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ABSTRACT

We report on the analysis of 154 hours of early continuous high-speed photometry on the pulsating DB
white dwarf (DBV) GD 358, obtained during the Whole Earth Telescope (WET) run of 1990 May. The power
spectrum of the light curve is dominated by power in the range from 1000 to 2400 yHz, with more than 180
significant peaks in the total spectrum. We identify all of the triplet frequencies as degree £ = 1, and from the
details of their spacings we derive the total stellar mass as 0.61 + 0.03 M, the mass of the outer helium
envelope as 2.0 + 1.0 x 107 ¢ M, the absolute luminosity as 0.050 + 0.012 L, and the distance as 42 + 3 pc.
We find strong evidence for differential rotation in the radial direction—the outer envelope is rotating at least
1.8 times faster than the core—and we detect the presence of a weak magnetic field with a strength of
1300 + 300 G. We also find a significant power at the sums and differences of the dominant frequencies, indi-
cating nonlinear processes are significant, but they have a richness and complexity that rules out resonant

mode coupling as a major cause.

Subject headings: stars: individual (GD 358) — stars: oscillations — white dwarfs

1. INTRODUCTION

The asteroseismology of stellar remnants (e.g., white dwarfs)
can provide new and important constraints on our models for
the evolution of stars, and can help unravel the history of our
Galaxy—how long ago stars first began to form, and how they
differed from those now forming. We apply this technique to
the variable white dwarf stars by recording their rapid lumi-
nosity variations, using a network of photometric telescopes at
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different longitudes to minimize gaps in the observational
coverage. We refer to this network as the Whole Earth Tele-
scope (WET). Our methods of data acquisitions and reduction
are described in Nather et al. (1990), and our methods of
analysis in Winget et al. (1991).

Only a few of the known white dwarfs are luminosity
variables—those with surface temperatures that yield
maximum opacity for their atmospheric compositions—but
they are otherwise normal white dwarfs (McGraw 1977,
Winget 1988) and therefore are good representatives of the
white dwarf population in general. If we accept the age of the
Galaxy derived from the white dwarf luminosity function
(Winget et al. 1987; Wood 1992) and the length of time stars of
differing masses spend on the main sequence from evolutionary
stellar models (e.g., Iben & Renzini 1983), we must conclude
that the current population of white dwarfs in the Galactic disk
has been formed entirely from stars more massive than the
Sun. Their present internal composition, established when
their burnable fuel was exhausted, has been modified only by
the benign processes of gravitational contraction, chemical dif-
fusion, and secular cooling. We can therefore hope to recon-
struct their prior history from knowledge of their current
interiors, which we extract from the analysis of their photo-
metric variations.

We report here the first asteroseismological analysis of a
DBV (helium atmosphere) white dwarf, GD 358 (V777 Her,
WD 1645+ 325) and compare it with our earlier results on the
hot DOV pre-white dwarf PG 1159 —035.

2. THE OBSERVATIONS

GD 358 (« = 16"47™18%, § = + 32°28'24"(2000)), the bright-
est known DB variable with a visual magnitude of 13.7, was
the primary WET target in 1990 May. Our data were obtained
by combining a total of 48 individual runs, spanning 11 days,
from observatories well distributed around the globe (Table 1),
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TABLE 1 L
100 —
JOURNAL OF OBSERVATIONS L
Start Run 80 -
Date Time Length . L
Run Name Telescope (Loxy} (UTC) (s) g -
5 -

cfc-0034 ..... Mauna Kea 24" 1990 May 20 6:26:30 21800 5 SO
jec-0145 ... Perth 24" 1990 May 20  14:33:00 11700 E’ L
ral3s ........ Itajuba 1.60 m 1990 May 21  1:10:40 10750 st
sjk-0080 ..... ESO 1.0 m 1990 May 21 3:31:30 4970 g 40 N
sik-0081 ..... ESO 1.0 m 1990 May 21 5:00:30 1240 3 [
sjk-0082 ..... ESO 1.0 m 1990 May 21 5:50:00 3770 = -
cfc-0035 ..... Mauna Kea 24" 1990 May 21 6:16:00 26660 20 —
5jk-0083 ..... ESO 1.0 m 1990 May 21 7:08:00 5300 r
joc-0147 ... Perth 24" 1990 May 21 14:12:30 21760 -
5jk-0086 ..... ESO 1.0 m 1990 May 22 2:59:30 19910 0 —
pab-0038 .... McDonald 0.9 m 1990 May 22 4:22:00 9270 T T R R T R R
jec-0150 ... Perth 24" 1990 May 22 14:10:00 21420 1380 1400 1420 1440 1460 1480
eml-011...... Wise 40" 1990 May 22 19:22:01 21960 Frequency (uHz)
5084 ........ SAAO 0.75 m 1990 May 22 20f52300 13210 F1G. 2—Spectral window for the complete GD 358 data set, showing the
raldd ........ Itajuba 1.6 m 1990 May 23 1:55:52 3310 pattern of peaks that will result from the presence of a single frequency in the
5jk-0089 ... ESO 1.0 m 19950 May 23 2:56:30 19960 power spectrum, in units of micromodulation power (ump).
raldS ........ Itajuba 1.6 m 1990 May 23 3:23:22 5810
rald6 ........ Itajuba 1.6 m 1990 May 23 5:01:10 7560 . .
cfc-0037 ..... Mauna Kea 24 1990 May 23 6:00:00 4100 taken with two-star or three-star photometers under condi-
cfc-0038 ..... Maur;a 11((6;1024” iggg Ma}' gg ;1;(7)5(1)8 lgggg tions verified to be photometric by the simultaneous observa-
a230 ......... Kitt Peal ' ay :27: : : : :
cfc-0040 ... Mauna Kea 24" 1990 May 23 11:09:20 1090 tions gf 1°°m11’ar‘s°’? star, eglcep;;;: Soxglh Af”l‘l’a Whlere the
cfc-0037 ..... Mauna Kea 24" 1990 May 23 11:33:20 2370 second channel was moperable. ¢re threc channels were
cfc-0038 ..... Mauna Kea 24" 1990 May 23 12:35:10 4260 available, the third channel kept a continuous record of sky
jec-0153 ... Perth 24" 1990 May 23 14:18:30 20620 brightness near the target and comparison stars; observers
eﬂi';‘zm ------ zv‘,seb“ L6 iggg ﬁay gi lfl‘i (5);1;(1) ?gggg with two channel photometers sampled sky at slightly irregular
raidzs ........ ajuoa 1.6 m ay : : . . .
rals3 ........ Ttajuba 1.6 m 1990 May 24 5:00:10 6290 intervals, as often as deemed necessary by observing condi
fc-0039 ..... Mauna Kea 24" 1990 May 24  10:00:00 10750 tions. Photon counts from photomultiplier detectors with bi-
cfc-0040 ... Mauna Kea 24” 1990 May 24  13:13:40 4970 alkali (blue-sensitive) photocathodes were accumulated in
eml-033...... Wise 40" 1990 May 24 19:19:51 22060 contiguous 10 s integrations. No filters were used.
1als6 ........ Itajuba 1.6 m 1990 May 25 1:11:30 12700 Figure 1 shows the central 1 day portion of the light curve
pab-0039 .... McDonald 09 m 1990 May 25 4:31:00 6010 .. . A
rals7 . Itajuba 1.6 m 1990 May 25 5:31:50 7580 fpr GD 358, when all the participating observatogles were on-
cfc-0039 ..... Mauna Kea 24" 1990 May 25 6:00:00 28510 line, after sky background and the effects of extinction have
eml-045 ...... Wise 40 1990 May 25  19:15:01 22320 been removed. Since our analysis depends primarily on the
’31:0 ~~~~~~~~ ;dmllu)ba lig o iggg xay %2 éfgg 5(238 I?ggg short-term modulation present, we subtract the mean light
pab-0040 ...... cLonald 0.2 m ay o level of the star for each run, using the star as its own cali-
ralél ........ Itajuba 1.6 m 1990 May 26 3:36:40 12400 R T
34 ... Ktt Peak 50" 1990 May 26  4:48:00 11690 bration standard for each telescope, and the individual runs
cfc-0046 ..... Mauna Kea 24" 1990 May 26  6:00:00 2710 can then be directly combined into a composite light curve in
cfc-0047 ..... Mauna Kea 24" 1990 May 26 7:43:10 17770 units of fractional intensity.
eml-058....... Wise 40" 1990 May 26 19:06:41 22720 ; : o« :
pab-0042 ... McDonald 09 m 1990 May 27  3:01:00 27000 . tFor. tth,‘,s type °f1.a“alyS‘s we dtef:."e thfetﬁmf‘t t’.n"d‘ll!a“on
§k-0091 ... ESO 1.0 m 1990 May 27 4:10-30 1410 intensity (mi) as a linear representation of the fractional inten-
cfc-0050 ..... Mauna Kea 24" 1990 May 27  13:04:30 5300 sity of modulation in the light curves. It is similar to the tradi-
eml-069 ...... Wise 40" 1990 May 27  19:01:01 22980 tional representation of stellar luminosity in magnitudes, in
emé'gggé ~~~~~ xlslg‘m,ld 09 %ggg xay %g lgiggig(l) 2§ggg that 1 mmi =~ 1 mmag, but it employs a linear rather than a
pab- een cDonal .7 m ay . : . : . .
pab-0047 ...  McDonald 09 m 1990 May 30  6:53:30 13530 logarithmic scale. We represent the Fourier spectrum derived
pab-0048 .... McDonald 09 m 1990 May 31 3:11:00 26390 from the light curves in units of modulation amplitude (ma) or

modulation power (mp), which are related in the expected way:
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Fi1G. 1.—Light curve of GD 358 from the central 24 hours of the WET run, after sky effects have been removed and runs from individual telescopes have been
combined, in units of millimodulation intensity (mmi).
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mp = ma’. These units allow us to represent the quantities
with small integers instead of decimal notation with many
leading zeros, or exponential notation where significant differ-
ences can be overlooked when they appear in both the number
and its exponent. We find that modulation intensities in
observed white dwarfs are conveniently expressed in units of
mmi, as in Figure 1, and power spectra in units of ump.

Our coverage is not quite complete, so sometimes there are
gaps in the light curve; these gaps produce spectral leakage in
the power spectrum—peaks that are artifacts of the data acqui-
sition process and are not astrophysical in origin. We quantify
this process by sampling a single, noise-free sine curve in the
same manner as the data were sampled, then computing its
power spectrum (Nather et al. 1990), which we call the spectral
window. It shows the pattern of peaks we can expect to find in
the power spectrum were only a single frequency present in our
observed light curve (Fig. 2).

The data were nearly continuous during the central portion
of the WET run on GD 358; this is demonstrated by the
extremely low power levels in the side lobes of the spectral
window. This is the best window yet produced by the WET.

3. MODE IDENTIFICATION

We begin our analysis by considering the region of the
power spectrum where the power is largest: the region between
1000 and 2400 uHz, shown in Figure 3. The individual stellar
pulsations that cause the peaks in the power spectrum are
nonradial gravity modes (g-modes). From a theoretical per-
spective, if we base our models on nonradial gravity modes
(g-modes). From a theoretical perspective, if we base our
models on nonradial spheroidal modes, we can exploit the
strong underlying spherical symmetry, caused by the white
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dwarf’s intense surface gravity, by expanding the pulsation
eigenfunctions in terms of spheroidal harmonics Y, ,. Then
there are three quantum numbers which identify a particular
mode or eigenfrequency: the degree of the spherical harmonic,
¢, the azimuthal quantum number, m, and the radial overtone
number k. We must first identify unambiguously the degree, 7,
for each multiplet of frequencies that we will use in construct-
ing our matching model for the star. If we are unable to do this
we cannot proceed.

The high-power pulsations in Figure 3 appear in groups of
three, with spacings between the groups that increase
monotonically with frequency. This is the pattern we expect
from a group of multiplets for £ = 1 in a star rotating on its
axis, since there can be, at most, 2¢ + 1 frequencies in an indi-
vidual multiplet, corresponding to the possible valuesm = —1,
m = 0,and m = + 1. For a perfectly spherical star all values of
m would have the same frequency, but rotation introduces an
asymmetry that causes these frequencies to split apart, so that
each value of m will have its own frequency and will be inde-
pendently represented in the power spectrum. An £ = 2 multi-
plet can have five members, an £ = 3 can have seven, etc. We
find only triplets here, but we must be cautious: it is always
possible that only three members of a more complex multiplet
are detected.

The multiplets for a given degree should all be about evenly
spaced in period, and therefore show progressively wider
separation in frequency, corresponding to successive integer
values of the radial overtone k. If multiplets of more than one
degree are present, as they were in the DOV PG 1159—035
(Winget et al. 1991), then their patterns may overlap each
other; they must first be identified with their proper degree
before the spacings between multiplets become meaningful.
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F1G. 3.—Region of highest modulation power in GD 358. The index numbers correspond to the value of the radial overtone (k) for each identified multiplet.
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We can explore our spectrum for equal period spacings by
first converting it into a “period transform ”—showing power
as a function of period rather than as a function of frequency—
and then taking its Fourier transform to find any preferred
spacings in period (the FTPT). We recognize that this is not an
ideal procedure: the nonsinusoidal nature of the period trans-
form will yield harmonics in the FTPT that we must identify
and disregard, but it has the advantage of being completely
objective in its approach. We can also use the Kolmogorov-
Smirnov (K-S) test (Kawaler 1988) for the same purpose, but
we must first decide which peaks to include; this introduces a
subjective element into the process which the FTPT avoids.

Figure 4 (top panel) shows the FTPT for our selected high-
power region. The most significant peak appears at 0.0255 Hz,
corresponding to a period spacing of 39.2 s, and its (marginally
significant) harmonic appears at 0.0510 Hz. We also find a
significant peak at 0.0127 Hz, but it arises entirely from the
large amplitude of the triplets marked 15 and 17 in Figure 3,
and the low amplitude of triplet 16. Its period is about twice
39.2 s and therefore is not an independent spacing. We identify
39.2 s as the period spacing for £ = 1 modes, as exhibited by
the separations of the prominent triplets. Then, based on the
asymptotic approximation for large values of k, which our
models indicate is appropriate for DB pulsators, we would
expect £ = 2 multiplets to be spaced at 22.6 s, those for £/ = 3 at
16.0s,andfor/ =4 at 124s.

Vol. 430

We find two peaks corresponding to 23.1 and 21.7 s which
span our estimate for £ = 2 spacing, and may indicate the
presence of these modes at a very low power level. The only
other significant peak in the FTPT indicates a spacing of 13.9 s
that does not fit our calculated pattern and must arise from
some other cause.

The K-S test applied to this spectral region (Fig. 4 lower
panel), using all three components of the 10 largest triplets,
also shows the 39.2 peak and its harmonic. The same test using
only the m = 0 components shows the same spacing at lesser
significance, and it also shows the 13.9 s spacing found in the
FTPT. We identify the 13.9 s spacing as an artifact, brought
about by the effects of mode trapping on the individual
multiplets—the response of individual modes to the layered
structure of the envelope that changes their spacings from each
other—which we analyze in detail later. The bifurcation of the
significant spacing peaks in the K-S test arises from the same
cause. The absence of any spacing near 22 s, which might arise
from / = 2 modes, clearly illustrates the selection effects the
K-S test can exhibit: by ignoring the smaller peaks we avoid
any noise they might contain, but we may overlook a real
spacing that might be imbedded there.

Our identification of both the £ = 1 and £ = 2 modes in PG
1159 was very firm because the ratio of their period spacings
had just the expected value, and because the average frequency
splitting within each £ = 1 triplet, which arises from the star’s

5 39.2s
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FiG. 4—Fourier transform of the period spectrum of GD 358 (upper panel), confined to the spectral region shown in Fig. 3, and the results of the Kolmogorov-
Smirnov test applied to the same region (lower panel). Arrows indicate independent period spacings.
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rotation on its axis, had the expected ratio with those found in
the £ =2 quintuplets. These frequency splittings were very
nearly the same for all the multiplets in PG 1159 so they could
be averaged together; they are not the same in GD 358.

Further, we cannot apply this internal check to our identifi-
cation of the triplets in GD 358 because the very few multiplets
we can identify as £ = 2 modes are barely above the noise level
in the power spectrum, and some of them overlap, by accident,
¢ =1 triplets from which they must be untangled. For
example, the spectral region between 2060 and 2100 yHz in
Figure 3 shows significant power that cannot be associated
with £ = 1, and has peaks with frequency splitting suggesting
an ¢ = 2 quintuplet, but is so low in amplitude and intermixed
with measurement noise that the identification is far from
certain. If we assume it is an £ = 2 quintuplet, we can locate
where other members of its family should fall: they overlap,
and therefore may contaminate, the [ = 1 regions marked 10,
11 and 12, and add power to the aliases on the high-frequency
side of 9.

We must therefore rely on external evidence to confirm our
triplet identifications as [ = 1. As we will see, no other iden-
tification yields a model that is consistent with all of the
observations.

4. ANALYSIS OF THE PERIOD SPACINGS

The mean of the observed period spacings between multi-
plets for successive values of k provides a measurement of the
total mass of the star (Kawaler 1987; Bradley, Winget, &
Wood 1993), and the deviations of individual multiplet spac-
ings from their mean yield information about the star’s internal
structure. Were the object homogeneous, without discontin-
uities, the period spacing would be nearly uniform. The pres-
ence of internal discontinuities—the degeneracy boundary,
and the transition regions between different chemical species—
cause deviations from uniform spacing that are different for
each radial overtone, depending on how it samples the stellar
interior. Our analytical procedure is based on synthesis: we
construct pulsation models and adjust their parameters until
their behavior matches that of the star as nearly as we can
magnage it. We then extract these best-fitting parameters,
when the fitting process is acceptable, as measurements of the
corresponding physical values present in the star.

Figure 5 shows how the individual period spacings dP
deviate from their mean, as a function of period (and k-value).
We use the mean period spacing to find the nominal period for
the m = 0 component of each multiplet, then derive dP by
subtracting the nominal period from the observed one. We plot
as solid dots those deviations where the identification of the
central triplet frequency (m = 0) is certain, and as hollow dots
those points where there could be some ambiguity from mea-
surement noise, or from possibly overlapping / = 2 modes.
An alternative representation of the same information makes
use of forward differences (AP, = P,,, — P,) and is self-
normalizing, but each deviation requires that two adjacent
modes both be identified and is undefined if they are not. Here
we concentrate on the measured mode positions rather than on
the intervals between them.

Bradley & Winget (1994), in a companion paper, have
explored in detail a series of seismological models designed to
match, as nearly as possible, the period spacings found in GD
358. We superpose their best-fitting model spacings (square
dots) over the observed spacings in Figure 5. They find that
this model has a mass of 0.61 + 0.03 M, in good agreement
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Fi1G. 5—Observed deviations of individual periods from their mean
(circles) and the theoretical model that best fits the data (squares). Hollow
circles indicate multiplets where the identification of the central frequency peak
(m = 0) is less certain. The radial overtone number (k) is indicated for each
theoretical value.

with a mass of 0.60 + 0.17 M for GD 358 determined by
Thejll, Vennes, & Shipman (1991) but somewhat more precise.
They also find that the value of k for each triplet is uniquely
determined—changing k by + 1 yields a model that totally fails
to fit—so the actual regions of the stellar interior sampled by
each radial overtone is known without ambiguity. We use their
derived values of k to identify the £ = 1 triplets in our figures.

They further find that fitting the shape of the curve in Figure
5, where the roughly cyclic behavior is caused by the presence
of mode trapping, yields a mass for the helium layer, My, =
20+ 10x 107° M,, some 10,000 times smaller than the
“canonical ” value derived from evolutionary models.

They also derive, from their best-fitting model, the absolute
luminosity of GD 358 as 0.050 + 0.012 L. Combined with a
bolometric correction appropriate for an object with the tem-
perature of GD 358 (24 + 1 x 103 K), they derive a distance of
42 + 3 pc, in good agreement with the distance derived from
measurements of the stellar parallax (Harrington et al. 1985) of
36 + 4 pc. They find that only the identification of the triplet
frequencies in GD 358 as / = 1 leads to a luminosity, and
distance, that agree with the parallax measurements. If they
identify them as / = 2 they derive a distance of ~75 pc, and a
mass of 0.2 M, totally inconsistent with other measurements
of these quantities. If the measured parallax is correct, then the
triplets we find must be £ = 1 modes.

5. FREQUENCY SPLITTING WITHIN MULTIPLETS

5.1. Evidence for Differential Rotation

In our analysis of PG 1159 —035 we found that all of the
multiplets for a given £ had the same frequency splitting—the
absolute value of the difference between the m = 0 frequency
and that of the other multiplet members—so we could simply
averge them together to get a good measurement of their
separations, and then derive the rotation period for the star
(1.38 + 0.01 d). This implied that the star was undergoing
unifom rotation, at least in those regions sampled by the range
of multiplets represented.

GD 358 is not this simple. Its frequency splittings are not
constant: they vary with both k and m. Figure 6 shows the
measured triplet splittings as a function of k, plotted separately
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Fi1G. 6.—Frequency splittings within multiplets, as a function of radial
overtone number (k). The greater splittings for larger k-values, which prefer-
entially sample the outer envelope, show the presence of differential rotation.
The systematically larger splittings for the m = +1 modes than for the
m = — 1 modes show the presence of a weak magnetic field.

for the prograde (m = +1) and retrograde (m = — 1) modes.
We immediately notice that the curve has a significant slope,
with the smallest frequency splitting (at k = 8, 9) some 1.8
times less than the largest (at k = 16, 17).

If we identify the triplet structure as caused by stellar rota-
tion, then we must conclude that the star is rotating differen-
tially. The modes of higher k preferentially sample the outer
envelope, while those of lower k sample regions closer to the
core, and the modes of higher k have significantly larger split-
tings than those of lower k. The mean splitting of 6.51 uHz for
k = 16, 17 corresponds to a rotation period of 0.89 d, while the
mean splitting of 3.68 uHz for k = 8, 9 corresponds to a period
of 1.6 d. We conclude that the outer envelope, as sampled by
the highest k-values, is rotating 1.8 times faster than that
portion of the outer core that is sampled by the smallest k-
values we can detect.

5.2. Evidence for a Magnetic Field

There is also a significant difference between the frequency
splittings associated with the prograde and retrograde modes,
although both define a similar overall slope: those associated
with m = +1 are systematically larger than those form = —1.
Following work by Dziembowski & Goode (1984), Jones et al.
(1989) described the manner in which rotation and magnetic
fields can cause the separation of otherwise degenerate modes
into multiplets in white dwarfs. Under the effects of rotation
but no magnetic field, the m = 0 mode is split symmetrically
into 2¢ + 1 separate frequencies that appear in equal numbers
above and below the central frequency, with equal splittings.
This is what we found in PG 1159.

In the presence of a weak magnetic field (one which perturbs
but does not dominate the motions of the stellar plasma) the
modal frequencies are modified in a manner proportional to
|m|?, so both outer members of a triplet are increased in fre-
quency with respect to the central frequency. The physical
effect involved is straightforward—the presence of the mag-
netic field “stiffens” the plasma and increases the oscillation
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frequencies—but the geometry is complex and the detailed cal-
culations are difficult. Nonetheless, we can estimate the
strength of a magnetic field that would cause the systematic
deviations from symmetrical splitting we have observed, based
on the models computed by Jones et al., scaled to considerably
lower fields than they considered.

In their Figure 1, they show the frequency splitting between
m =1 and m = 0 modes for /£ = 1, due to the presence of a
magnetic field, plotted against the period of the mode. They
assumed a dipole field of 10° G, but the frequency splitting can
be scaled to other field strengths by multiplying by the period
of the mode. They assumed a dipole field of 10° G, but the
frequency splitting can be scaled to other field strengths by
multiplying by B2/(10° G)2. For each of the modes in GD 358
with k between 10 and 16 inclusive, we took the measured
period and its frequency splitting asymmetry, and calculated
the magnetic field required to produce it. This yielded a set of
field strengths for these modes with values ranging between
800 and 2000 G. We calculated the error from the dispersion of
the values about their mean, choosing 3 ¢ as a conservative
estimate. We consider the simultaneous presence of slow rota-
tion and a weak magnetic field in the Appendix.

From this procedure we calculate the average strength of the
magnetic field in GD 358 to be 1300 + 300 G, a field roughly
1000 times weaker than can be measured from Zeeman split-
ting of white dwarf spectral lines.

Follow-up observations of GD 358 in 1990 June showed
much the same power spectrum as we saw in May, but with
two significant differences: the power in the k = 17 mode had
increased almost 10 times while retaining the same frequency,
and the frequency of the k = 15 mode had changed by a small
but significant 0.5 pHz while its power remained unchanged.
Both of these effects suggested the presence of a magnetic field
associated with the outer layers of the star, and led to the
theoretical exploration of this possibility by Markiel, Thomas,
& Van Horn (1994) which has been submitted as a companion
paper to this one. Their work suggests that the magnetic field
we have found may well be internally generated by the plasma
motions associated with pulsation, with convection, or perhaps
in the shear region where differential rotation can result in
turbulence. The timescale they derive for magnetic field
reversal is ~2 years, short enough to be consistent with the
observed changes. Our observations of GD 358 in 1990 June
are still under analysis and will be published elsewhere.

All of the frequencies identified in the 1000—2400 uHz region
of the power spectrum, on which we have based our analysis so
far, are listed in Table 2.

6. NONLINEAR EFFECTS IN THE POWER SPECTRUM

6.1. Observations

When two g-mode pulsations of different frequencies are
simultaneously present in the light curve of a luminosity-
variable white dwarf, we observe their linear combination as
beating—amplitude modulation of the light curve as they
come in and out of phase with each other. When there are
more than two frequencies present, the process is the same, but
the amplitude modulation is more complex, and long strings of
data are needed to resolve them if their frequency differences
are small. This circumstance was the original motivation for
organizing the Whole Earth Telescope observing network.

So long as the medium in which the oscillations propagate
can respond in a linear manner, the original frequencies retain
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TABLE 2
IDENTIFIED FREQUENCIES FOR ¢ = 1, 1000-2400 yHz

Frequency Power | A Frequency | Period

k m («Hz) (ump) (uH2) ©)
) -1 1291.00 24.5 6.58 774.59
0 1297.58 210.7 770.67
+1 1304.12 34.1 6.54 766.80
16......... -1 1355.58 24 6.27 737.69
0 1361.85 12.0 734.30
+1 1368.50: 7.1 6.65 730.73
15......... -1 1421.27 87.0 6.00 703.40
0 1427.27 362.1 700.64
+1 1434.04 824 6.77 697.33
14......... -1 1512.72 12.6 6.23 661.06
0 1518.95 69.7 658.35
+1 1525.62 184 6.67 655.47
13......... -1 1611.80 394 5.58 620.42
0 1617.38 334 618.28
+1 1623.49 29.8 6.11 615.96
12......... 0 1733.88: 1.8 576.76
... -1 1840.46: 2.6 5.42 543.34
0 1845.88: 1.8 541.75
+1 1852.12 1.6 6.24 539.92
10......... —1 1989.26: 03 442 502.70
0 1993.68: 12 501.59
+1 1998.83: 1.5 5.15 500.29
Qi -1 2150.57: 2.1 3.53 464.99
0 2154.10 20.5 464.23
+1 2157.67 7.4 3.57 463.46
8., -1 2358.85 23.6 371 423.94
0 2362.56 24.8 423.27
+1 2366.46 12.3 3.90 422.57

all of their original power. When it cannot, however, some of
the power is distributed into other frequencies that are the
sums and differences of the original frequencies. Communica-
tions engineers make use of this property when they design
radio receivers: they deliberately introduce a nonlinear
element (a “mixer ”) that creates sums and differences between
a local oscillator and the myriad of frequencies that arrive at a
radio antenna. A single difference, called the intermediate fre-
quency, is then selected and amplified to provide the output
signal. We tune in a particular station by adjusting the local
oscillator so its frequency difference matches the receiver’s
intermediate frequency.

We should not be surprised to find sum and difference fre-
quencies in the resolved power spectrum of a white dwarf’s
light curve, because the luminosity changes we observe are the
effects of changing temperature (Robinson, Kepler, & Nather
1982), and L oc T*, a distinctly nonlinear transformation. Bras-
sard et al. (1993) have shown that, if this is the only nonlinear
process operating, it is possible to estimate how large an effect
we should observe and predict the amount of power that
should be distributed into combination frequencies.

In Figure 7 we show the full power spectrum of GD 358.
Note that the vertical scales are not the same for each panel—
we have adjusted them to accommodate the wide range of
power in the spectrum. We have labeled 11 triplets in the fre-
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quency region between 1000 and 2400 uHz with their k-values,
as derived from model fitting by Bradley & Winget (1994). We
can identify many peaks above and below this frequency
region as combinations; the labels show which k-values
combine to form them. These identifications are not exhaus-
tive, so we cannot yet decide if all of the peaks above 2400 uHz
are the result of nonlinear combinations, but many of them are.
The presence of several multiple combinations is particularly
striking: the largest peak in the bottom panel, for example,
arises as the triple sum k =17 + 15 + 14. We can find no
simple procedure that predicts what amplitude a particular
combination frequency will have, but the amount of power in
harmonics (the sum of a frequency with itself) is systematically
less than in its combination with other frequencies.

The individual frequencies are well enough determined so
chance identifications from other possible causes are very
unlikely; even so, unambiguous identification can be a
complex process. For example, Figure 8 shows an expanded
view of the multiplet marked (15 + 13), which seems to have a
very odd “hyperfine ” structure with it. This is, however, just a
result of the straightforward sum of multiplets 15 and 13. The
addition of two frequency triplets can create as many as nine
different frequencies as their sums; if their frequency splittings
are nearly symmetrical, however, only five groups (labeled
A-E in Fig. 8) may be resolvable in the spectrum. In this case
the frequency splittings in the k = 13 and k = 15 triplets are
sufficiently different, and our resolution high enough, so we can
resolve most of them.

Of the nine possible frequencies (k, m + k, m) only one (13,
—1 +15, —1, labeled A in Fig. 8) is not associated with a
significant peak in the spectrum; of the remainder, six corre-
spond closely to the measured frequencies within our measure-
ment error, and two are marginally consistent with them, given
the effects of measurement noise and spectral leakage (window
effects). The two discordant sum frequencies (in groups B and
D) result from the combination of (13, 0) with (15, — 1) and (15,
+1). Other small discrepancies appear in other combinations
as well, often enough to raise the question of the cause, if they
are not artifacts. Perhaps some form of magnetic or resonant
frequency pulling is at work; if so, the effects are very subtle
and difficult to measure. Table 3 shows the combinations we
have identified, along with the frequency and power for the
largest member of the combination group.

TABLE 3
IDENTIFIED COMBINATION FREQUENCIES FOR ¢ = 1, 0-5000 uHz

Frequency Power Frequency Power

Combination (uHz) (ump) Combination (uHz) (ump)
15—-17........ 130.19 10.13 17+ 10  3296.02 045
9—15........ 726.82 2.98 17+ 9 345195 2.13
8§—14........ 846.21 421 15+ 9 358147 1.23
8—15........ 937.87 293 17+ 8  3660.00 1.24
15+ 8  3789.86 4.14
18+ 17........ 2531.02 237 17+ 17+ 17 389241 0.73
174+ 17........ 2595.23 393 17+17+16  3958.23 1.22
18 +15........ 2660.84 532 17+17+15  4022.65 1.77
17+ 15........ 2724.96 1879 17+ 17+ 14 411434 0.32
17+ 14........ 2816.62 302 17+ 15+15 415233 0.62
1I5+15........ 2848.28 361 17+ 17+ 13  4211.58 0.71
17+13........ 2913.94 246 17+ 15+ 14 424425 241
15+14........ 2946.65 1992 17+ 15+ 13 434255 0.56
1I5+13........ 3044.66 4.69 8+ 8 472519 0.89
17+ 11........ 3124.38 043 17+15+ 9  4879.23 0.48
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F1G. 7—Full power spectrum of GD 358. The different scales for each panel attempt to accommodate the large dynamic range present. Triplets are labeled with
their corresponding k-value, and the sum and difference frequencies are labeled with the k-values for the triplets which combine to form them.

6.2. Theory
In addition to the straightforward process of harmonic
distortion—the inability of the propagating medium to
respond linearly to the full amplitude of the modulation—the
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F1G. 8.—Spectral region surrounding the sum of the k = 13 and k = 15
triplets. Arrows indicate the expected peak locations for the nine possible sum
frequencies.

process of resonant mode coupling could also be playing a part
here (Dziembowski 1982). Should there exist stable normal
modes at (or near) the combination frequencies of active
modes, they could be excited to observable amplitude by res-
onant interaction. We cannot, however, explain the nonlinear
effects we see as due to mode coupling, for three reasons:

1. We find too many combination frequencies. The density
of normal g-modes decreases with increasing frequency and
becomes much too sparse to account for the number of com-
binations we have found.

2. Harmonic distortion readily describes the details of the
observed combinations. The good agreement between the cal-
culated and observed frequency sums for the combination
k =13 + k = 15, shown in Figure 8, would be difficult if not
impossible to attain using resonant mode coupling as the
major cause; the same argument holds for other identified
combinations as well.

3. We find too many triple-mode combinations. These
would require the unlikely process of higher-order mode coup-
ling to explain, and would result in amplitudes too small to
identify above our measurement noise.

We therefore conclude that the nonlinear behavior we observe
is caused primarily by harmonic distortion, and that resonant
mode coupling alone cannot account for the rich forest of
combination frequencies we observe.

The possible effects of harmonic distortion on the temporal
spectrum of white dwarfs have already been addressed theo-
retically by Brickhill (1992) and by Brassard et al. (1993), using
somewhat different assumptions about the mechanism
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responsible. Brassard et al. assume that the temperature varia-
tions are linear (sinusoidal), and that all of the nonlinear
behavior results from the transformation to luminosity. If this
underlying assumption is correct, then the parameters of an
appropriate atmospheric model can be adjusted to yield com-
bination peak amplitudes that match those observed in the
star, and can thus provide an independent, seismological mea-
surement of the star’s effective surface temperature.

Brickhill presents a model of a DAV pulsator in which pres-
sure variations in the driving region are assumed to be sinu-
soidal, resulting in temperature variations that are not. This
model makes specific predictions about the amplitude of com-
bination frequencies that should appear in the power spectrum
as a function of the amplitudes of the parent frequencies.
Brickhill’s model does not, however, include the effects of the
nonlinear transformation to luminosity that forms the core of
the work by Brassard et al. We can compare Brickhill’s pre-
dicted amplitudes with those we observe in GD 358—with the
caution that we are comparing an observed DBV object to a
model DAV—and find they are systematically much too small.
This process alone cannot account for the combination ampli-
tudes we observe, but might contribute to them, and therefore
could introduce a systematic error into a seismological mea-
surement of T .

This is far from an exhaustive list of possible nonlinear
effects, but it is clear from the wealth of combination fre-
quencies present that they play an important role in the pulsa-
tion behavior of many of the variable white dwarfs. We
strongly urge theoretical efforts to model this behavior. The
success of asterseismology depends on our ability to match
these new, high-resolution observations with accurate theoreti-
cal descriptions of the processes involved.

7. THE ORIGIN OF GD 358

The population of white dwarfs in the H-R diagram is con-
centrated along a curve significantly below the main sequence,
completely consistent with the view that nuclear fusion is no
longer active, and that their further evolution depends only on
cooling. The hottest objects associated with this picture are the
nuclei of planetary nebulae and the PG 1159 stars, with tem-
peratures in excess of 100,000 K, so hot that the recombination
lines of hydrogen are not detectable. Hydrogen lines appear in
white dwarf spectra at about 70,000 K, and they dominate
their spectra between 45,000 and about 30,000 K: all of the
white dwarfs in this temperature region are classified as DA
(hydrogen envelope) objects. The helium envelope white
dwarfs, with a spectral type DB like GD 358, only appear on
the cooling curve at temperatures below 30,000 K.

Vauclair & Fontaine (1979), and Fontaine & Wesemael
(1987) have proposed that the DB white dwarfs are, in effect,
just mixed-up DA objects: helium convection, which has its
onset at about 30,000 K in their models, mixes the thin outer
hydrogen layer so thoroughly into the underlying helium that
it can no longer be detected in the spectrum. For this to occur
the hydrogen layer must be very thin ($107'* M), and the
helium convection zone must be thick enough to completely
dilute it. Objects which still have DA spectra below 30,000 K
are explained as those that have a hydrogen layer too thick to
be “mixed away.” As cooling proceeds the convection zone
deepens, eventually dredging up material from near the core
that brings carbon to the visible stellar surface, explaining the
observation of carbon in some DB white dwarfs at 12,700 K
and cooler (Pelletier et al. 1986).

Our measurement of the helium layer thickness in GD 358
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poses a potential difficulty for this scenario. A helium layer of
only 10~ M, would allow carbon dredge-up to occur at tem-
peratures much higher than are observed, and in far greater
abundance than is found. It was an exploration of these
models, constrained by the observations of carbon in the
cooler white dwarfs, that determined the He layer mass as
10735 M, by allowing it to be a free parameter. It may be
difficult to adjust the models to accommodate a layer thickness
300 times smaller. However, the differential rotation we
observe in GD 358 could arise as a natural result of cooling
and contraction from a DOV object, because its outer
envelope will contract far more than its degenerate core, and it
must conserve angular momentum while it does so. From the
standpoint of rotation, PG 1159 could become a GD 358.

An alternative origin for the DB white dwarfs was suggested
by Nather, Robinson, & Stover (1981), who demonstrated that
the variable star G61 —29 was an interacting pair of degener-
ate white dwarfs, with helium lines in emission that arise from
an accretion disk around the more massive of the pair. They
detected no hydrogen in the spectrum, proposing that the mass
donor was the remnant of a stellar core in which all of the
original hydrogen had been converted to helium, following a
model first proposed by Faulkner, Flannery, & Warner (1972).
They derived an orbital period of 2800 s from the “S-wave” in
the spectrum and proposed that gravitational radiation would
force the continued interactive evolution of the system until the
mass donor was totally consumed, leaving a single helium-
atmosphere white dwarf as a relic.

While it is difficult to argue that the interacting twin-
degenerate systems will not become DB white dwarfs, it is also
difficult to argue that all DB white dwarfs are formed by this
mechanism—the number density of the known objects is too
small, and no efficient search technique to find new ones has
been devised. The idea is attractive, however, because it can
also explain the absence of DB white dwarfs with temperatures
above 30,000 K. If they do not descend from hotter single
objects, but are formed by the merger process after waiting a
long time in “cold storage” as required by the weakness of
gravitational radiation that drives them together, then their
effective surface temperatures would be established by
reheating the outside of a cooler white dwarf. An accretion disk
can radiate away far more energy than a contracting white
dwarf is able to manage, so a merging system should exhibit a
much lower surface temperature. The best-studied twin-
degenerate, AM CVn, has an observed temperature near
25,000 K.

The merger model also demands that the relic should have
an envelope in rapid rotation, as a result of the deposition of
orbital momentum from the consumed companion, in agree-
ment with our findings. The very thin He envelope we have
found, however, also poses a problem for any binary-merger
model for the origin of GD 358. The model for G61 — 29, based
on the assumption that the mass donor fills its Roche lobe,
requires that its mass be about 0.02 M. This amount of He, if
transferred to the mass accretor, would yield a much thicker
He envelope than we have measured. Further, the measured
mass is very close to the mean mass exhibited by single white
dwarfs, and we might expect the relic of a merger to have a
somewhat larger mass than average. Any detailed merger
model would have to address these points.

It is clearly too soon to try to select a model for the process
by which GD 358 became a DB white dwarf, but we are
encouraged that these new observations, and others to follow,
may help guide us to the correct one.
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8. SEISMOLOGICAL TECHNIQUES

Temporal spectroscopy—the detailed analysis of the power
spectrum of complex, coherent stellar oscillations—allows us
to study the internal structure and composition of stars, just as
wavelength spectroscopy allows us to study their surfaces.
Many of the techniques we use in this analysis are familiar
from other types of measurement, while others are unique to
stellar seismology; the field is new enough so that technique
development still forms an important part of the process.

The identification of low-amplitude peaks in the power spec-
trum, in the presence of the inevitable noise of measurement,
poses a basic problem for this type of analysis. We have found
a strong selection criterion in the frequency splitting within an
identified multiplet—even where the splittings are unequal, as
in GD 358, imposition of a narrow acceptable range of dis-
placements in frequency makes identification much more
certain than amplitude criteria alone. We can measure fre-
quency with much greater precision than we can measure
amplitude.

In addition to its astrophysical significance, the presence of
sum and difference frequencies allows us to assess our errors of
measurement in frequency. For example, we measure the
m =0 mode for k=17 at 1297.58 uHz and for k=15 at
1427.27 uHz. Their sum is 2724.85 yHz. We measure their sum
peak at 2724.96 uHz, so the accumulated measurement error
for the three peaks is 0.11 uHz, and the apparent error for the
one peak would be 0.11/3'/2 = 0.06 puHz. By accumulating
these individual errors from the sum peaks we can identify, we
estimate our average rms error as +0.11 yHz for any one
frequency measurement.

The presence of nonlinear effects also offers an interesting
observational possibility: the detection of high-degree modal
patterns not expected to be visible to us. We view the whole of
the stellar disk because we cannot resolve it spatially, so the
observable amplitude of modes £ 2 3 is reduced by geometric
cancellation effects (Dziembowski 1977) if they are sinusoidal.
If they are not, however, geometric cancellation will be far less
effective, and we may be able to detect them if they are present,
or be able to set useful limits if we cannot.

9. SUMMARY AND CONCLUSIONS

We summarize first the results concerning the pulsation
properties of GD 358 that our observations have revealed:

1. As in PG 1159, we find evidence for pulsations of degree
¢ =1and ¢ = 2, but no evidence that higher degree pulsations
are excited to detectable amplitudes. In GD 358 all the large
amplitude modes have £ = 1; the multiplets with £ = 2 are too
small to be useful in our analysis.

2. The amplitudes vary with m within and between multi-
plets, as they do in PG 1159, but not in any pattern we are able
to understand. Mysteries remain.

3. The values for the radial overtone number k for each
multiplet are uniquely determined by detailed model fitting, so
the regions of the interior they sample are known without
ambiguity.

4. The absolute luminosity is also determined to high accu-
racy, and is a sensitive function of the degree assigned to the
pulsations. Model fitting can therefore identify £ by demanding
that its apparent distance agree with that obtained from stellar
parallax measurements.
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5. The rich pattern of sum and difference frequencies we
observe shows that nonlinear effects are important, but rules
out resonant mode coupling as a major cause. Resonance may
have some perturbing effect on the measured combination fre-
quencies, however.

We next summarize our results concerning the stellar
physics of GD 358:

1. Differential rotation is evident in the star, based on the
trend of frequency splitting as a function of the radial overtone
number, k. The outer envelope is rotating 1.8 times faster than
the core.

2. The systematic deviations from symmetrical frequency
splitting for modes with m = —1 and m = +1 provide strong
evidence for the presence of a magnetic field. We estimate its
strength at 1300 + 300 G. Theoretical work by Van Horn et al.
finds a plausible explanation for this field as self-generated, by
a dynamo process.

3. The rich spectrum of observed sum and difference fre-
quencies, many involving triple combinations, indicate that
nonlinear effects are significant in GD 358. The largest pulsa-
tions have harmonics with amplitudes significantly less than
those of their combined sums, suggesting the nonlinearity
arises in the regions through which the pulsations propagate,
rather than where they are driven.

4. The mass of GD 358 is 0.61 + 0.03 M, derived from
detailed model fitting to the deviations from uniform triplet
period spacing.

5. The best-fitting model measures the helium layer thick-
ness as My, = 2.0 + 1.0 x 10~° M. If this value is typical for
DB stars it provides a strong and important contraint on their
evolutionary origin.

6. The absolute luminosity of GD 358 is 0.050 + 0.012 L,
derived from detailed model fitting.

7. The seismological distance to GD 358 is 42 + 3 pc, based
on its derived absolute luminosity, and assuming a bolometric
correction appropriate to a star with its T, of 24 + 1 x 10* K.
The distance derived from parallax measurements is 36 + 4 pc.

The theory and practice of stellar seismology continues to
surprise us with the richness and detail of its scientific return.
We have limited our main analysis of GD 358 to the small,
high-amplitude region of the total power spectrum, with
minimal exploration of the remainder. This star, and others
like it, still have much to teach us about their structure and
their history, and temporal spectroscopy offers us an effective
way to study them.
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APPENDIX

Following the analysis of, for example, Jones et al. (1989), we can develop expressions for the change in the pulsation frequency
due to the presence of slow rotation, and weak magnetic fields. Both physical effects break the azimuthal symmetry and thereby the
m-degeneracy of modes with the same radial quantum number, k, and degree, /. This can produce fine structure similar to that
observed in many pulsating white dwarf stars (see the discussions in Winget et al. 1991, and Jones et al. 1989).

The key to differentiating between the two distinct effects is the number of components resulting in the fine-structure multiplet:
rotation produces 2¢ + 1 components, and fields of the sort considered by Jones et al. produce only £ + 1 components. Both the
above cited sets of authors point out that simply counting multiplet components can be used as an empirical test to distinguish

between the effects.

Of perhaps greater astrophysical interest is the circumstance when both physical effects are simultaneously present in a star. We
assume, following Jones et al., that the magnetic and rotation axes are aligned. We further assume that the rotation rates and the
magnetic field strengths are small; then if we regard the effects on frequencies and eigenfunctions as operators, the rotation operator
and the magnetic operator commute. That is to say, the corrections are linear. Then the order in which one computes the frequency
changes is unimportant and the final frequency distribution is given by:

— 2
Jk»/,m = Ok,¢ + maarot + lml 50-3 .

Then the splitting terms can be determined from the observed frequencies using the following expressions:

00, =

rot

and

Om=+1 — Om=—1

2

00 =0pey1— 00,5 — Opco »

or, rewriting using the formula for ég,

rot ?

dog =

_ (6m=+1 + 6m=—1)

— 0,

m=0 -

Note that when da,, > 005, the identification of the m = +1 and m = 0 is unambiguous. This is the case for GD 358. We also
ignore, for this purpose, the effect of the magnetic field on the mode for m = 0, which cannot be determined directly from the
observed frequencies, and must be smaller than dog. Then from the above expressions we can estimate the rotation rate and the

magnetic field strength using the results of Jones et al.
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