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WIENER’S LEMMA FOR INFINITE MATRICES

QIYU SUN

ABSTRACT. The classical Wiener lemma and its various generalizations are im-
portant and have numerous applications in numerical analysis, wavelet theory,
frame theory, and sampling theory. There are many different equivalent for-
mulations for the classical Wiener lemma, with an equivalent formulation suit-
able for our generalization involving commutative algebra of infinite matrices
W= {(a(j —3'); yyezd * 2jeza la(i)| < oo}. In the study of spline approx-
imation, (diffusion) wavelets and affine frames, Gabor frames on non-uniform
grid, and non-uniform sampling and reconstruction, the associated algebras
of infinite matrices are extremely non-commutative, but we expect those non-
commutative algebras to have a similar property to Wiener’s lemma for the
commutative algebra W. In this paper, we consider two non-commutative alge-
bras of infinite matrices, the Schur class and the Sjostrand class, and establish
Wiener’s lemmas for those matrix algebras.

1. INTRODUCTION

The classical Wiener lemma states that if a periodic function f has an absolutely
convergent Fourier series and never vanishes, then 1/ f has an absolutely convergent
Fourier series ([39]).

There are many different equivalent formulations for the classical Wiener lemma.
An equivalent formulation of the classical Wiener lemma suitable for our general-
ization involves matrix algebra: A € W and A~ € B? imply A=* € W. Here

) W= {Ai= (@G~ ) ez MlIw = Y la(i)] < oo},

jEZ?
and B",1 < r < oo, is the set of all bounded operators on the space ¢ of all
r-summable sequences and is equipped with the usual operator norm | - ||g-.

The matrix algebra W in the matrix formulation of the classical Wiener lemma
is a commutative Banach algebra. In the study of spline approximation and projec-
tion ([15, [16]), wavelets and affine frames ([9, 26]), Gabor frame ([3} 23] 24]), and
non-uniform sampling, the associated matrix algebras are extremely non-commuta-
tive but they are still expected to have the same property as the commutative
matrix algebra W. We are motivated by the above expectation, and by the im-
portance of Wiener’s lemma in the study of (Gabor) frames on non-uniform grids
and of non-uniform sampling and the reconstruction problem. For instance, we ap-
ply Wiener’s lemma established in this paper to show the well-localization of dual
(tight) frame generators of a locally finitely-generated space ([37]), and robustness
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and finite implementation of an average (ideal) sampling and the reconstruction
process ([38]).

In this paper, we introduce two non-commutative matrix algebras of infinite
matrices of the form

(1.2) A= (a(x,y))z,yex,

the Schur class and the Sjostrand class, and establish Wiener’s lemmas for those
matrix algebras. The Schur class and the Sjostrand class have

Ao = (@GN seze s s (3 Haw)GF)

; d
JEZ j ez

(1.3 +sup (3 Jtaw) 7)) " < o0}

i d
J'€EZ jezd

and

(1.4) Cpw = {(a(jaj/))j,j’ezd : ( Z sup |(aw)(j,j’)‘P) /e < oo}

kezal—I'=k

as their models respectively, where 1 < p < oo and w is a weight. We use a space
of homogenous type as the index set of the infinite matrix A instead of Z? in the
above model (see Sections 2 and [6l for details), because the index set of the infinite
matrix A in frame theory and sampling theory carries some important information,
such as the center of generators in frame theory and the sampling location in the
average (ideal) sampling process, and hence it is unsuitable to be re-indexed as VA
or its subsets, [37, [38].

The classical Wiener lemma and its various generalizations (see, for instance,
B, 4, 5, 16, 23, 24, 25 26l B3]) are important and have numerous applications
in numerical analysis, wavelet theory, frame theory, and sampling theory. For
example, the classical Wiener lemma and its weighted variation ([25]) were used to
establish the decay property at infinity for dual generators of a shift-invariant space
([, 27]); the Wiener lemma for matrices associated with twisted convolution was
used in the study the decay properties of the dual Gabor frame for L? ([3, 23 24]);
the Jaffard’s result ([20]) for infinite matrices with polynomial decay was used in
numerical analysis ([8, B4}, [35]), wavelet analysis ([26]), time-frequency analysis
(19, 20, 21]) and sampling ([2, 14}, 21]); and Sjostrand’s result ([33]) for infinite
matrices was used in the study of pseudo-differential operators and Gabor frames
(B, 22, 33]). We will apply Wiener’s lemma for infinite matrices of Schur type
and of Sjostrand type in the study of (Gabor) frame property for locally finitely-
generated spaces, and non-uniform sampling and stable reconstruction for signals
with finite rate of innovations; see the subsequent papers [37, [38].

The paper is organized as follows. In the first part of the paper (Sections [2]—[),
we introduce the Schur class A, ,, of infinite matrices (Section [2), study the asymp-
totic behavior of A”,n > 1, for a matrix A € A, ,, (Section []), establish Wiener’s
lemma for infinite matrices A in the Schur class: A € A,,, and A~' € B? implies
A=Y € A, . (Section H), and discuss some useful variations and generalizations of
the above Wiener lemma (Section [Bl). In the second part of the paper (Section [6),
we introduce the Sjostrand class of infinite matrices and establish Wiener’s lemma
for infinite matrices in the SjGstrand class.
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In this paper, the capital letter C, if not specified, denotes an absolute constant
which may be different at a different occurrence.

2. INFINITE MATRICES OF SCHUR TYPE

In this section, we discuss the index set X that has a quasi-metric p and a Borel
measure y, introduce the Schur class A, ., (X, p, 1) of infinite matrices, and establish
some basic results for the Schur class A, ., (X, p, ) with different exponents p and
weights w (Theorem [2:4)).

2.1. Index set of infinite matrices. For infinite matrices of the form (L2]), we
introduce a quasi-metric p on the index set X to measure how far a location (z,y)
in the matrix A is from the diagonal. Here we recall that a quasi-metric on X
is a function p : X x X —— [0,00) such that (i) p(z,z) = 0 for all x € X; (ii)
p(x,y) = p(y,z) for all z,y € X; and (iii) there exists a positive constant L such
that p(x,y) < L(p(z, 2) + p(z,y)) for all z,y,z € X. A qausi-metric p is said to be
a metric if the triangle inequality (iii) holds for L = 1. The space (X, p) is known
as a quast-metric space.

We introduce a non-negative Borel measure p on the quasi-metric space (X, p)
that has polynomial growth property: there exist positive constants D and d such
that

(2.1) w(B(z,7)) < D¢ forallz € X and 7> 1,

where B(z,7) :={y € X : p(x,y) < 7} is the open ball of radius 7 around z. The
polynomial growth assumption is an important assumption for our establishment
of Wiener’s lemma. For the model cases (L3)) and (I4), we use Z¢ as the index set
and the counting measures p. as the Borel measure on the index set.

Remark 2.1. A non-negative Borel measure p on a quasi-metric space (X, p) is said
to be a doubling measure if

(2.2) 0 < u(B(z,7)) < Dip(B(x,7/2)) < oo forall 7> 0 and z € X,

where D; is a positive constant. A quasi-metric space (X, p) with a non-negative
doubling Borel measure p, to be denoted by (X, p, 1), is known as a space of ho-
mogenous type ([I3] 28 29]). If the Borel measure p on the space of homogenous
type (X, p, u) further satisfies uniform boundedness conditions, that is, there exist
two positive constants Do, D3 such that Dy < u(B(x,1)) < D3 for all z € X, then
it has polynomial growth property. We remark that for any space of homogenous
type (X, p, 1), an equivalent quasi-metric p to the quasi-metric p, in the sense that
quasi-metric spaces (X, p) and (X, p) have the same topology, can be found so that
the new quasi-metric p satisfies the uniform boundedness condition (|28, 29]).

2.2. Admissible weights. For infinite matrices of the form (LZ), we use a weight
w on X X X to measure the importance of a location (z,y) € X x X, while in
most situations it is used to measure the off-diagonal decay. Here a weight w is a
positive symmetric measurable function on X x X that satisfies

(2.3) 1 <w(z,y) =w(y,z) < oo forall z,y € X,
(2.4) D(w) := sup w(z,z) < 0o,
zeX
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and

(2.5) sup w(z, )

s SD(C(),’UJ)<OO
p(2,3)+0(y,5) <Co W(T; 7))

for all Cy € (0, 00).

Example 2.2. Typical examples of weights include:

(i) The functions wq, a > 0,

(2.6) wa(z,y) = (1+ p(z,y))?,
are weights on X x X, which are known as polynomial weights; see also
Example
(i) The functions ep s with D € (0,00) and d € (0,1),
(27) eD,tS(xvy) = eXp(Dp(x,y)5),

are weights on X x X provided that p is a quasi-metric, which are known
as subexponential weights; see also Example [A.3]

To establish Wiener’s lemma for infinite matrices in the Schur class and the
Sjostrand class, we need a technical assumption on the weight w. Let 1 < p,r < oo.
We say that a weight w is (p, r)-admissible if there exist another weight v and two
positive constants D € (0,00) and 6 € (0,1) such that

(2.8) w(z,y) < D(w(z, 2)v(z,y) + v(z, 2)w(z,y)) forall z,y,z € X,

(2.9) sup [|(vw™") (@, )l + sup [(vw™")(y) < D,
rzeX yeX
and
(2.10) ir>1% apr (T) + by (T)t < Dt? for all t > 1,
where p' =p/(p—1),v" =7r/(r — 1),
(2.11) ap () = sup [[v(z, )xB(a,r) ()l + sup [[v(, y)xBE.H Ol
reX yeX
(2.12)
by (1) = sup [|(vw™") (@, )xx\B,m) Ol + sup [[(0w™) ( 9)xx\B) s
rzeX yeX
XEe is the characteristic function on the set E, and || - ||, is the usual norm on

LP := LP(X,u), the space of all p-integrable functions on X. Clearly a (p,r)-
admissible weight is (p, 7)-admissible for any r < 7# < co. More discussion on the
(p, r)-admissibility of a weight w will be given in the Appendix. For instance, we
show in Examples and that the polynomial and subexponential weights
in Example are (p,r)-admissible if the exponent « in the polynomial weight
wo and the exponents D and § in the subexponential weight ep ; satisfy certain
conditions.

2.3. Schur class of infinite matrices. Take p € [1, 00]; we define

(2.13) Apw( X, p, ) = {A = (a(z,9)zyex A4, <o},
where
(2.14) [All4,,., = sup [[(aw)(z,")[|, + sup [[(aw)(-, y)][,-

reX yeX
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We use A, ,, for the brevity of A, ., (X, p, n). We call A, ,(X, p, 1) the Schur class
and an infinite matrix in A, ., (X, p, ) as being of Schur type because, for p = 1,
A, (X, p, 1) becomes the usual Schur class; see Remark 23] below.

Remark 2.3. A large class of non-commutative matrix algebras has been introduced
recently, and Wiener’s lemma is established on those matrix algebras. Here are some
examples of those non-commutative matrix algebras:

(1) The Schur class

Ay = {(ak,l)k,leX tsup Y agfo(k —1) +sup Y Jaglo(k —1) < OO}

keXleX leXkeX

where v is a positive (radial) function R? and X ¢ R? ([24]).
(2) The Sjostrand class

C= {(ak,l)k,zezd : Z sup |ag, k1| < OO}

lezd kezd

(5. [, [33]).
(3) The Jaffard class

A, = {(ak,l)k,leX sosup Jagg|(L+1k—=1))° < oo}
kleX

where s € R and X C R? ([24] 26]).

2.4. Schur classes with different exponents and weights. Let B” be the
space of all bounded operators on L"(X, u),1 < r < oo, and || - ||g~ denote the
usual operator norm. For any A = (a(z,y))z,yex € Apw(X,p, 1), we define its
transpose A* by A* := (a(y,x))mvyex.

For Schur classes A, (X, p, 1) with different exponents p and weights w, we
have the following basic properties, which will be used later in the proofs.

Theorem 2.4. Let 1 < p < oo, let X be an index set that has a pseudo-metric p
and a Borel measure p with the polynomial growth property, let the weights u,v and

w on X X X satisfy (23), (2:4) and (IZ8), let the weight wqy be as in (2.6]), and
let the Schur class Ap., (X, p, 1) be as in (ZI3). Then

(i) A€ Ay (X, p,u) if and only if its transpose A* € Ay ., (X, p, p).
(11) Ap,u(Xa P :u) C Aq,v(Xa Ps ,u) Z.fvu71 € A(p/q)’7wo (X, P :u) and p > q, where

(r/9) =pq/(p—q).
(iil) Ag e (X, p, ) CB” foralll <r < oo.
(iv) Apw(X,p,p) CB" foralll <r < oo and w™ € Ay (p—1),wp-

Proof. The first statement follows from the definition of the transpose A* of a
matrix A € A, (X, p, ). Moreover, the transpose A* has the same norm in

A, (X, p, 1) as the one of A,

(2.15) 1A% 4y = 1 AlL4,.0 -
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Take any A = (a(x,y))zyex € Ago(X, p, 1t); we have

(2.16) l(av)(z, )llq < l[(aw) (@, )pll(vu™t) (@, ), =€ X,
where r—! = ¢! —p~!. Thus
(2.17) A4, < llout|a, ., [All4,,, for all A€ Ag,.

The second statement then follows.
A matrix in A 4, (X, p, 1) clearly defines a bounded operator on L",1 < r < oo.
Moreover,

(2.18) max (|| A, [ A"[|l5-) < |44, .,

for all A € Aj 4, (X, p,p) and 1 <r < oco. Hence the third statement is proved.
The fourth statement holds because the second and third statements are true. 0O

3. POWER OF INFINITE MATRICES IN THE SCHUR CLASS

In this section, we establish an asymptotic estimate for the power of infinite
matrices in the Schur class (Theorem [B]), and an equality of various spectral radii
for infinite matrices in the Schur class (Theorem [B3]). The asymptotic estimate
B2) of A",n > 1, for an infinite matrix A in the Schur class is crucial for the
establishment of our Wiener lemma in the next section.

Theorem 3.1. Let 1 < p,r < o0, let X be an index set that has a pseudo-metric p
and a non-negative Borel measure p with the polynomial growth property, let w be
a (p,r)-admissible weight on X x X, and let the Schur class Ay, (X, p, 1) be as in
(213). Assume that A € A, (X, p, 1), and that

(3.1) [A™| 4,y < P(n) max (]| A (A%)"|

g =
where P(n) > 1 is a polynomial. Then the asymptotic estimate,

B,.) for alln > 1,

s |

146 logg (1+6)
=
HAn”.Ap,w < A < COHA”.A;:,UJ* )
max([|A[l 5, [[ 4] 5)
n HA*‘

(3.2) X max (||A| - Z), n>1,

holds for some positive constant Cy, which depends only on the parameters p,r €
[1,00], the constants D and 0 in (IZ8)—(2I0), and the polynomial P(n) in (B.1]).

Proof. Take any A = (a(z,y))nyexs B = (b, 9))emex € Apu(X, p, 1), and set
AB := (c(x,y))s,yex. Noting that

(cw)(z,y)| < D/X\(aw)(fcaz)l\(bv)(zay)\du(Z)

+D /X [(av) (2, 2)]|(bw) (2, ) |du(2)

by (Z.8)), we then have the following compensated compactness estimate:
(3.3)
IAB| 4, < Dl[All4,.lIBllas, + DAl [IBll4,. forall A, B € Apw (X, p,p).

(A similar compensated compactness estimate has been used in [7] to establish an
equality for spectral radii of an operator in two Banach algebras.)
By ([29) and Theorem [24] we obtain

(3.4) 1Allar,, < llvw™tla,, 1AL, forall A€ Ayw(X,p, p).

,w
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For any n > 1, it follows from (29), @I7), 2I8)), and BI) that
(3.5) max (|| A" (|5, [(A")"l5-) < 1A 41,0, < w4, 1A )4

P’ wq p,w )

and

/ 0™ (&, ) o, ) dpy)
X

N </p(x y)<r - /p(x y)>7 ) o (@, y)lv(, y)duly)

< e (@, )lello(e, )xsen ()l
Hla™ (@, Jw(@, )llp | (vw™) (@, ) xx\B@n Ol
< ar(MIA 4y + 00 (T A" 4, .0
< ap(T)P(n) max(|| A" ||, [|(A%)" ) + bp (T)[[A%]] 4, .,
(3.6) < P(n)(aw (r) max([A™ |5, [1(A) " |57) + by (1) [ A" 4,.,)

where 7 > 0 and A” = (a™ (2, y))s,yex. Thus combining (2Z10), B.F) and [B.6), we
reach the following interpolating estimate:

|44y, < P(n) inf (a0 (r) max((|A" s, [ (A)" ) + by ()] A7]].4,...)

. 1-6
CP(n) (max(|[A" |5, [(A)"[5) (A" ]|.4,,.,.)°
CP(n) max (([|4]5)" ", (4% [5)" ) (14" 4,,.,)"-
(A similar interpolating estimate has been established by Jaffard in [26].)
By (33), 34), and 31), we obtain that
142" 4, < ClA™a,, A" a4,

IA

(3.7)

IA

n * n(1-0)
(3.8) < Din2 A" L7 (max (A5, |A%]|5-))
and
2n+1 2n
A 4y, < ClA™ |, 1Al 4,

N

(3.9)

BTy

|A*[|)) "7

for all n > 1, where D1, Dy are positive constants. Therefore the sequence {b,}, to
be defined by

0
DinP A4, | A", (max (JIA

(310) by = DY'nP) A%, (max(lAllsr, A" 5) " 0> 1,
satisfies
(3.11) ban < b,lfe and  bopig < cob}fG for all n > 1,

where ¢y = max(372/9, Di/Q)HAHAp,w (max (||A] s, HA*HBT))fl. This implies that

ke (140)?
bnSCOZKOE(JF)

for n = Zf:o €;2, where ¢; € {0,1},0 < i < k. Therefore the desired estimate

B2) follows. O

From the proof of Theorem Bl particularly (33) and (34]), we conclude that
Ay (X, p, 1) is a Banach algebra.
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Proposition 3.2. Let 1 < p < oo, let X be an index set that has a pseudo-metric
p and a non-negative Borel measure p with the polynomial growth property, and let
w be a weight on X x X such that there exists another weight v satisfying (I2.8)
and (Z9)). Then A, (X, p, ) is a Banach algebra. Moreover, the inequality,

(3.12) |AB|| 4, < CillAlla,.|Blla,. foral A B e Ay.(X,p,p),

p,w —

holds for some positive constant C that depends only on the exponent p and the

constant D in (228) and (I29).

Define
(3.13) ppaw(A) = limsup (|| A"].4,,.)""
for any A € Ay ., (X, p, 1), and
(3.14) pu (4) = limsup (4" 57)!"

for A € B". Using (3.3)), (34)), and (36, we have the following equality for various
spectral radii associated with infinite matrices in the Schur class A, (X, p, ).

Theorem 3.3. Let X, p,u,p,r,w,v,wy be as in Theorem Bl Assume that A €
Apw(X, p, ). Then

(3.15) p1,0(A) = ppw(A).

If A is further assumed to satisfy (Bl), then

(3.16) Prag (A) = max(py, (A), psr (A7) = pp.uw(A).
Proof. By B3) and ([B4), there is a positive constant C' such that
(3.17) [A™ ]| 4y, < Cl[A™ |4,

and

(3.18) 1A™ |4, < CIAP g, Ay s 0> 1,

where [z] is the integral part of the real number z. This proves ([B13]).
If A is further assumed to satisfy (B3.1), then

(3.19) 1Al 4y, < P(n)max([|A™ ||, [|(A")"[|5) < P()|A™ || 4y,
and
(3.20) 1474y < CUIA™ a0y ) (A" a,,)° forall 1 <meZ

by (ZI8), (1)), and BE). Thus (B3I4) follows from BIH), BI9), and B20). O

We conclude this section with two remarks.

Remark 3.4. For the special case that p = oo, X is a relatively-separated subset
of R4 (see ([(A2) for the definition), p is the usual Euclidean metric | - |, p is the
counting measure y. and w is the polynomial weight (1+|-])® with « > d, Jaffard
used a rather delicate bootstrap argument, which depends highly on the geometrical
structure of the Euclidean space, to prove that

(3'21) P2 (A> = poo7ao+€(A)

for some sufficiently small number €, where «y is the largest integer strictly smaller
than a ([26, Lemma 4]). Clearly, the above result (8.21]) follows from (B.I6) and

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



WIENER’S LEMMA 3107

the observation: p_,(A) < poo,agt+e(A) < Poo,a(A). For the special case that p =
1,7 = 2 and w is the polynomial weight (1 + p(+,-))* with 0 < a < 1, the equality
(3.22) pB2(A) = ppw(A),

the second part of equality (316, follows from Lemma 4.6 in [4]. For the case that
p = 1,7 = 2, the index set X is a relatively-separated subset of R?, the weight w
is of the form exp(k(]x — y|)) for some continuous concave function k that satisfies
£(0) = 0,lim¢ oo k() /t = 0 and x(t) > JIn(1+t) — D for some positive constants J
and D, and the equality in (22 is established in [24] Theorem 3.1]. For the above
case, the weight w is of the form exp(x(|z—yl|)). We see from Theorem [AT]that the
above assumption on the concave function x is a bit weaker than our assumption
on the existence of another weight v satisfying (28], (2.9), and (2.I0) in Theorem
B3I, but both conditions are satisfied for polynomial weights and subexponential
weights; see Examples [A.2] and [A.3]

Remark 3.5. For the special case that p = 1, w = wp and the matrix A =
(a(§—3"))j—jrez € Win [LT) with 3, a(j)e” ¢ being the reciprocal of a trigono-
metric polynomial @), Newman proved the following better estimate than the one
in (B.2) for the A; 4, norm of A": [|A"[| 4, ,, < Cn?|| Al for all n > 1, where C
is a positive constant depending on the degree of the polynomial @ ([30]). We also
remark that from the equality of various spectral radii in Theorem Bl a weaker
estimate than the one in ([B.2) follows: for any A € A, ., (X, p, 1), there exists a
nonnegative number ¢, (A) for any n > 1 such that lim, .. ¢,(A)Y/" = 1 and
1A™ ]| 4, < qn(A)(max(py, (A), s (A%)))" for all n > 1 (cf. [ 7, 24] 26]).

4. WIENER’S LEMMA FOR INFINITE MATRICES IN THE SCHUR CLASS

In this section, we establish the principal result of the paper, Wiener’s lemma
for infinite matrices in the Schur class.

Theorem 4.1. Let 1 < p < 00, let X be a discrete set that has a pseudo-metric
p and a usual counting measure . with polynomial growth property, let w be a
(p, 2)-admissible weight, and let Ay ., (X, p, ) be the Schur class defined by (213)).
If A€ A, (X, p,pe) and A1 € B2, then A~' € A, (X, p, j1c). Moreover,

(4.1) A~ 4,., < Co
holds for some constant Co which depends only on the exponent p € [1,00], the

constant D(w) in (24]), the constant D(Cy,w) in (BH), the constants D,0 in
(28)-(2I0), and the norms ||A| 4, and [|[A™!| gz.

The above Wiener lemma for infinite matrices in the Schur class follows in a
standard way from the Banach algebraic properties (Proposition B:2)), and the as-
ymptotic estimate of A", n > 1, for A € A, ,,(X, p, ) (Theorems B3Il and B3)). We
include a proof for the completeness.

Proof. By 23), 24), and ([23), the unit matrix I belongs to A, ., (X, p, ttc),
(4.2) IeA,w(X,p,pe).

By Theorem[24land Proposition3.2], we have that A*A € A, ,,(X, p, ttc). Therefore
the matrix B, to be defined by
A*A

(4.3) Bi=]-—"_
[ A* Al 5o
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satisfies
1
(4.4) IBll , <1 — 55—
52 [ All%- 1A= 5
and
(15) 1Bl <l
T Al

where Cj3 is a positive constant that depends on the constants D in (Z9), C; in
B12), and D(w) in @II).

Since X is a discrete set and p, is the counting measure, the delta sequence 4,
belongs to ¢2(X) and has norm one for any zo € X. This together with the fact
that B"d,, = (b"(z, %0))zex implies that

(4.6) 1B 43,0, < max(|| B[], [I(B*)"[|5) = B"[l,o, n =1,

B2

where, as usual, B" =: (b"(z,y))zycx. Therefore the estimate (1)) in Theorem
B holds for the matrix B and r = 2.

By (@2), 4), (3), [@8), and Theorem [B1] we then obtain the following crucial
estimate for B",n > 1:

129 nlog2 (1+6)

Cal| All%
1B* 4, < Cal| —gmm——
' [l All%-
1 n_#nlog2(1+9)
(4.7) x (1 - —) ,
Al 1A= 152

where Cj is a positive constant that depends only on the constants Cy in ([3.2]) and
C3 in (LX). Hence

I0=B) 4, = |8, =Cs<o,
n=0

Ap,m

where the constant Cs depends only on [|A|4, ., [|[A™"| g2, the condition number
| Allg2||A~Y||g-1, and the constant Cy in ([@T). This together with ([@3)) yields that
(A*A)~' € A, (X, p, pie). Therefore the desired conclusion A~ € A, (X, p, f1c)
follows from ([B3), (B4), and the facts that A=! = (A*A)"1A* and (A*A)~! €
Ap (X, ps fc)- O

We conclude this section with some remarks.
Remark 4.2. Let A9, (X, p,pu) contain all infinite matrices
(a(m, y))w,yeX € Al,wo (Xa P :u)

such that lim,—co [|[Am | 4, ., =0, where Ay = (am (2, y))zyex and
_ [ alzy), if p(z,y) <m,
am(@,y) = { 0, if p(z,y) > m.
Define
Ag,wa (Xa P ,U/> = -A2,’wa (Xa P ,U/> n A(1)7w0 (Xa P ,U/>

Clearly
AQ,wa (Xa 12 :U') = Ag,wa (Xa 12 :U') if a > d(X, P /L)/Qv
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where d(X, p, ) is defined as in (AJ6). For 0 < a < 1, Barnes ([4, Theorem
4.8]) proved that A € A3, (X,p,n) and A~' € B? imply A™' € AY (X, p,p).
Therefore for p = 2, and w = w, with d(X,p,u)/2 < a < 1, the conclusion in
Theorem [T follows from Theorem 4.8 in [4].

Remark 4.3. Let p = 1 and X is a relatively-separated subset of R?. For the
case that the weight w is of the form w(z,y) = exp(k(|]z — y|)) for a continuous,
concave function & on [0,00) satisfying x(0) = 1,x(¢t) > dIn(1 +t) — D for some
D,o € (0,00) and lim; o k(t)/t = 0, Grochenig and Leinert proved in [24] that
A€ Aw(X, || pe) and A7 € B2 imply A7! € Ay (X,] - |,pe) (see [] for
the case that x(t) = 01n(1 + ¢) for some 6 € (0,1]). The difference between the
conclusion in Theorem 1] with p = 1 and the above conclusion by Grochenig and
Leinert is on the weight w: (i) the weight w in Theorem 1] need not be radical
but satisfy some complicated conditions not easily verified in general, while the
weight w in [24] is essentially radical (hence it could be difficult to establish similar
results for infinite matrices whose index set is not a discrete subset of R%); (ii) the
polynomial weights with () = aln(l +¢),a > 0, and the subexponential weights
w with k(t) = Dt°, D € (0,00),d € (0, 1), satisfy the requirements in Grochenig and
Leinert’s result and also the ones in Theorem 1] by Examples [A2] and [A3} (iii)
the weight function w with k(t) = t/In(e+t) satisfies all requirements in Gréchenig
and Leinert’s result, but not the ones in Theorem 1] by Theorem [ATl

Remark 4.4. For the case that p = co, X is a relatively-separated subset of R, and
the weight w is of the form w(x,y) = exp(k(|z—y|)+sln(1+|z—y|)) with s > d and
a continuous, concave function & on [0, co) satisfying x(0) = 1, k(¢) > dIn(1+¢)— D
for some D, € (0,00) and lim;_, k(t)/t = 0, Grochenig and Leinert proved in
[24] that A € A (X, ||, pe) and A7 € B2 imply A7 € Aoo (X, |- |, te) (see
[26, Proposition 3| for the case that x(t) = 0 In(1 +¢) for some § > 0, and [5] [6] for
the generalization of Jaffard’s result in Hilbert spaces).

Remark 4.5. A baby version of Theorem [Tl is established in [36], where X = Z¢,
p is the usual Euclidean metric | - |, g is the standard accounting measure pi., and
w is a polynomial weight (1+ |- |)® with a > d(1 —1/p),1 < p < co.

Remark 4.6. The upper bound estimate @I for A~! is important to obtain a
scale-independent Riesz and frame bounds in the study of non-stationary multires-
olution analysis, wavelets on intervals (domains), and diffusion wavelets on mani-
folds, where the index sets X and the quasi-metrics p vary according to the scales
([0, 1T, 10, [12) 26, BT, [B37]). For the case that p = co, X is a relatively-separated
subset of R?, and the weight w is of the form w(z,y) = (1 + |z — y|)® with s > d,
the upper bound estimate ([I]) is not mentioned in [26], but can be obtained by
keeping track of the constants in the argument.

Remark 4.7. There are many different approaches to establish Wiener’s lemma for
infinite matrices in the Schur class A, ,,(X, p, 1t). Here are three of them: (i) the
indirect approach, such as using Gelfand’s technique to estimate spectral radius
Pp.w(A) ([ 17, 18, 23, 24]); (ii) the semi-direct approach, such as the bootstrap
argument ([26]); (iii) the direct approach, such as the direct estimate of |[A™|| 4, .,
in Theorem [B] (see [36] for the baby version of that approach). Each approach
has its advantages and disadvantages. For instance, the indirect approach works
for the extreme case Aj 4, (X, p, 1), but provides an upper bound estimate for A~*
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depending on the structure of the space X implicitly. The semi-direct and direct
approaches do not work for the extreme case, but they work for infinite matrices
with index set X having complicated geometrical structures, and they give the
upper bound estimate for A~! depending on the space X explicitly (hence Wiener’s
lemma can be used to obtain certain uniformity; see Remark [£.0]).

5. VARIATIONS AND GENERALIZATIONS OF WIENER'S LEMMA

In this section, we discuss some straightforward (but useful) variations and gen-
eralizations of Wiener’s lemma for infinite matrices in the Schur class (Theorem
[41]), including Moore-Penrose pseudo-inverse (Theorem [B.]), Wiener-Levy lemma
(Theorem [B3]), Wiener’s lemma on product spaces (Theorem [53]), and Wiener’s
lemma, for twisted convolutions (Theorem [5.7)).

5.1. Moore-Penrose pseudo-inverse.

Theorem 5.1. Let X, p, fic, p,w and Ay (X, p, tie) be as in Theorem Il Assume
that A € A, ., (X, p, ) satisfies

(5.1) A = A,

and that there exist a Hilbert subspace H of (*(X) and a positive constant D with
the property that

(5.2) lAc|| > DlJl¢|| for all c € H,
and
(5.3) PA=AP = A,

where P is the projection operator from €2 to H. Then the Moore-Penrose pseudo-
inverse At of the matriz A, that is, PAT = ATP = AT and AAT = ATA = P, belongs
to Ap,w(X, p pte)-

Theorem [B.1] follows from Wiener’s lemma for A, ., (X, p, ) (Theorem ET]),
the Banach algebra property of Ay ., (X, p, tte) (Proposition B.2)), and the standard
holomorphic calculus ([32]). We include a proof for the completeness of the paper.

Proof of Theorem Bl By (52) and (53), the spectrum of the positive operator A
on ¢2(X) is contained in {0} N [m, M], where 0 < D <m < M = ||A||g2 < co. Let
C be the circle of radius M/2 centered at (m + M)/2 in the complex plane. Define
the operator B, as an operator on £?(X), by

1
4 B=-— I—A)"dz.
(5.4) 57 C(z )" dz

By standard holomorphic calculus ([32]), B is the Moore-Penrose pseudo-inverse of
the matrix A. Therefore it suffices to prove that B € A, ,(X, p, ptc). Since zI — A
is invertible as an operator on ¢?(X) for any z € C, we then have that

(5.5) (21 = A)7h € Apu(X, p, pic)
by Theorem Il Given any zo € C, we obtain from (B3] and ([B4) that
I(z] = A) ™ = (201 = A7 4,,,,

1(z0L = A) My Y 120 = 2" (Cli(z0l = A) M4, )"

n=1

(56) < Clz—zll(zl = A)7M%, (1= Clz = zlll(z0] = 4)7la,,)7"

IN
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for any complex number z with |z — zg| sufficiently small, where C' is a positive
constant. Therefore the claim B € A, (X, p, ue) follows from (E4), (BH), and

©0). O

Remark 5.2. The generalization of the Wiener lemma (Theorem [5.1]), the replace-
ment of the invertibility of the matrix A by the pseudo-invertibility, is important
for the applications to (Gabor) frame ([37]), since the Gram matrix associated
with frame generators does not have bounded inverse in general, but does have
bounded pseudo-inverse. We remark that the above generalization from invertibil-
ity to pseudo-invertibility in Wiener’s lemma holds for any Banach algebra; see
[18] for the holomorphic calculus approach used in the proof, and also for another
approach from Banach algebra.

5.2. Wiener-Levy lemma and non-integer power.

Theorem 5.3. Let X, p, tic, p,w and Ay ., (X, p, ) be as in Theorem LIl If A €
Ap (X, p, pte) and fis an analytic function in an open domain O containing the
spectrum of the matriz A as an operator on (*(X), then f(A) € Apw(X,p, fic)-

Proof. We may use the same argument as the one used in the proof of Theorem
[5.1] except replacing the circle in the proof of Theorem [5.1] by a contour C in the
open domain O that contains the spectrum of the matrix A inside the contour, and
applying the following formula f(A) = 5= [ f(2)(2I — A)"'dz instead of (£4). It

pr
is safe to omit the details of the proof here. O
Combining Theorems (.1 and 53] we have the following result about non-integer

power of a matrix in the Schur class, which will be useful in the study of localized
tight frames ([37)).

Corollary 5.4. Let X, p, e, p, w and Ay, (X, p, 1) be as in Theorem Bl Assume

that A € Ap.(X, p, pe) satisfies (B.1)), (B.2), and (B3). Then for any v > 0, A7
and its Moore-Penrose pseudo-inverse (AY)T belong to Ay ., (X, p, fic).-

5.3. Wiener’s lemma on product spaces. Let N > 1, (X,,pn),1 < n < N,
be quasi-metric spaces with non-negative Borel measures u,, that have polynomial
growth property. On the product space X := X; x X5 X --- X Xy, we define a
quasi-metric p,

(57) P o), - yv)) = X (),
and a non-negative Borel measure p := p; X -+- X uy. For p = (p1,...,pN) €

[1,00]", we let LP(X) denote the space of all p-integrable functions,

LP(X) := {f(xl, cozn) s 1flle < oo}7
with standard norm

[l =1 MF @, mn) e o loev—r () - lze )

For p = (p1,...,pn) € [1,00]", a product space X = X; x Xp X --- x Xy with a
quasi-metric p and a non-negative Borel measure u, and a weight w on the quasi-
metric space (X, p), we define the Schur class on the product space X by

Apo(X,p,11) 1= { A= (. ¥))eyex

[All4,.., = sup [[(aw)(x,)[[p + sup [|(aw)(-, y)lp < OO}-
xeX yeX
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Using an argument similar to the one used in the proofs of Theorems Bl and
[T, we have the following Wiener lemma for infinite matrices in the Schur class
on a product space, which is convenient in the study of Gabor frames in the time-
frequency domain.

Theorem 5.5. Let N > 1, p = (p1,...,pn) € [1,00N, and X,,,1 < n < N,
be discrete sets embedded with quasi-metrics p, and counting measures fi, . that
have polynomial growth property, let X = X7 X X5 X -+ X Xy be the product
space of X, 1 < n < N, with a quasi-metric p in (B1) and a usual counting
measure f. = Hic X - X N, and let w be a weight on X x X. Set p’ =
(m/(p1 —1),...,pn/(pn — 1)) and 2* = (2,...,2). Assume that there exist an-
other weight v on X x X and two positive constants D € (0,00) and 6 € (0,1)
so that (i) w(x,y) < Dw(x,z)u(z,y) + Du(x,z)w(z,y) for all x,y,z € X; (ii)
Juwla,, ,. < o0; and (iii) infro llucl|a. o, + fuw (1 = er)la, , ¢ < DI
for all t > 1, where c;(2,y) = Xp(an)(y). Then A™' € Ap (X, p,pc) if A €
Ap.w (X, p, 1) and A=Y € B2.

Remark 5.6. The following weights w(x,y) satisfy the assumptions (i) — (iii) in
Theorem G5
(1) w(x, y) = (1 + p(X7Y))a for some « > Zg:l dn(Xnvpna//fn,c)(l - 1/pn)7
where d,, (X, pn, finc), 1 <n < N, are defined in (AI6).
(i) w(x,y) = HnNzl(l—i—p(xn, Yn )™, where x = (z1,...,2N),y = (Y1,---,YUN)
€ X, ap>dn(Xn, pny tn,c)(1—1/py,) for all 1 <n <N, and d,,(Xp, pn, ton.c)s
1 <n < N, are defined in (A16).
(iil) w(x,y) = exp(Dp(x,y)?), where D € (0,00),6 € (0,1) and p is a metric
on the product space X.
(iv) w(x,y) = ny:l exp(Dppn (Tr,yn)?"), where x = (71,...,2y5) € X,y =
(y1,...,yn) € X, and D,, € (0,00),6, € (0,1), and p, are metrics on
X,,1<n<N.

5.4. Wiener’s lemma for twisted convolutions. Given a d x d matrix A, the
twisted convolution of two sequences a = (a(j)) ez and ¢ = (c(j)) ez is given by

(5.8) (atac)(h) = Y a(G—j)e(j)e?™ AT,

j/ezd
and the twisted convolution operator L, associated with a summable sequence a € £!
is defined by

(5.9) Loc:=atac cell,

where, as usual, BT denotes the transpose of a matrix or a vector B. Clearly the
twisted convolution 4 becomes the usual discrete convolution * when A = 0, and
0 Igq

the twisted convolution g in [23] when A =6 < 0 0

> and d is an even integer,

where 6 € R and [; is the [ x [ unit matrix.
Applying Theorem [5.I we have the following Wiener lemma for twisted convo-
lutions, suitable for the study of a Gabor frame on a uniform grid.

Theorem 5.7. Let 1 < p < oo, A be a d x d matriz, and v = (u(j)) ez be a
sequence of positive numbers such that the weight w, to be defined by

w(]v k) - u(] - k)a ]ak € Zda
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satisfies (23) — (25) and (Z8) — (Z10) with X = Z%p = |- | and p = pe. If
a € (E(Z%), the space of all sequences a = (a(j));eze with finite norm |a||z =
H(a(j)u(j))jedeep, and if the associated twisted convolution operator L, is in-

vertible on (*(Z%), then there exists b € ((Z?) such that the associated twisted
convolution Ly is the inverse of Ly, that is, Ly = (Lg) ™',

Proof. Given a sequence a = (a(j));ezq, we correspond it to a matrix 74(a),

(5.10) Ta(a) = (a(j — §)e*™ " AU, g,
Clearly we have that

(5.11) Tala ba b) =7a(a)Ta(b) forall a,be ¢,
and

(5.12) Loc=Ta(a)c forallac (' and ce (",

where 1 < r < co. One may easily verify that
(5.13) Ta(a) € Ay (Z4,| - |, ) if and only if a € ¢2(Z%).

Then we obtain from (&I2), (BI3), Theorem FEI] and the assumptions on the
sequence a and its corresponding twisted convolution L, that

(5.14) Bta(a) =1a(a)B=1
for some B € A, ,(Z%,| - |, ). Write B = (b(j, j)); jocz and define
B' = (b(j — §,0)e*™ " A=) g

By direct computation, we have that the matrix B’ also satisfies (5I4]), which
implies that

(5.15) b(k, k') = b(k — k', 0)e2™* " AG=K) for all k, k' € Z°.

Thus B = 74(b) for b = (b(k,0))ecza. Therefore (L,)~! = L; for some sequence
b e (Z%) by (13), GI), EI5) and B € A, (Z%, |- |, p1). O

By taking A = 0 and letting u be the polynomial weight u,, or the subexponential
weight ep s in Theorem [5.7] we have the following result similar to the classical
Wiener lemma ([39]), which is applicable in the study of dual generators in a shift-
invariant space.

Corollary 5.8. Let 1 < p < 0o, and let u = ((1+|j])*) ez for some o > d(1—1/p)
or u = (exp(D|j|°)jeza for some D € (0,00) and & € (0,1). If f(£) is a periodic
function that never vanishes and has its Fourier series in (?(Z%), then 1/f(£) has
its Fourier series in (F(Z%).

0 I
0 0
and the sequence u := (u(j)),;eza is of the form (exp(r(j));jez« for some continuous,
concave function x on [0, c0) that satisfies £(0) = 1, the conclusion in Theorem (.71
follows from [23] Theorem 2.14 and Remark 4.2] and [24, Theorem 5.1}, where the
approach from Banach algebra is used.

Remark 5.9. Forp=1, A= BT B for some non-singular d x d matrix B,
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6. WIENER’S LEMMA FOR INFINITE MATRICES IN THE SJOSTRAND CLASS

In this section, we introduce the Sjostrand class of infinite matrices, establish
the Wiener’s lemma for infinite matrices in the Sjostrand class (Theorem [6.]), and
discuss some variations and generalizations of the above Wiener’s lemma (Theorems
B2 6.

In order to define the Sjdstrand class of infinite matrices (a(z,y))s yex, we fur-
ther assume that the index set X is a discrete group with a left-invariant quasi-
metric p and a counting measure p. that has the polynomial growth property. Here
a function g on X x X is said to be left-invariant if

g(zz, zy) = g(x,y) forall z,y,z € X.

Clearly a left-invariant function g on X x X is determined by a function g on X

by g(z,y) = gy~ 'z),z,y € X.

Given 1 < p < 00, a discrete group X with a left-invariant quasi-metric p and a
counting measure ., and a left-invariant weight w on X x X, we define

(61) ||A||Cp,w = H ( Slel_)g |(GfLU)(ZﬂC, Z)|)Q:'EX Hp

for A := (a(z,y))s yex, and let

(6.2) Cpaw(X, p i) = {A = (a(2,9))zyex, [4lc,,. < oo}

We use Cp,, for the brevity of C, (X, p, 1t). We call Cp, ., the Sjéstrand class and a
matrix in C, ., as being of Sj6strand type, since for p = 1 and w = wy, Cp ., becomes
the matrix algebra studied in [33]; see also Remark[2Z3] We remark that for p = oo,
the Sjostrand class Cpq, is the same as the Schur class A, .

Now we state the Wiener’s lemma for infinite matrices in the Sjostrand class,
whose proof is postponed to the end of this section.

Theorem 6.1. Let1 < p < oo, let X be a discrete group with a left-invariant quasi-
metric p and with the counting measure p. having polynomial growth property, and
let w be a left-invariant weight on X x X. Assume that there is another left-
invariant weight v such that (8) — (2I0) hold for r = max(2,p/(p — 1)). Then
A7V € Cpw(X, p, pe) provided that A € Cp (X, p, pe) and A~ € B2.

Remark 6.2. Let 1 < p < 0o, and let X be a discrete group with a left-invariant
quasi-metric p and with the counting measure p. having the polynomial growth
property. From Example and Example [A-3] there exist left-invariant weights
v associated with the following weights w such that ([Z8) — (ZI0) hold for r =
max(2, p/(p — 1)):

(i) The polynomial weights (1 4 p(z,y))® with o > d(X, p, pic)(1 — 1/p).

(ii) The subexponential weights exp(Dp(z,y)?) with D € (0,00) and § € (0,1)

if we further assume that p is a left-invariant metric on X.

Remark 6.3. For the special case that (X, p, u.) = (Z,] |, pe) and p = 1, Wiener’s
lemma for infinite matrices in the Sj6strand class Cp, (X, p, ftc) was proved by
Sjostrand [33] for unweighted case (w = wy), and by Baskakov [5] [6] for those left-
invariant weights w satisfying lim g % =0, w(k) > 1 for all k € Z, and
w(k +1) < w(k)w(l) for all k,l € Z, where w(k) = w(k,0). By Theorem [A1] the
assumption on the weight w in [5} [6] is weaker than the assumption on the weight w
in Theorem [6.T], and hence the result in Theorem [6.1] follows from the result in [5] [6]
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for the special case that p = 1 and (X, p, te) = (Z,] - |, tte)- It is remarked in [3]
that Wiener’s lemma for infinite matrices in the Sjostrand class in [5] [0, [33] can be
generalized to the setting that the index set X is a discrete abelian group of the form
Hle a; 2 x szl(Z/an) in a straightforward way, where 0 # a; € R,1 < i < d,
and n; € Z,1 < j < e ([3]). So for p = 1, comparing our results in Theorem
with the above known results, we see that there is more restriction on the weight w
in Theorem [6.1] than the ones in [5, [6], while the index set X in Theorem [6.1] could
be a non-abelian group. For 1 < p < oo, our results in Theorem are totally
new. For p = oo, we have that Coo (X, p, tic) = Aco.w (X, p, ttc). The reader may
refer to Remark [£4] for the comparison between the results in Theorem and the
known results for p = oco.

Before we start the proof of Theorem [6.I] let us state some variations and gen-
eralizations of Wiener’s lemma for infinite matrices in the Sjéstrand class, whose
proofs are left to the readers.

Theorem 6.4. Let X, p, fic, p,w,v and Cp (X, p, pic) be as in Theorem 61l As-
sume that A € Cp (X, p, pte) satisfies (B11), (52), and (B3) for some Hilbert
subspace H of /2(X) and a projection operator P from {*(X) to H. Then A7 and
its Moore-Penrose pseudo-inverse (A7)T belong to Cp (X, p, pe) for any v > 0.

Theorem 6.5. Let X, p, fic,p,w,v and Cp.,(X, p, pe) be as in Theorem 61 If
A€ Cpw(X,p,pc) and f is an analytic function in an open domain O containing
the spectrum of the matriz A as an operator on (*(X), then f(A) € Cpw(X, p, ttc)-

Let N > 1, X,,,1 < n < N, be discrete groups embedded with left-invariant
quasi-metric p, and counting measures i, . that have polynomial growth property.
Define the left-invariant quasi-metric p on the product space X = X1 x Xox---x Xy
by p(x,y) = maxi<n<n Pn(Tn, Yn), where x = (x1,...,2n) and y = (y1,...,Yn) €
X. Given p = (p1,...,pn) € [1,00] and a left-invariant weight w on the product
space X, we define the Sjostrand class on the product space X by

Cp,w(Xa P ﬂc) = {A = (CL(X, y))x,y€X7
(6.3) 1Al = ||(ZSE)F; |(aw)(zx,z)|)xexlp < OO}-

Theorem 6.6. Let N >1,p = (p1,...,pn) € [1,00], X,,,1 <n < N, be discrete
groups embedded with quasi-metrics p, and counting measures i, . that have poly-
nomial growth property. Set p’ = (p1/(p1 —1),...,pn/(pny — 1)) and min(2,p) =
(min(2,p1),...,min(2,py)). Assume that the left-invariant weights w and u on the
product space X = X1 x Xo X+ x Xy satisfy (i) w(xy) < Dw(x)a(y)+Du(x)w(y)
for all x,y € X, (it) ||[a(®)"p < oo, and (i) infr>1[|ax B, r)llmincz.p) +
a(@) " xx\Bo,nllpt < Dt?, t > 1, where w(x) = w(x, L), u(x) = u(x,Lp),
Iy is the unit of the group X, and D € (0,00) and 6 € (0,1) are positive constants.
Then A=Y € Cp (X, p, pte) if A € Cp(X, p, pic) and A=t € B2.

Let X be a discrete group with a left-invariant quasi-metric p, and let X be a
set with a map M from X to X satisfying 1 < #{y € X : M(y) = 2} < Cj for
some positive constant Cy. Given 1 < p < co and a left-invariant weight w on the
group X, we define the Sjostrand class on the set X by

Cooo( XM, X po1) = { A= (@@ )y pexs N4l < o0},
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where
IAle,.. = [I( _sup w(M ("), M(y))la(@',y)]) x|,
z/,y'e€X with M(z')=M(y")x
Using an argument similar to the one used in the proof of Theorem [6.1] we have the
following result, convenient for the study of a (Gabor) frame on a non-uniform grid
and a (non-uniform) sampling for signals with a finite rate of innovation ([3}[37,38]).

Theorem 6.7. Let X, p, pic,p, w,v be as in Theorem ; Assume that X is a
set with a map M : X — X satisfying 1 < #{y € X : M(y) = 2z} < Cy
for some positive constant Cy. Then A™' € Cpu(X, M, X, p, i) provided that

A € prw(Xvavavﬂt) and A_l S 62.

6.1. Proof of Theorem To prove Theorem [6.1] we need some properties of
the matrix algebra Cp., (X, p, ) (see Proposition for a similar result for the
Schur class).

Lemma 6.8. Let X, p, pic,p,w,v be as in Theorem Bl Then Cp.,(X, p, pc) is a
Banach algebra, that is, there exists a positive constant C such that
(6.4) [ABllc,., < CllAlc,.lBlc,., for all A,B € Cpu(X, p,pe)-

Proof. Take A = (a(z,9))s,yex. B = (b(z,¥))eyex € Cpuw(X,p,pc), and write
AB = (c(2,Y))zs,yex- Then

p,w

c(x) = suplc(yz,y)|
yeX
< sup > la(yx, y2)|blyz,y)| < D a(z " a)b(z),
YEX ex 2€X

where a(x) = sup,cy |a(yz,y)| and b(z) = sup,cy |b(yx,y)|. This together with
the assumptions (i)—(iii) on the weight w proves (G.4). O

To prove Theorem [G.1] we need an asymptotic estimate of A™,n > 1, for a matrix
A in the Sjostrand class (see Theorem B for a similar result for the Schur class).

Lemma 6.9. Let X, p, pie, p, w,v be as in Theorem [61. Then there exists a positive
constant C' such that

146 logs (1+6)
CllAlle o
(6.5) 1A"e,. < C<7p’“’
‘ | All 52

holds for all A € Cp (X, p, i) and n > 1.

(Al

Proof. Using the argument used in the proof of Theorem Bl it suffices to prove
the following compensated compactness estimate:

(6.6) 14%]c,... < CllAlIE 1Alg"  for all A € Cpu(X, p, pe),

p,w —

where C' is a positive constant.

Take A := (a(2,y))zyex € Cpw(X,p, pe). Let w(x) = w(x, Ip), 0(z) = v(z, Iy),
and a(z) = sup,cx |a(zz, z)|,x € X, where Ij is the unit of the discrete group X.
By the assumptions on the weights w and v, we have

JAlls: < max (sup Y Jale,y)l, sup S la(z,y)))
zGXyeX yGXxGX

CllAlle, 0~ lp/p-1) < CllAlle

IN

(6.7)

0@ (p-1)-

p,w
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Since
sup Y la(yz, 2)|v(yz, 2)|a(z, y)|w(z,y)
yeX zeX
2 1/2 1/2
< sup (37 (0 e - lalz etz )*) T x (S lalye,9)?)
yex zeX zeX
+ sup Z a‘(zi1yx)6(zilyx)Xp(yx,z)ZT|&(yilz)‘w(yilz)
yeX zeX
- ~ ~ min(2,p) 1/ min(2,p)
< (X G D<) ™) 4]l
zeX
+ Z a(zilx)f)(zill’)Xp(x,z)ZT|C~L(Z)|7I)(Z)
zeX

for all 7 > 1, we obtain

| (5o 2l @) o)

< inf (||aw||p||@xB(Io,T>||mm(2,p)HA\|52 + @l | @)xx\5r0.r) 1)
< ClAle,.. )1 Alls inf (17500 lminz.p
1Alleyu -y
el U YT WYY
[ Al 52 \B(Io,7)llp/(p—1)
(6.8) < CllAllg I Allg",

where we have used ([67)) and the assumptions on the weights w and v to obtain
the last inequality. Similarly, we have

(6.9) H(supZ aw)(ye, )|z 9)l) | < ClAIED 1Al

P,w

By the assumption on left-invariant weights w and v,

sup |(cw)(yz,y)| < Csup Y |(av)(yz, 2)||(aw)(z,y)|
yex YeX sex

(6.10) +C§g§zele aw)(yz, 2)||(av)(z,y)|,

where A% := (c¢(x,y))zyex. Therefore the compensated compactness estimate (6.6
follows from (6.8)), ([69)), and ([@I0). This establishes the asymptotic estimate (6.0])
and completes the proof. O

Proof of Theorem 6.1l We use the same argument as the one used in the proof
of Theorem [.1] except using Lemmas [6.8] and [6.9] instead of Proposition B.2] and
Theorem B.Il We omit the details of the proof here. O

APPENDIX A. (p,7)-ADMISSIBLE WEIGHTS

In the Appendix, we discuss the technical assumption, the (p, r)-admissibility, on
the weight w. Particularly, we consider the (p, r)-admissibility of the radial weights
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w of the form

(A1) w(\, X)) =exp(k(p(\, X)), AN €A,

where £ is a continuous concave function k on [0,00) with x(0) = 0, and A is a
relatively-separated subset of a quasi-metric space (X, p). Here we recall that a

relatively-separated subset A of a quasi-metric space (X, p) means that there exists
a positive constant D(A) such that

(A.2) Z Xson (@) < D(A) forall z € X.
AEA
Theorem A.1. Let 1 < p,r < oo, (X,p,u) = (A,| |, e) for some relatively-
separated subset A of R, and let the weight w be of the form (A1) for some
continuous concave function k on [0,00) with k(0) = 0, and set &(t) = K(2t) — K(¢).
Then we have
(i) If the functions as(7) and bs(7),7 > 0, to be defined by

| explr(r)) if s = o0,
(43 &) _{ (Jy exp(sn(t) + (= Dnt)d)' " if1<s <o,
and
. exp((27) — 26(r)) if s = oo,
(A4 bsm:{ ([ exp(sr(2t) — 2sn(t) + (d — 1) Int)dt)* if 1 < s < oo,
satisfy
(A.5) inf () + by (M) < DI, 21,

for some positive constants D € (0,00) and 8 € (0,1), then the weight w is
(p,r)-admissible, and furthermore the weight v,

(A.6) v(z,y) = exp(k(lz —yl), =,y € X,
satisfies (2.8), (29]), and (Z10).

(i) If 1 < p <r <oo,d>1, X = Z% k and & are strictly increasing

and lim,_, o k(7) = —+o0, and the weight w is (p,r)-admissible, then
limy o0 6(t)/t =0 and k(t) > 0In(1+¢) — D for some positive constants §
and D.

(iii) If 1 <p<r<oo,d>1, X =7Z% and k(t) =t/In(2 + t), then the weight
w is not (p,r)-admissible.

Proof. (i) Clearly it suffices to prove that the weight v in (A8]) satisfies 2.8), 2.9),
and (2I0). By the concavity of the function x,
k(t+s) — k(t) < k(2s) — k(s) = k(s) forallt>s>0.
Thus for any z,y,z € X with |z —y| > |y — 2|,
w(z,y)v(y, z) + wly, 2)v(z, y) = w@,y)v(y, 2)
> exp(k(lz —y[ + |y — z[)) = w(z,y),
which proves that the weight v satisfies (2.8]). Noting that x(2t) —2x(t) is decreasing

on [0,00) and k(t) < k(t+ s) < K(t) + K(s) for all t,s > 0 by the concavity of the
function x and x(0) = 0, we then obtain the following for any y € X and 7 > 1:

sup (vw™ ) (z,y) < exp(k(27) — 2K(T)),
zeX, |z—y|>T
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and

Yoo (v ) (@) < Y ((vw™ 1) (z,y))°
J=[r]5<

zeX,|z—y|>T Tl j<le—y[<j+1

IN

C ) explsr(2)) — 2sr(5))(j + 1)*!

j=Ir]
< C’/ exp(sk(2t) — 2sk(t) + (d — 1) Int)dt,

where 1 < s < 0o and [7] denotes the integral part of the real number 7. Similarly,
for any y € X and 7 > 1,

sup  v(z,y) < exp(k(1)),
zeX,|z—y|<T

and
[7]

Y. () Y Y, ()

X, |v—y|<T 7=0 j<|o—y|<j+1
C/ exp(sk(t) + (d — 1) Int)dt,
0

where 1 < s < oco. Therefore we have the following upper bound estimates for
ay (1) and by (1), 7 > 1:

IN

IN

(A.7) ap (1) < Ca (1),
and
(A.8) by (7) < Cby (7).

This together with (A5 implies that the weight v in (A.6) satisfies (Z3)) and 10).
(ii) By the assumption on the weight w, there exists a weight v that satisfies

23), Z3), and I0). By ([Z8) and the symmetry of the weight v, there exists a
positive constant D such that

(A.9) v(z,x +y) +o(x,x—y) > Dexp(i(|y])) forall z,y € X := Z%.
Thus,
Y. (w (y)?

J<|r—y|<j+1

> C Z (v(z, 7+ 2) +v(z,2 — 2))* exp(—sK(j + 1))
Ji<|z|<j+1,2€Z4
> Cj" exp(sk(j+1) —sk(j+ 1))

and
> () = Ci  exp(si(j + 1))
J<lz—y|<j+1

for all 1 < j € Z. Applying the above two estimates and using the same argument
as the one used in the proof of the inequalities (A7) and (A.8]), we obtain a lower
bound estimate for a,/(7) and b, (7):

(A.10) ap (1) > Colr (1),
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and

(A11) by (1) = Coby (1), 7> 1,

where Cy is a positive constant. Therefore

(A.12) a,/ (1) > Cy exp(R(r))r@-D/"

and

(A.13) by (1) > Crexp(R(r) — w(r))r @D/

for some positive constant Cy. Combining (ZI0), (A.12), and (A.13), we have
(A.14) H;fl eff(T)T(d—l)/p’(T(d—l)(l/r/—l/p’) +e Iy <ot t>1.

Noting that

inf (KD (D) m(rlpy

> inf e¥7)(1 4+ e "(Mt) = 2¢7(T)
7>1

for the unique 7 such that e®(7) = ¢ (the existence from the assumptions that

and k are strictly monotone, and & satisfies £(0) = 0 and lim,_, £(7) = +00), we
then obtain from (A4 that

k(27) < (14 0)k(r)+ D forall 7 > 1
where D is a positive constant. Thus
(A.15) k() < CT™0H0 >,

which implies that lim, . k(7)/7 = 0. Let 7¢,¢ > 1, be the unique solution of the
equation k(1) + (d —1)(1/r' —1/p')InT = Int. The existence of such a 7; follows
from the assumption r > p and the monotonic property of the functions x(7) and
In7. Then it follows from (AT4]) and the estimate

inf (KD (DO o)y

T(dfl)(l/rlfl/p/) + e (¢ > e Ty

\%

that
k(7)) > (1—0)Int—C > (1—0)k(7)+ (1 —0)(d—1)(1/r —1/p)In7 — C.

Therefore the conclusion x(7) > §In(1 + 7) — D follows.

(iii) Suppose, on the contrary, that there exists a weight v that satisfies (28],
@3), and @ZI0). Then (ATH) holds from the proof of the second conclusion, which
is a contradiction. (]

In the following two examples, we show that given a polynomial weight or a
subexponential weight w, a weight v can be found to satisfy (Z8)), (23)), and 2I0).

Example A.2. For the index set X with a quasi-metric p and a Borel measure p
having polynomial growth property, we define d(X, p, ) as follows:

(A.16) d(X, p,p) := inf {d : @) holds for some positive C'}.
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Clearly d(X, p, 1) becomes the dimension d of the Euclidean space when X = R
and p is the Lebesgue measure m. Take 8 > d(X, p, 1). We then obtain ([2.1]) and

(A1) such that
[ e )
plzy)>T

= Z/ -~ w_p(z,y)du(y)
j=1 27 =1r<p(z,y)<2iT
(A.17) < > A+ 27 Pu(B(r, 27)) < Corm A2
j=1

for all z € X and 7 > 1, where C is a positive constant independent of z € X
and 7 > 1. Therefore for the polynomial weight w,(z,y) := (1 + p(z,y))* with

a>d(X,p,pu)(1—1/p), the weight v := wy satisfies (2.8), (29), and (ZI0) by the
quasi-metric property of p and (A1), where

(d(X, p,p) +0)(1 —1/r)
— (d(X, ps ) +0)(1 = 1/p) + (d(X, p, ) + 6)(1 = 1/7)’
and 6 = (ap’ —d)/2if p’ <ooand 6 =1if p’ = 0.

Example A.3. Let (X, p) be a metric space with a Borel measure p having poly-
nomial growth property. For weights w of the form

(A18) w(m, y) = exp(Dp(x,y)‘s), z,y € X,
with D € (0,00) and § € (0,1), we let
(A.19) v(z,y) = exp(D(2° = V)p(z,y)°).

Recalling that p is a metric and applying the trivial inequality 1 < s%4(2°—1)(1—s)°
for all 1/2 < s < 1, we have that the weights w and v satisfy ([2.8). By the
polynomial growth property of the Borel measure u,

j . (p—1)/p
low™ 4y oiyuy < C+C sg;;(ZeW 2200 (B, 27
< C4Csup (ZQDM 2)27 /(p—1) i (d(X mu)+€)><p_1)/p<oo’
reX
and

irzlfl A (T) + by (1)t

< Cinf &P (X opn)te) /1! + o= D(2=2°)7° _(d(X,p.u)+e) /P ¢
- T>1

< OB (1 L in ) @AKo o)/ (minGp) < o

forallt > 1 and 6 € (0,1/(3 — 2°)), where € > 0 is sufficiently small. Therefore for
the subexponential weight w in (AI8) for some § € (0,1), the weight v in (A19)
satisfies (2.8)), (29), and (2I0). We remark that the metric assumption on p in
the above cannot be replaced by the quasi-metric assumption on p in general. For
instance, one may easily show that for the setting (X, p, 1) = (Z,|-|?, pt), there does
not exist another weight v associated with the weight w(z,y) = exp(p(z,y)'/?) =

exp(|z — y|) such that (2.8) and (29) hold.
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Example A.4. Let (X, p) be a quasi-metric space with a Borel measure p having
polynomial growth property. Assume that the quasi-metric p is Holder continuous
in the sense that there exists C' € (0,00) and 8 € (0, 1] such that

\p(z,y) — plx, 2)| < Cp(y, 2)? (pla,y) + pla, 2)) 7 for all z,y, 2 € X

(131 128,29]). One may show that there exists a positive constant dp such that for a
subexponential weight w of the form exp(Dp(z,y)%) with é € (0,8p) and D € (0, 00)
there exists another subexponential weight v of the form exp(Dfyp(x,y)?) with

0o € (0, 1) satisfying (Z8) — 2I0).
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