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Width of SL(n, Og, I)

PAVEL GVOZDEVSKY

ABSTRACT. We give an estimate for the width of the congruence subgroup SL(n, Og, I) in
Tits—Vaserstein generators, where Og is a localisation of the ring of integers in a number
field K. We assume that either K has a real embedding, or the ideal I is prime to the
number of roots of unity in K.

1. INTRODUCTION

Given a group G with generating set X, the width of G in generators from X is a minimal
number N such that any element of GG is a product of at most NV elements from X. When
the width is finite, we say that G admits bounded generation with respect to X.

For special linear group, or more generally for Chevalley groups bounded generation with
respect to the elementary generators is known for certain classes of rings. For example this
holds for Dedekind domains of arithmetic type, see [4], [5], [12], [20], [21],[11],]6].[7],19], [23],
[24], 125],]27],|26], [28]. These results are of great value, for example they are connected to
the congruence subgroup property, see [10],|[13]; to Margulis—Zimmer conjecture, see [16];
and have applications in logic, see, for example, [1], [2].

In [17], it was proven that the principal congruence subgroup G(®,Og, I) of a classical
Chevalley group with tk® < 2 over a Dedekind domain Og of arithmetic type has finite
width in Tits—Vaserstein generators, provided the fraction field of Og has a real embedding.
Also this result can be deduced from [23]. However, either way the proof relies on results
from [22], which on its turn are not constructive and do not allow to obtain an explicit
estimate of the width in question. In Section [, we show how one can one can obtain such
a proof directly from the result of [4].

In the main part of the present paper we prove an effective version of the result from
[17] for special linear group, i.e. the width of SL(n, Og, I') will be estimated explicitly.

First we consider the double O of the ring O with respect to the ideal I, where O is the ring
of integers in a number field, and adopt the technique from [4] in order to give an estimate
for how many elementary transvections from SL(3,0) is enough to present any matrix
from SL(2,0) (Theorem B.1). Then we generalise this result to a localisation Og of the
ring O (Corollary B.2]). After that we use these results to estimate the width of SL(n, Og, I)
in Tits—Vaserstein generators (Corollary B3]). Finally, considering two ideals A,B < Og,
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we use the proof of Lemma 7 in [30] in order to estimate the width of SL(n,Og, AB) in
generators [t; j(a),tp ()], where 1 <i# j<n,1<h#k<n,ac Aand be B.

The paper is organised af follows. In Section [2] we give the necessary preliminaries and
introduce basic notation. In Section [8] we formulate Theorem B.Il and prove its corollaries
as described above. In Section [l we give the proof of Theorem B.Il In Section [l we give
some final remarks.

I am grateful to Nikolai Vavilov for optimising the proof of Corollary [3.4]

2. PRELIMINARIES AND NOTATION

2.1. Special linear group. For a commutative ring R we denote by SL(n, R) the group
of n X n matrices over R with determinant one. By t;;(£), where 1 < i # j < n and
¢ € R, we denote an elementary transvection, i.e. the matrix that has 1 in all the diagonal
positions, ¢ in the position (7,j) and 0 in all the remaining positions. By FE(n, R) we
denote the elementary group, i.e. the subgroup of SL(n, R) generated by all the elementary
transvections.

2.2. Congruence subgroups. For an ideal I < R, we denote by SL(n, R, ) the prin-
cipal congruence subgroup, i.e the kernel of the reduction homomorphism SL(n, R) —
SL(n, R/I) induced by the projection R — R/I. By E(n,I) we denote the group gener-
ated by all the elementary transvections ¢, ;(§) with & € I; and by E(n, R, I) we denote
the elementary congruence subgroup, i.e. the normal closure of E(n,I) in E(n, R).

As a group E(n, R, I) is generated by Tits—Vaserstein generators

{t;;(&) 9 e, ¢ €0},

see, for example, Theorem 2 in [29].

In the present paper, we consider the localisation Og of the ring O of integers in a number
field K. We assume that either K has a real embedding, or the ideal I is prime to m,
where m be the number of roots of unity in K. Under these assumptions it follows from
[3] that E(n,0Og,I) = SL(n,0g,I). Corollary of the present paper gives an estimate
for the width of SL(n, Og, I) in Tits—Vaserstein generators.

2.3. Double of a ring. Let R be a commutative ring, and I < R be an ideal. The double
of the ring R with respect to the ideal I is a subring of R x R that consists of pairs with
elements congruent to each other modulo I:

R={(a,b) e RxR:a=b mod I}.

We will use the following lemma.

Lemma 2.1. Let b= (V,1") € R be such that ¥ (and hence V') is prime to I. Then the
natural map

R/bR — R/VR x R/V'R

s an isomorphism.
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Proof. It is easy to see that Ker(R — R/VR) = bR + (0,1) and Ker(R — R/V'R) =
bR+ (I,0). These two ideals are comaximal, because R/(I,I) = R/I and by assumption
the image of b in R/I is invertible. Hence we have

bR < (bR + (0,1)) N (bR + (1,0)) = (bR + (0,1))(bR + (I,0)) < bR.
So we have
bR+ (0,1)) N (bR + (1,0)) = bR.

The statement of the lemma now follows from the Chinese remainder theorem. O

3. STATEMENT OF THE MAIN THEOREM AND PROOFS OF COROLLARIES.

Let O be the ring of integers in an algebraic number field K. Let D be the discriminant
of K and CI(K) be its class group. Let m be the number of roots of unity in K. For any
rational prime p set e, = ord,(m), i.e. m = H{p: ep>01 P Further for any rational prime
p we denote by L, the extension of K obtained by adjoining a primitive p®*!-th root of
unity. Now set

Sbaa = {p € P: p | D and ged([L,: K],| CI(K)|) > 1},

where P denotes the set of rational primes. Finally, set

3
A= max max(1,[In(d; +1)/In2]) |,
91+02+03=|Spad] (; ( [ ( )/ D)
where maximum is taken over all triples of nonnegative integers d1,02,03 with d; + o+ d3 =
|Sbad‘ .
The main result of the present paper is the following theorem.

Theorem 3.1. In the notation above, let I be a non zero ideal in O. Suppose that either
K has a real embedding, or I is prime to m. Let O _be the double of the ring O with respect
to the ideal I. Then for any matriz (¢ %) € SL(2,0) the matriz

a b 0 _
c d 0] €SL(3,0)
0 01

15 a product of at most 68A + 4 elementary transvections.

We prove this theorem in Section dl Now we deduce the corollary for localisations of the
ring O.

Corollary 3.2. In the notation above, let S be a multiplicative system in O, let Og =

O[S7!], and I5 be a non zero ideal in Og. Suppose that either K has a real embedding, or
3
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Is is prime to m. Let (5; be the double of the ring Og with respect to the ideal Is. Then
for any matrix (294) € SL(2, Os) the matrix

oo R
O QU o

0
0] € SL(3, Os)
1

is a product of at most 68A + 8 elementary transvections.

Proof. Let I be the preimage of Ig in O. Note that any element s € S is prime to [.
Indeed, let 7 =[] pfi be the decomposition of I into a product of primes, and assume that
s belongs to one of the p;, say p;. Then the localisation homomorphism maps []; 21 pfi to
Is; hence [];, p¥i < I, which is a contradiction.

It follows that, if Ig is prime to m in Og, then [ is prime to m in O. Indeed, in this
case the ideal mO + I must contain an element s € S; and since mO + [ also contains I,
it follows that mO + I = O.

Therefore, Theorem [3.1] can be applied to the ring O and the ideal I. It is easy to see
that OS = O[S‘ |, where S is embeded into b dlagonally, and O maps to O s injectively.

So it remains to prove that any matrix (‘2 Zi ) € SL(2, Os) can be transformed to a matrix

from SL(2, Q) by 4 elementary transformations.

We perform these transformations as follows. At the first step, we multiply our matrix
from the right by a suitable transvection, so that in the new matrix (92 %) the entry as
became prime to (Ig, Is). This is possible because the ring Og/(Ig, Is) ~ O/I is semilocal.

Now let ay = (@, aly) and by = (b}, b]). Both a, and af are prime to Ig, so in particular,
they are non zero; hence O — Og/a50g is surjective. Hence we can choose b, € O such that
by, = b mod a,0g. Moreover, since a), is prime to Is and every element of S is prime to [
in O, it follows that the numerator of af, is prime to I in O; hence changing b, by a multiple
of that numerator, we may assume that b, = 1 mod I. Similarly, we choose b € O so that
by = b] mod afOg and b =1 mod I. By construction, we have by = (b, b5) € O. Since
by = b’ mod a2(95, b’2’ = b mod aj0g, and a is prime to Ig, it follows by Lemma 2.1]

that b = by mod ayOg. Therefore, at the second step, we can multiply our matrix from
the right by a suitable transvection to transform it into the matrix (2 b2).

Now we factor b,0 = b’ b}, such that no prime divisors of b} meet S and such that all
prime divisors of b}, meet S. Similarly, we factor b5O = b{bs. Further choose, v',v" € O
such that v' = a}, mod 0,05 and v = aj mod b50g. By the Chinese remainder theorem

we may now choose aj, aj € O such that

as =0 mod b]O, aj=1 mod b5I,
asy =v" mod b]O, a3 =1 mod bjl.

By construction, we have a3 = (a3, a3) € O. Since a3 = a5 mod 0,05, a5 = a5 mod b0,

and b), is prime to Ig, it follows by Lemma 2.1 that a3 = as mod byOg. Therefore, at
4
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the third step, we can multiply our matrix from the right by a suitable transvection to
transform it into the matrix (2 b2).

In addition, by construction, we have a50 +b50 = a50 4 b50 = O. Thus aj is invertible
modulo 6,0 and af is invertible modulo 650. It follows then by Lemma [2.1] that as is
invertible modulo b2(9 ie. a30 + bQO O. Therefore, at the forth step, we can multiply
our matrix from the left by a suitable transvection to transform it into the matrix from

SL(2, 0). O

Now we show that the results above allow to estimate the width of the congruence

subgroup SL(n,Og,I). First we consider matrices from the image of the embedding
SL(2,Og, 1) — SL(3,0g, I).

Corollary 3.3. In the notation above, let S be a multiplicative system in O, let Og =
O[S, and I be a non zero ideal in Og. Suppose that either K has a real embedding, or
I is prime to m. Then for any matrix (2Y) € SL(2, Og, I) the matrix

a b 0
g=|c d 0| eSL(3,04,1)
0 01

is a product of at most 68A + 8 elements of type ¢; ;(£)", where £ € I and h € SL(3, Og).
Proof. Set N = 68A + 8. Consider the matrix

(a,1) (b,0) (0,0) _
(¢c,0) (d,1) (0,0) | € SL(3,0%).
(0,0) (0,0) (1,1)

By Corollary 3.2 this matrix is a product of N elementary transvections. Thus there exist
elements (7,.. CN, s - (€ Og such that

o (; =( mod[foralllgng,

* Hk:l lka(C//c) =9

o [Ls: b (G =,

for some indices g, jg.

Set &, = (;, — (¢ € I. Then we have

N N N
9= Htimjk( bir.i gk (H Liy, jk ) (H tikvjk:( ;Z)hk) = Htik,jk(gk)hk7
k=1

k=1

where hj, = Hl]i]ﬁLQ tilJz( l”> -

Corollary 3.4. Under the conditions of Corollary 3.3 the matrix g is a product of at most
24 - (68A + 8) = 1632A + 192 Tits—Vaserstein generators, i.e. elements of type t; ;(£)%::(),

where £ € I, ( € Og.
5
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Proof. Due to Corollary B3] it is enough to prove that any element of type ¢; ;(£)" is a
product of at most 24 elements of type ¢; ;(£)4(9).

So let g = t; ;(£)". Without loss of generality, we assume that i = 1, j = 2.

We use the technique from [19]. Let

! ! !

hip hig hig X hi, hiy hig

— ! ! !

h=1|ha1 hoa hos h=" = | hyy hys hys
/ / /

hs1 hso hss hyy hye his

Then we have
3
t12(8) = Ht1,2(h;ﬁ,gfhs,k)t1,3(—h;73€h2,k)-
k=1
Thus it is enough to express (ty2(hy a&hsk)ts(—hy sEhak))" as a product of 8 Tits-
Vaserstein generators. It follows from [19] that
(t12 (M 5€ha )t (=T 5€h2))" = [t (GOt (Co), o (§1)tg (€2) ki (€3)h 5 (0),

where {'L.aj’ k} = {1’ 27 3}’ 51 = h2,3§h971, 52 h;g 3€h@ 1 §4 - h;g,1§17 §5 = h;g,lé-Q) Cl - hé,l)
=N

Now we have

(t1,2(P s€ha )t 3(—hi sEhag))" = (t, (€0t (&) TRy Ly — )t (€4 — &).

Thus it remains to express (ty;(&)t ;(E2))l+("Ex(=62) ag a product of 6 Tits—Vaserstein
generators.

We have
(tk,i(&)tk (52)) (—C )t k(—C2) — tkﬂ_(51)ti,k(_Cl)tj,k(_@)tkd,(é‘é)ti,k(_fl)tj,k(_@)’
where
b (&) RN = (1 4(€1G) i (60)) Y = 1,4(§1G) (= E1G1Ge) (b (€0)) 4,
and similarly

g (So) R R) — (600 )t 1 (—€2C1G) (3 (&) 94 7).
That finishes the proof. O

Now we estimate the width of SL(n, Og, I) for arbitrary n > 3.

Corollary 3.5. In the notation above, let S be a multiplicative system in O, let Og =
O[S, and I be a non zero ideal in Og. Suppose that either K has a real embedding, or
I is prime to m. Let n > 3. The the width of SL(n, Og, I) in Tits—Vaserstein generators
{t;;(6)4:©): € € I, € Og} is at most 3n(n — 1)/2 + 2n + 1632A + 185.

Proof. By Corollary 4.8 in [17], any every element of SL(n,Og, I) can be decomposed into
a product of one element of SL(2, Og, I') and at most 3n(n —1)/2+ 2n — 7 Tits—Vaserstein
generators. It remains to apply Corollary B4 to that one element of SL(2, Og, I). O

6
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Remark 3.6. Similarly one can give an estimate for the width of a congruence subgroup of
the split spin group. Unfortunately, at the time of this writing there are no proven analog of
Corollary 4.8 in |17] for Chevalley groups of type E; however, one can still give an estimate
for the width of a corresponding congruence subgroup as follows. Since the double Og of
the ring Og with respect to the ideal I has Krull dimension equal to one, the proofs of the
surjective K;-stability as presented in [18],[14],|15],|8] together with Corollary B.2] allow to
estimate the width of the Chevalley group over Og in elementary generators. This gives an
estimate for the width of a congruence subgroup in conjugates of elementary generators.
After that it is theoretically possible to estimate how many Tits-Vaserstein generators one
need to express such a conjugate in a manner similar to the proof of Corollary [3.4l

Corollary 3.7. In the notation above, let S be a multiplicative system in O, let
Os = O[S7!], let A and B be non zero ideals in Og. Suppose that either K has a
real embedding, or AB is prime to m. Let n > 3. Then the group SL(n,0Og, AB) is
generated by commutators [t;;(a),thk(b)], where 1 < i # j < n, 1 < h # k < n,
a € Aand b € B; and the width of SL(n,0g, AB) in these generators is at most
12- (3n(n —1)/2 + 2n + 1632A + 185) = 18n? + 6n + 19584A + 2220.

Proof. Due to Corollary it is enough to prove that any Tits—Vaserstein generator for
SL(n, Og, AB) is a product of at most 12 such commutators; and that follows from the
proof of Lemma 7 in [30]. O

Remark 3.8. Similarly, if one calculate an estimate for the width of congruence subgroup
in the spin group or the Chevalley group of type E in Tits—Vaserstein generators, then
multiplying this number by 12 one gets an estimate of the width in elementary commutators
similar to those above.

4. THE PROOF OF THE MAIN THEOREM

For a commutative ring R and an ideal J < R we denote by er(J) the exponent of the
multiplicative group (R/J)* with the convention ez(J) = 0 if this exponent is infinite. In
other words, eg(J) is the smallest positive integer such that for any element a € R prime
to J we have a**/) =1 mod J, or zero if such a positive integer does not exists. For any
b € R we set eg(b) = ecr(bR). Also we will omit the ring in the index if it is clear from the
context.

The proof of the next proposition is the same as the proof of the main theorem in [4],
so we omit it here.

Proposition 4.1. Let R be a commutative ring; let k, A and m be positive integers; and
let Q C R?. Suppose that the two following conditions hold true.

(1) Any row (ay,by), where ay,by € R and a;R+b R = R, can be transformed to a row
(a™,b), where (a,b) € Q, by k elementary transvections from SL(2, R).
7
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(2) For any (a,b) € Q there exist c1,...,ca, € R and 1, ..., va, € Zso, where Ag < A,
such that ged(v1, ..., va,) = 1, and for any 1 < i < Ay we have ¢;b = —1 mod aR
and ged(e(b), e(c;)) = my;.

b

Then for any matriz (¢4) € SL

—~

2, R) the matrix

€ SL(3, R)

oo 2
O QU W
— o O

is a product of at most 68A + k elementary transvections.

In order to proof Theorem [B.I, we apply Proposition .1l to the case where R = O,
k =4, A is as above, m is the number of roots of unity in K, and €2 be the set of all pairs

(a,b) = ((d,a"), (1, b")) € O such that the following conditions hold true

(1) a0 + b0 = 0O;

(2) Each of the elements a’,a” ¥/ ,b" is prime to I;

(3) 'O and V"0 are prime ideals of O with residue characteristic prime to m;
(4) The residue characteristic of &’O does not divide £¢(b”), and vice versa.

Therefore it remains to verify conditions 1, 2 of Proposition 41l in this setting. The
following lemma verifies the condition 1.

Lemma 4.2. Under the conditions of Theorem[31l any row (aq,by), where ai,b; € O and
a10 4+ b0 = O, can be transformed to a row (a™,b), where (a,b) € Q, by 4 elementary
transvections from SL(2, O).

Proof. Step 1. By one transvection, we transform the row (aj,b;) into a row (aq,bs),
where by is prime to the ideal (mI, mI) < O. Equivalently, by = (b}, b?), where both b, and
by are prime to ml.

Clearly, such a transformation is possible, because 0 /(mI,mI) is a semilocal ring.

We shall make use of power norm residue symbols and the m-th power reciprocity law
as described in [3], appendix on number theory. Let pi,...,p, be all the rational primes
dividing m. Fix a positive integer N that is so large that, firstly, for any K-prime p lying
over one of the p; any integer element of the completion K, that is congruent to 1 modulo
p"¥ has an m-th root in K,; and secondly, powers in the decomposition of I into K-primes
do not exceed N. Further for any p; fix a K-prime p; lying over p;. Then we fix p;-local

units u;, w; such that
¢ = ﬁ (Ui, wi)
T\ P/,

is a primitive m-th root of unity. Existence of such u; and w; follows from [3] proposition
A.17 and the standard properties of power norm residue symbols.

Step 2. By one transvection, we transform the row (aq,bs) into a row (ag, by) =
((ay, ay), (b, 03)), where
e a), = a) mod 0,0 and a3 = a] mod b,0;
8
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ay0 and a5O are prime ideals;
L =ay=w; mod pY fori=1,..r;

)

~

ay =1 mod q" for any prime q such that mI Cq, q#p;i=1,...r;
ay is positive in every real embedding of K;

e If K has a real embedding, then a), is negative in one such embedding and positive in
every remaining real embeddings.

e o o o
S
%)

Existence of such @), and aj follows from the Chinese remainder theorem and the general-

ized Dirichlet theorem on primes in arithmetic progressions, see A.11 in [3]. By conditions

/ " [ — " : _ / 2 3 /s 4 :
on a, and a3, we have ay = a3 mod [, i.e. ay = (ah,ay) € O. Since b), is prime to I, it

follows by Lemma 2.1 that as = a; mod byO.

Step 3. By one transvection, we transform the row (as,by) into a row (ag,b) =
((ah,aly), (b',0")), where

o i/ =, mod a,O and 0" = b mod aj

e/ =0 mod I;

e 'O and V"0 are prime ideals;

e b/ and b” are prime to ml;

e The residue characteristic of 'O does not divide ¢ (b”), and vice versa,

e a), is an m-th power modulo ¥'0O, and d} is an m-th power modulo 0”0O.

It is enough to prove that such ¢’ and V" exist; then it would follow by Lemma 2.1l that
b= by, mod ay0.

It follows from the proof of Lemma 3 of [4] that there exists an element v” € O prime
to m such that the congruence v” = v” mod m™ O guaranties that aj is an m-th power
modulo "0, provided 0”0 is a prime ideal and 0" = b mod a50. Since it only residue of
v” modulo m” that matters, we may assume that v” =1 mod q for any prime q such that
I C qbut m ¢ q. Thus v” is prime to mI. Also we may assume that v” = b5 mod a}0.

Further let 2 = a4m™ I and Hy denote the ray class group of K that correspond to the
ideal 2. By the existence theorem of class field theory there is a finite abelian extension
Ky /K for which the Artin reciprocity map gives an isomorphism Hy ~ Gal(Ky/K).

Now we choose b’ such that

e i/ =, mod a0;

eV =" mod I;

e V'O is a prime ideal;

e The extension Ky /K is unramified in &0, i.e. ' is prime to 2;

e U/ is prime to m/;

e ), is an m-th power modulo §'O;

Let us prove that such b’ exists. Here we use the conditions of Theorem B.1I] and consider
two cases.

Case 1. The field K has no real embeddings and the ideal [ is prime to m.
Similarly to v” we can find v' € O prime to m such that the congruence ¥ = v mod m" O
guaranties that a}, is an m-th power modulo §O, provided ¥'O is a prime ideal and O’ = b,

mod a50. Since mO, a,O and I are pairwise coprime there exist infinitely many prime
9
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elements b such that
vV =0, mod a0,
b =v" mod I,
V=9 modm”"O.
We chose one avoiding the primes that ramifies Ky.

Case 2. The field K has a real embedding.
In this case we have m = 2. We search for a suitable & among prime elements such that

b =b, mod a0,
¥ =v" mod mVI.

The only terms in the quadratic reciprocity law for a, and b’ that have not been fixed yet
are the one corresponding to the ideal &’ O and the one corresponding to the real embedding
that makes a), negative. Therefore, we can guarantee that af is a square modulo ¥’O by
prescribing certain sign for &’ in this embedding. That still leaves infinitely many prime
elements. We chose one avoiding the primes that ramifies Ky.

Now let p be the rational prime lying under b'O. Since Ky /K is unramified in &’O and L,
is totally ramified in 6’0 it follows that KyNL, = K; hence Gal(L,Ky/K) = Gal(L,/K) x
Gal(Ky/K). We choose an element o € Gal(L,Kq/K) such that resg, (o) = (v"0, Ky/K),
where (v"0, Ky/K) is an Artin symbol, and resy (o) is nontrivial.

By the Tchebotarev density theorem, there exists infinitely many primes p such that
(p, L,Ky/K) = 0. Choose one avoiding the ramified primes and the divisors of ¢(V')mI.

Since (p, Ky/K) = ("0, Ky /K), it follows by Artin reciprocity that there exists A in K
such that it is multiplicatively congruent to 1 mod 2 and A\v”O = p. Set b’ = \v”. Then
b = 0" mod A and v"O = p. Since (0”0, L,/ K) is nontrivial, it follows that £(0”) is not
divisible by p, c.f. A.8 of |3].

Step 4. By one transvection, we transform the row (as,b) into a row (a™,b) =
((a',a")™, (b, V")), where (a,b) € Q.

By the previous step, there exist a’ and a” such that (a’)™ = @), mod ¥'O and (a")™ = a}
mod 6”0. Since V' and b” are prime to I, we may assume that o’ = ¢” =1 mod I; hence
(a,b) = ((a’,ad"), (V',0")) € Q. Finally, by Lemma 21 we have a™ = a, mod bO. O

In order to verify the condition 2 of Proposition .1 we need the following lemma.

Lemma 4.3. In the setting of Theorem[3.1, let A be a nonzero ideal of O, let b € O be a
nonzero element such that

(1) bO is a prime ideal with residue characteristic prime to m;
(ii) O and A are comazimal.

Let S C P be a finite set of rational primes such that it does not contain the residue

characteristic of bO and one of the following conditions holds: either the Artin symbol

(b0, L,/K) is non trivial for all p € S; or the Artin symbol (bO, L,/K) is trivial for all
10
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p €S, but there exists o7 € Gal(L/K), where L is a composite L = []
resz, (o) is nontrivial for all p € S.

Then there exists ¢ € O such that bc = —1 mod 2 and £(c) = m~y, where none of the
primes from S divide 7.

ves Lp, such that

Proof. Let Hy denote the ray class group of K that correspond to the ideal 2. By the
existence theorem of class field theory there is a finite abelian extension Ky /K for which the
Artin reciprocity map gives an isomorphism Hy ~ Gal(Ky/K). Consider the composite
Ly = LKy.

Now we consider two cases described in the assumptions.

Case 1 The Artin symbol (b0, L,/K) is non trivial for all p € S.

Applying the Tchebotarev density theorem to the extension Ly/K, we conclude that
there are infinitely many K-primes p such that (p, Ly/K) = (b0, Ly/K)~!. Choose one
avoiding the ramified primes and the divisors of m%l.

Let ¢y be any element of O such that bcy = —1 mod 2A. Then (b0, Ky/K)™' =
(co, Ko/ K) and hence (p, Ky /K) = (c00, Ky/K). By Artin reciprocity it follows that
there exists A in K such that it is multiplicatively congruent to 1 mod 2 and AcyO = p.
Set ¢ = Acg. Then be = —1 mod 2l; and since (cO, Ly/K) = (b0, Ly /K)~* has nontrivial
restrictions to all the L, for p € S, it follows that ord,(s(c)) = ord,(|R/p| — 1) = ord,(m)
for all p € S. Therefore, €(c) = mry, where none of the primes from S divide .

Case 2 The Artin symbol (00, L,/K) is trivial for all p € S, but there exists o7 €
Gal(L/K) such that resy, (o) is nontrivial for all p € S.

Choose 0, € Gal(Lg/K) such that res; (1) = o1. Then set oy = (bO, Ly /K)o .

Applying the Tchebotarev density theorem to the extension Ly/K, we conclude that
there are infinitely many K-primes py, p such that o; ' = (p;, La/K), for i = 1,2. Choose
any two distinct such primes, avoiding the ramified primes and the divisors of m2l.

Similarly to the previous case, we obtain that the ideal p;ps is principal with the gen-
erator ¢ such that bc = —1 mod 2. Since both o; and oy have nontrivial restrictions to
all the L, for p € S, it follows that ord,(|R/pi| — 1) = ord,(|R/ps| — 1) = ord,(m) for all
p € S. Hence ¢(c¢) = lem((|R/p1] — 1), (|R/p2| — 1)) = mry, where none of the primes from
S divide 7.

O

Now we finish the proof of the main theorem. Recall that it remains to verify the
condition 2 of proposition 1] in the setting above.
So let (a,b) = ((d’,a"), (b',0")) € Q. Since V' is prime to I, it follows from Lemma 2]
that
£5(b) = lem(eo(V'), e0(b")).
Recall that e, = ord,(m). Set

So = {p € P: ord,(e5(D)) > e,}.

Note that Sy does not contain residue characteristics of O and b”O. Indeed, all the

primes from Sy are either divisors of (b’) or of €(b”). A divisor of (V') can not be the residue
11
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characteristic of b”O by the definition of €2 and it can not be the residue characteristic of
b'O, because |0/6'0| = e(b')+1. Similarly, a divisor of £(b”) also can not coincide with these
residue characteristics. Therefore, for p € Sy the extension L,/K is unramified in 5O and
b”0O, and we can consider the Artin symbols (b0, L,/K) and ("0, L,/K) € Gal(L,/K).

By the definition of Sy for any p € Sy we have either ord,(e(V')) > e, or ord,(e(b"”)) >
ep. In the first case (V'O, L,/K) is trivial, and in the second case (V"0O, L,/K) is trivial.
Therefore, we have

So =S LS, USs,
where
S1 ={p€Sy: (VO,L,/K)=1and (V"O,L,/K) # 1},
So ={pe€Sy: VO, L,/K)= ('O, L,/K) =1},
Ss ={p€Sy: (WO, L,/K)#1and VO, L,/K)=1}.
Now for i = 1,23 set §; = |S; N Spaa|, and A; = max(1,In(d; + 1)/In2). Finally, set
Ag = A1 + Ay + As. Clearly, Ay < A.

Let us prove that for any ¢ € {1,2,3} we can present S; as such a union

0
Si - Si]
Y

that for any 1 < j < A, there exists an element o € Gal(L/K) with res; (o) being
nontrivial for all p € ng ), where L =[] 5. L.
Similarly to the proof of Lemma 4 of [4], we obtain that

Gal(L/K) = Gal(Lpaa/K) x  [[ Gal(L,/K),

PESi\Sbad

where Ly,q = HpeSmead L,.

If 6; = 0, then A; = 1 and, clearly, we can set SEI) = S,. So assume that §; > 0. Then
by Referee’s Addendum to the paper 4], there exist elements o7y,...,0a, € Gal(Lpaa/K)
such that for any p € S; N Spaq at least one of the o; does not belong to the kernel of the
restriction map Gal(Lyaa/K) — Gal(L,/K). Therefore we can set

SY = (S; \ Sbad) U {p € Si N Shaa: rest,(0;) # 1}

Now by Lemma for any 1 <4 <3 and 1 < j < A; there exist elements ¢} ;, ¢j; € O
such that

Ve, ; =—1 modd'l,

V'e}; = -1 modd"l,
/N /
E(Cz‘,j) = MY ;>

() =l

where none of the primes from ng ) divides Yij OF Vi

12
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Here we applied Lemma [4.3]for 2l = a’I resp. 2 = a”I; and we used that &’O and d'[ are
comaximal, because v’O and a’O are comaximal and O and I are comaximal; similarly
b"O and a”I are comaximal.

Since the residue characteristics of 'O and "0 are prime to m, it follows that both e(¥)
and €(b") are divisible by m. Let

£5(b) = lem(e(b'),e(b")) = mry.

Now we set ¢;; = (¢} ;,¢/;) and v;; = ged(y,lem(v;;,77;)). Let us verify that these
elements satisfy the requirements in the condition 2 of Proposition [l

e Since for all 4,j we have ¢ ; = ¢/, = —1 mod I, it follows that ¢; ; € O.

e All the primes dividing % j also divides v and thus by definition of Sy they belong
to Sg. But the primes from S does not divide 7] ; and ~/;; hence they does not di-
vide lem(v; ;,7/;); hence they does not divide v;;. Since Sy = U” Si(j ), it follows that
ngi,j(”Yz‘,j) L.

e Since V¢, ; = —1 mod a’0, V'c]; = —1 mod "0 and @' is prime to I, it follows by
Lemma [2.1] that bc; ; = —1 mod a0.

e Finally, since ¢j; is prime to I, it follows by Lemma BTl that eg(c;;)
lem(eo(c} ;5 €0(c;)))- Therefore

ged(eg(b), e5(ciy)) = ged(my, lem(m; ;, myi;)) = mged(y, lem(v ;,77;)) = myi ;.
That finishes the proof of Theorem [B.11

5. FINAL REMARKS

Now we give a quick proof that E(n, Og, I) has finite width in Tits—Vaserstein generators
without any assumptions on K and I that relies only on the result of [4]. This proof is
similar to the one given in [22] for F(®, I); and we will see why this proof does not allow
to obtain any explicit estimate.

Proposition 5.1. In the previous notation, let I be a non zero ideal in Og, and let n > 3.
Then the group E(n,Og,I) has finite width in Tits—Vaserstein generators.

Proof. For g € E(n,0g, 1) let I(g) be the smallest integer such that g can be expressed as
a product of I(g) Tits—Vaserstein generators.

Note that Og/I is a finite set, so let (,.. .,{, be representatives of all the classes in Og /1.
By M] any element g € E(n,0g,1) < E(n,Og) is a product of at most N transvections.
We can write it as

N
u=1

where £, € I. Then we have
N

N
9= H i (E)"™ - H tingu(Cha ),
u=1

u=1

13
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where h, = []_, tin.ju(—Ck,). The number i(¢;, ;. (£.)"™) can be estimated in a manner

similar to the proof of Corollary [B.4] with some constant C'. Now let © be the set of all

elements of the form
N

H tiuyju (Cku)7
u=1
then © is a finite set. Therefore we have.

; <CN ().
(g) ¢ Jrhe@rme?fbm}?osJ) ( )

OJ

As we can see this estimate is not explicit because we do not know the bound for [(h),
where h € © N E(n,Og, ). We just know that some way to express such h as a product of
Tits—Vaserstein generators exists.

However, we believe that it is possible to generalise the results of the present paper to
the arbitrary ideals in Og, replacing SL(n, Og, I) by E(n,Og,I). The only problem is the
compatibility of certain congruences in step 3 of the proof of Lemma Our conjecture is
that those congruences will be compatible automatically if the matrix we start with belong

to F(3, 6;)
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