shapeof the scenej.e. all ambiguousasesncludea constanintensityregion.

Themainstepin the(2D) proofis illustratedin Figure4. Supposéhatf and¢ areapair of
anglesdefininga pointin thelight-field L(6, ¢). If # changego 6 + d§ and¢ changego ¢ + d¢

in away thatthe samepoint in the scends imaged,the geometryis assketchedn the middle of
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Figure4: If the 2D light-field is differentiableat (8, ¢), it is locally constanin at leastonedirection(the

directionorthogonalto the gradient.) If the gradientis non-zerothe light-field is locally constantin only

onedirectionandthatdirectionuniquelydefineshedistanceo thepointin thesceng(i.e. thedepthz.) The

depthis thereforeuniquelydefinedwherever the gradientexists andis non-zero.The depth(sceneshape)
is alsoglobally uniqueif the light-field is not constantin an extendedregion (i.e. onecontainingan open
subsetkinceunderthis assumptior{andappropriatesmoothnesassumptionaboutthe sceneshape)there
canonly be“isolatedpointsandcurves”whereL(6, ¢) is eithernotdifferentiableor haszerogradient.The

depthatthesepointsis thenuniquelydeterminedecaus®f the assumegieceavise continuity of thescene.
Thisamgumentcanbe extendedo the4D light-fieldsof 3D scenesvherethereis a 3D hyperplanein which

thelight-field is locally constaneindwhich uniquelydefinesthe scenedepth.(SeeAppendixA.1.)

Figure4. Applying the sinerule to the solid trianglegives:

sin [180° — (—d¢ 4 df) — (90° — ¢)] _ sin[—d¢ + df]
z B r-do

(4)

wherez is the distanceto the scenepoint (asmeasuredrom the viewpoint circle.) Rearranging
this expressiorgives:

% = 1—£-cos¢. 5)
This equationmeanghatthereis a one-to-onerelationshipbetweerthe direction % in the light-
field andthe distancez to the pointin the scene.The 2D light-field of a Lambertianscenewill
thereforebe locally constantin the directiondefinedby Equation(5). If the light-field is differ-
entiableandhasnon-zerogradient,this directionwill bethe directionorthogonalto the gradient.
Thegradientof L(6, ¢), if it existsandis non-zerothereforeuniquelydetermineghe distanceto

thescene.Thedirectionof the gradientof the light-field thereforecould (theoreticallyat least)be
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usedasa cuefor shapeecovery. Notethatthis cueandtheanalysisn this sectionarevery closely

relatedto the extractionof depthfrom epipolarplaneimages(EPIs)[Bollesetal., 1987.

In generaltherewill be mary pointsat which thelight-field L(6, ¢) is eithernot differen-
tiable or haszerogradient.The agumentabove doesnot apply at thesepoints. Assumingthatthe
light-field is notconstantn anextendedegion (i.e. onecontaininganopensubsebr equivalentlya
smalldisk with non-zeraradius),thegradientcanbe zero(or undefined)nly on a setof “isolated
pointsandcurves’! (SeeAppendixA.l for moredetails.) The depthwill thenalsobe uniquely
definedat theseisolatedpoints and curves using the assumeaiecavise continuity of the scene.
So, assuminghat every point in the sceneis visible somavherein the light-field, the light-field

uniquelydefineghe sceneshapesolong asthere are no extendedconstantintensityregions.

2.6 StereoVersusShape-Fiom-Silhouette

In Section2.4we shavedthatthereareambiguousasesvherethelight-field doesnotuniquelyde-

fine theshapeof thesceneln Section2.5we amguedthatall ambiguousasesontainanextended
region thatis radiatinga constantntensity Are all caseghat containsucha region ambiguous?
Perhapssurprisingly the answeris no. Figure5 illustratesa scenewhich containsan extended

constanintensityregion (the blackdisk, or spheraen 3D) andwhich hasa uniquelight-field.

The fact that the light-field of this scenecannotbe generatedy ary otherscenecanbe
deducedusing a similar agumentto that usedin shape-fom-silhouettealgorithms[Giblin and
Weiss, 1987, Martin and Aggarwal, 1983. Sincethe walls are textured (with no black and no
constantntensityregions), the argumentof the previous sectionimplies that the volume outside
theblackdisk (theregionto theright of thedasheday in thefigure)is emptyspace We canthen
deducethatthereis a black objectin the middle of the room, the visual hull [Laurentini, 1994
(definedby an infinite numberof camerashf which is a disk (a spherein 3D). Sincethe only
shapewhich hasa disk asits visual hull is the disk itself, the objectin the middle of the room
mustbe a disk. The shapeof the scenes thereforeunique. (This agumentextendsto spheresn

3D. Also notethatif the disk is replacedwith a rectanglethe situationis exactly the sameasin
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Figure5: An exampleof ascenevhich containsanextendedconstantntensityregion (theblackdiskin the
centerof thescenerndyetwhich hasa uniquelight-field. Theuniquenessf thelight-field canbededuced
usinga shape-fom-silhouettdike agument[Martin and Aggarwal, 1983, Giblin and Weiss,1987. (See
thebody of thetext for moredetails.) To distinguishstereofrom shape-fromsilhouette we excludethe use
of ary tangentrays (or raysthatareinfinitesimally closeto tangentrays)from stereo.Oncesuchraysare
excluded,the shapeof the scends thenalwaysambiguousf thereis anextendedconstanintensityregion.

Figure2(b) andthe shapebecomesambiguousagain.)

Theuniquenessf thesceneshapen thisexampleis deducedisingashape-from-silhouette
like agument. We would like to distinguishstereoalgorithmsand shape-from-silhouettalgo-
rithms. The key distinguishingaspecbf shape-from-silhouettis thatit usesraysthataretangent
to thesurfacesof theobjectsin thescene Stereopntheotherhand,primarily only “matches’rays

thatareradiatedfrom the “bodies” of the objectsin the scene.Tangentaysarenot used.

It turnsout thatif we excludetangentraysfrom the light-field, andtherebyremove the
sourceof information usedby shape-from-silhouettalgorithms,the situationis changedcom-
pletely Theshapeof thescends thenalwaysambiguousf thereis anextendedconstanintensity
region. The proof of this factis constructve and operatesy “carving” out a concae hole in
the constanintensityregion withoutchangingthevisual hull. The albedois thenmodifiedin the

caned region to restorethe constantintensityregion. The factthatthis canalwaysbe donewas
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shawvn in Section2.4. The detailsof the proof areincludedin AppendixA.2.

3 Formalization asa Theorem

Sofar we have presentedur agumentsinformally to provide the readerwith an overvien. We

now formally stateour claimsasatheorem.Firstwe needa definition:

Definition: A LambertianSceneis a 3D sub-manifoldof [0, 1]* with boundary (See[Brocker

andJanich,1987 for a definition of theseterms.) The boundaryconsistsof a finite collection of

continuouslhydifferentiablesurfacepatcheseacha connected®D manifoldwith (possiblyoverlap-
ping) 1D boundaries.Eachsurfacepatchis a perfectLambertianreflectorand hascontinuously
differentiablealbedovariation. Eachsurfacepatchis alsoan arealight-sourceandradiategfinite

valued,possiblyzero)light in anisotropicmanneycontinuouslydifferentiablyacrosshe patch.

We assumehatthe sceneis containedn [0, 1]® to avoid certaintechnicalproblemswith
raysof light thatgo off into infinity anddo not intersectthe scene.Eachboundarysurfacepatch
is assumedo have continuouslydifferentiablealbedoand radiatedlight. Nothingis gainedby
generalizingthis assumptiornto pieceavise continuouslydifferentiablealbedoand radiatedlight
becauseéhe surface patchescan always be sub-dvided giving a larger numberof smallerones
wherethe albedoandradiatedight arecontinuouslydifferentiable Ideal “point” light-sourcesare
alsoexcluded. Thereare,of course,no suchthingsin reality. Moreover, it is alwayspossibleto

approximatea point light-sourcearbitrarily well with a very smallsource We thenhave:

Theorem: Supposdhat S; is a LambertianSceneand L; a light-field of that scenewith the

following properties: (1) L, is definedon a finite collectionof continuouslydifferentiablesurface
patchesin [0, 1], (2) L, is openor equivalentlyeveryrayin L, is containedin a 4D opensubset
of raysin L, (i.e. acrossthe 2D surfaceon which L, is definedand the 2D spaceof directions),
(3) everyrayin L, intersectsS; someavhere, (4) everypointin freespaceandonthesurfaceof S; is

visiblein L; somevher, and(5) norayin L, istangentto S; or to the surfacepatch onwhich the

light-fieldis defined.Then thereis anotherLambertianScenes, (i.e. thathasa differentoccupied
volume)thatalsohaslight-field L, if andonlyif L, is constanin a 4D opensubset.

Of thefive assumptionghefirst stateghatthelight-field is definedon a 2D surfacerather

thaneverywheran 3D spacej.e. we areassuminghatthereis no absorptiorof light in freespace.
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If the light-field were definedeverywherein free-spacehe problemwould becometrivial. The
domainof thelight-field wouldimmediatelydeterminewhich partsof the scenearefree-spacand
which areoccupied.Seethe asideat the endof Section2.1 for morediscussiorof this point. The
secondassumptiorstateghatthereis a2D opensetof directionsfor whichthelight-field is defined
aroundeachray makingthe entirelight-field 4D. The third assumptioroutlavs raysthatgo off to
infinity without intersectingthe scene. Thereis no control over suchrays and so they mustbe
eliminatedfrom considerationThe fourth assumptions thevisibility assumptionEvery pointon
the sceneboundaryandin free-spacemustbe visible in the light-field. Every pointin free space
mustbe visible in thelight-field, becausef not, is it possibleto addnew occupiedregionsto the
scenewithout changinghelight-field. Thefifth assumptiorstateghatno “shape-from-silhouette”

informationcanbeused.

3.1 Inter pretation of the Theorem

Figure6 containsa schematiaiagramillustratingtheresultsprovedin this paper Theonlyif half
of thetheoremshaws thatthe shapeof the scends unique,solong asthelight-field is not constant
in anextendedegion. Thisresultholdswhethertheshape-from-silhouettingentay information
is usedor not. It doesrequirethatthe Lambertianassumptiorholdsandthatthe entirelight-field
begiven. Thisresultdoesnotapplyto then-camerasteregoroblem.It does however, indicatethat

thereareunlikely to beambiguitiesf every pointin the scends imagedby enoughcameras.

Theif half of thetheorenmshowsthattheshapeof thescends alwaysambiguousvheneer
thereis anextendedregion in thescenedhatis radiatinga constantntensity evenif theentire light-
field (withouttangentrays)is given. This resultalsoholdsin then-cameracase andunderwealer
assumptionssuchasin the absenceof the Lambertianassumption. Constantintensity regions
arethereforeinherentambiguitiesin the sensdahatthey cannotbe resohedby addingmorevisual
measurementsSo,if we encounteaconstantntensityregion, we canimmediatelydeducehatwe

will needto usea priori assumptiongor silhouetteinformation)to resole theinherentambiguity
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Figure6: Ourcharacterizationf whenthelight-field of aLambertiansceneuniquelydeterminests shape.
If thelight-field containsno extendedconstantintensityregions,the shapeof the sceneis alwaysunique
If the light-field doescontainary suchregions, but doesnot containary tangentrays, the sceneshapeis
alwaysambiguouslf thelight-field alsocontaingangentrays,the shapanay or maynotbeunique.

3.2 OpenQuestions

This last resultonly appliesto stereoalgorithmsthat do not take advantageof the shape-from-
silhouetteinformationprovidedby tangentrays. Whenthis informationis added the shapeof the
scenemay or may not be unique. Providing a concisecharacterizatiorof this caseis probably
difficult to do (in termsof thelight-field at least)andis left asan openquestion.(This questionis
muchharderthancharacterizingheinformationin silhouettegMartin andAggarwal, 1983,Giblin

andWeiss,1987,Laurentini, 1994 becausst is the light-field thatis given,notthe silhouettes.)

As anexampleof why this questionis probablyquite hardconsiderthe scenen Figure5
again(the light-field of which is unique.) This scenecan be turnedinto an ambiguouscaseby
simply addinga pair of blackhemisphereto the sceneandplacingthemagainsthewalls opposite
eachother SeeFigure7. Although the shapeof the two hemisphereshat were addedcanbe
uniquelydeterminedthe shapeof thediscin the centerof the scends now ambiguousPartsof it
cannow becutaway, asshavn in Figure7 (right), without the light-field changing.This example
shavsthatwhetherthe sceneshapés uniqueor notdepend®n globalpropertief thelight-field.

Globalpropertiesaregenerallyfar harderto analyzethanthelocal onesusedin this paper
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Figure7: If the uniqueexamplepresentedn Figure5 is augmentedvith two black hemispheresit be-
comesambiguous Althoughthe shapeof the hemispheresanbe recoreredusinga shape-from-silhouetdt
argumenttheshapeof thediscin the centerof thescenebecomesmbiguousPartsof it canbecutaway, as
illustratedon the right, without the light-field changing.This exampleshavs thatanalyzingthe ambiguity
of constanintensityregionsin the presencef tangentaysdepend®on global propertiesof thelight-field.

3.3 Summary: A Characterization of Stereo Ambiguities

Sterecambiguities(in Lambertianscenestanbe catayorizedinto two types: (1) thosecausedy
constantintensity regionsand (2) thosecausedoy the fact that only a finite numberof cameras
areavailableratherthanthe entirelight-field. Oneway to interpretour analysiss thatambiguities
of thefirst kind areinherent whereasambiguitiesof the secondkind will only be a problemin

practiceif too few camerasmreused,or if the Lambertianassumptions notareasonablene.

3.4 Practical Implications

It goeswithoutsayingthatthis paperis atheoreticapaper Thisdoesnotmean however, thatthere

areno practicalimplications.Someof theimplicationsareasfollows:

e Theonlyif partof the theoremshaws thatif animageever containsa constantintensity
region, the shapeof the scenemustbe ambiguous. Thereis nothingthat canbe doneto
resole this ambiguity The shapecannotbe recoreredusing visual measurementalone.

Priorinformationmustbeusednstead.This pointclearlymotivatesfurtherstudyinto model
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basedsterecalgorithmssuchasthosebasedn piecavise planarity[DevernayandFaugeras,
1994,Belhumeuy 1996,FaugerasindKeriven,1998,Baker etal., 1999.

e Theif partof thetheoremshavsthatthe shapeof thescends uniqueif the entirelight-field
is known andthereareno constanintensityregions. Becausef theidealizedassumptions
and the requirementhat the entire light-field is known, the practicalimplicationsof this
part of the theoremare more limited. This part doessuggesthowever how to arrangea
stereo-rig,providing extra insight into previous work [Okutomi and Kanade,1993, Bhat
andNayar 1995. From the proof of Section2.5 and AppendixA.1.3, it is indicatedthat
in practicethreenon-colinearlyarrangeccamerasmagingeachpoint shouldbe enoughto
avoid inherentsterecambiguities.Thereasonings thatin thelimit thatthelocationsof these
camerasnove to the samepoint, thereis enoughinformationto estimatethe directionof the
gradientof the light-field. Sincethe depthis uniquegiventhis quantity it is reasonabléo
assumehat if we setup the camerasso that we can approximatethis quantity the scene
shapewill not be ambiguous.This reasoningpaysno attentionto noiseor to the discrete

natureof realmeasurementsut it doesprovide someinsightinto how to setup a sterearig.

e Thepathologicatasen Section2.6 providessomeinsightinto thedifferencebetweerstereo
andshape-fom-silhouette Thesetwo 3D reconstructiorparadigmausefundamentallydif-
ferentsourcesof information. Section2.6 shavs the power of silhouetteinformationand
Figure6 clearlyillustratesone differencebetweenthesetwo sourcesof information. This
distinctionmotivatesresearctthattriesto combinestereocand shape-from-silhouetti the
bestpossibleway, taking maximumadwantageof the positive aspectf the two typesof

information. We have recentlyproposecanalgorithmto do exactly this [Cheung 200.
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A Proof of the Theorem

We divide the proofinto two halves.We first shawv thatstereas ambiguousonlyif thereis atleast
oneextendedconstantntensityregion;i.e. stereds uniqueif thereareno suchregions. Afterwards

we considettheif half andshawv thatstereas ambiguousf thereareary suchregions.

A.1 Stereois Unique in the Absenceof Constant Intensity Regions

Theproofthatstereas uniquein the absencef constanintensityregionsis anextensionof Sec-
tion 2.5by a continuityargument.We first needonetechnicakesult. We shawv in SectionA.1.1that
thelight radiatedrom a LambertianSceneS; is differentiablesverywheresxceptin a 1D subsebf
its boundary We thenassumehatthereis a second_ambertianSceneS, thatis differentfrom S;
andderive a contradiction therebyproving thetheorem.In SectionA.1.2 we show thatif thereis
suchasceneS, thereis apointz in oneof S; andS, (andwhichis notin theother)for whichthere
is alight-rayin L, thatpasseshroughz andintersectsS; ata pointthatis radiatinglight: (1) dif-
ferentiablyand (2) thatis not locally constant. This is a contradictionbecausehe argumentin
Section2.5shavsthatno suchpoint canexist; the depthalongthatlight-ray throughz is uniquely

definedby L,. To completethe proofwe extendSection2.5to 3D scenesn SectionA.1.3

A.1.1 The Light-Radiated from a Lambertian Sceneis Differ entiable AlImost Everywhere

The agumentin Section2.5 thatthe distanceto the surfaceof the sceneis uniquerelieson the
light-field beingdifferentiable(with non-zerogradient.) We thereforeneedto shav thatthelight

radiatedby the scends differentiablealmosteverywhereacrossts boundingsurface.

Theincomingirradianceat ary pointon a surfacein the scends a (foreshorten-weighted)
integral of theincomingsceneaadianceover the hemispheref incomingdirections.SeeFigure8
for anillustration. Sinceit is anintegral of areal valuedfunction,it is continuougexceptat the
boundaryof the surfacepatchesvherethe surfacenormalmay be discontinuous.)The light radi-

atedfrom thesurfacepatchess thereforealsoacontinuoudunction,againexceptattheboundaries
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Figure 8: The incomingirradianceis continuoussinceit is an integral of the incoming light over the
hemispher®f incomingdirections.Theonly exceptionis atthe boundarie®f the surfacepatchesvherethe
surfacenormalis discontinuousThe radiatedight is thereforealsocontinuousexceptat the boundarie of
thesurfacepatchesTheincomingirradiances thereforedifferentiablesinceit is theintegral of a piecavise
continuousfunction. The only exceptionsare wherethe visibility changesat bi-tangeng pointswith the
surface patchesand their boundaries. The radiatedlight is thereforedifferentiableeverywhereexceptat
thesebi-tangeng points(andatthesurfacepatchboundariesvherethealbedomaynotevenbecontinuous.)

of the surfacepatchesvherethe albedoandsourceradiatedight may bediscontinuous.

The incomingirradianceis thereforea differentiablefunction (sinceit is the integral of a
continuoudunction,the sceneadianceexceptwherethe“visibility” of surfacepatcheshanges.
This only occursat pointsof bi-tangeng betweensurfacepatchesandat points of bi-tangeng
betweensurfacepatchesandthe 1D boundariesof surfacepatches.The radianceof light is dif-
ferentiableat the samepointsthatthe incomingirradianceis differentiable. The radiatedlight is
thereforedifferentiableon the surfacesof the scene gxcept: (1) at the surfacepatchboundaries,
(2) at points of bi-tangeng, and (3) at points of bi-tangeng with the surfacepatchboundaries.
All of thesetypesof pointsare 1D manifoldsat most. Thefirst follows by definition. The setof
bi-tangeng pointsof a pair of surfacesandthe setof bi-tangeng pointsof a surfaceanda curve
arealsoat mostsubsetf 1D curves. So, if we considerany opensubsetof the surfaceof the
scenetherewill be a pointin thatopensubsetwherethe radiatedlight is differentiable.In fact

therewill beanentireopensubsetiroundthatpointwheretheradiatedight is differentiable.
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Case 1 Case 2

Figure9: Giventwo differentLambertianscenesS; andSs theremustbe a point z thatis in oneof them
andnotin theother Therearetwo casesCasel is wherez is in S; andnotin S,. In case2, z isin Sy and
notin S;. In eithercaseit is possibleundertheassumptionsf thetheorento find a point z thatisin .S; and
notin Ss for which theradiatedight is differentiableandnotlocally constant.

A.1.2 If Two Scenesre Differ ent there must be Non-ConstantDiffer entiable Point

The agumentof Section2.5 only appliesto pointswherethe radiatedlight is: (1) differentiable
and (2) not locally constant. We now show thatif thereis a secondsceneS;, thatis different
from S, thereis sucha point onthe surfaceof S; for which theradiatedight is differentiableand
not locally constant.The algumentis essentiallya simple continuity agument. The proof of the

theoremis thencompleteexceptfor shaving thatSection2.5 canbe extendedo 3D.

Supposdhat S, is a secondLambertianscenedifferentfrom S;. Thereis thena point =
thatlies in oneof S; and S, but not the other Therearetwo cases.SeeFigure9. Thefirst case
(Casel) is whenz liesin S but notin S,. By assumptior(4) in the theoremthereis thenaray
in thelight-field thatfirst intersectsc andthen(possibly)S, somenon-zerodistanceafterwards.
By assumptior{2) thereis anopenneighborhooaf raysaroundthis ray in thelight-field thatpass
throughanopenneighborhoof z onthe surfaceof S;. By the argumentof the previous section
andtheassumptiornthatthelight-field is notconstantn anextendedegiontherehasto beasecond
point z in this openregion for which the radiatedlight is differentiableandnot locally constant.
Moreover, therehasto bealight rayin L; thatfirstintersectsS; at z andthen(possibly)intersects

S, later If it doesintersectS, it is atanon-zerodistancdater. SeeFigure9 for anillustration.

Thesecondcase(Case 2) occurswhenz liesin S, but notin S;. By assumptior{4) of the
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Figure10: Sincewe performadifferentialanalysiswve cantreatthe scenesurfaceandthe surfaceon which
the light-field is definedasinfinitesimal planarpatches.The light radiatedfrom the scenevarieslinearly
acrosshesurfacepatch.Thisis projectedontothe surfaceon which thelight-field is defined.Thereis one
directionin which theintensityin the light-field will be constant.To extendthe argumentof Section2.5to
3D we just needto make surewe work in someotherplanecontainingthelight-field ray.

theoremz is visible in thelight-field andby assumptior{3) thatray laterintersectsS; atthepoint
y. By asimilar continuity agumentto Casel, thereis thena openneighborhoodf raysabout
the ray throughz andy andan openneighborhoodf S; which containsanotherpoint z where
theradiatedlight is differentiableand not constant.The openneighborhoodganalsoalwaysbe
chosensmall enoughto ensurethat one of the raysin L; thatintersects: first intersectsS; a

non-zerodistancebeforeit intersectsS; atz. SeeFigure9 for anillustration.

A.1.3 Extensionof Section2.5to 3D Scenes

The extensionof the agumentin Section2.5to 3D sceness straight-forvard. Any planein the
3D world canbeusedto apply Section2.5. Theonly time thatthisis aproblemis whenthatplane
happendo line up with the directionin which the intensityradiatedfrom the surfaceis constant
(the direction orthogonalto the gradientof the radiatedintensity on the surfacein the world.)

Unfortunatelywe do notknow the surfaceof the sceneor the distribution of light radiatedfrom it.
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Figurell: The proofthatconstanintensityregionsarealwaysambiguouss constructie andoperatesy

finding a point on the surfaceof S; in a constantintensityopenregion wherethe surfacecanbe “carved”

away and mademore concae. To be ableto do this without the light-field being changedrequiresthe
assumptiorthat thereare no tangentraysin the light-field. The incomingraysfor an entire openregion

thereforeall lie in acone(boundedaway from thetangentplane).The occupiedvolumeof S; canbecaned
away beneathiheopenregionwithoutthevisualhull beingchangedAs wasshovn in Section2.4thealbedo
in the canedregion canalwaysbe setup to reproducehe original constanintensity

We now show how to avoid this degeneratglaneusingonly thelight-field.

Becauseave are performinga differentialanalysiswe cansimply treatboth the surfaceof
the sceneandthe surfaceon which the light-fieldsis definedasinfinitesimalplanarpatches.See
Figure 10. The variationin radiatedlight can be regardedas varying linearly acrossthe patch
in onedirection. Thereis thenonedirectionin which the radiancevariationis constant. This is
projectedontothe surfaceon which the light-field is defined. The directionin which the radiated
light in the scenes constantandthe light-field ray definea plane. The intersectionof this plane
with the surfaceonwhichthelight-field is definedhasconstanintensityvariationin thelight-field.
This degeneratglaneis thereforealsodefinedby thelight-field ray andthe directionin whichthe
light-field is constanialongthe surfaceon which is it defined.) The algumentin Section2.5 can

be conductedn ary planethatcontaingthe light-field ray exceptthis constanintensityplane.

A.2 Stereois Ambiguousin the Presenceof Constant Intensity Regions

Theproofthatconstanintensityregionsarealwaysambiguouss a combinationof theaguments
in Sections2.4and2.6. Supposehatthereis a constantopensubsetin the light-field. We can

thenfind a pointon thesurfaceof S; andanopenneighborhooaf thatpoint suchthatevery point
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in the openneighborhoods the end point of a light-field ray in the constantopenregion of the
light-field. We canthenfind anopensubsebf the surfaceanda conein which all of theincoming

light-rayslie, everywheren thatopenregion. This steprequiresassumptior{5) of thetheorem.

The opensubsetis thenfurther reduceduntil the boundaryof the coneis tangentto the
surfaceat the boundaryof the openregion. (This reductionis neededo avoid the “visual hull”
changingwhenwe carve theregion belon.) A regionis thencaredout of the occupiedvolumeof
S; beneathhis openregion of thesurfaceandthealbedochangedhereasin Section2.4. (Carving
meansremoving the openregion from the surface patchand someof the scenevolume beneath
it andfinally addingin an additionalsurface patchto form the new surface. Note that carving
the surfacein this way requiresthe factthat the scenes not infinitely thin. This possibility was
excludedwhenwe assumedhat the sceneis a 3D sub-manifoldof [0, 1] in Section3.) As is
illustratedin Figure 11, neitherthe visual hull nor the light-field is changedn this carvingstep;

i.e. we have modified S; to createadifferentsceneS,; with the sameight-field.

Thereis aminortechnicaldetailto dealwith herein thatchangingthe shapeof the surface
changesllium(z) andmaymale it smallerthaninter andviolate Equation(3). This problemcan
beremovedby noting: (1) thereis aglobalscaleambiguitybetweertheilluminationandthealbedo
andsowe canalwaysfind anew sterecsolutionwith illum(z) multiplied by anarbitraryconstant,
and(2) it is alwayspossibleto changethe shapeby a finite amountwithout il/lum(z) droppingto

zerobecausef the continuity of thelight-field. (SeeFigure8 andSectionA.1 above.)
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