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A general yet simple and hence practical algorithm for calculating SU; D SU, X U, Wigner
coefficients is formulated. The resolution of the outer multiplicity follows the prescription given by
Biedenharn and Louck. It is shown that SU; Racah coefficients can be obtained as a solution to a
set of simultaneous equations with unknown coefficients given as a by-product of the initial steps in
the SU; O SU, X U, Wigner coefficient construction algorithm. A general expression for evaluating
SU; 5 R; Wigner coefficients as a sum over a simple subset of the corresponding SU; 2> SU, X U,
Wigner coefficients is also presented. State conjugation properties are discussed and symmetry
relations for both the SU; > SU, X U, and SU, D R; Wigner coefficients are given. Machine

codes based on the results are available.

1. INTRODUCTION

The work of Wigner on the theory of group representa-
tions! coupled with Racah's development of the algebra
of tensor operators2 provides basic simplifying tech-
niques for spectroscopic analyses. The usefulness of
their techniques in any particular situation, however, de-
pends to a great extent upon the availability of the appro-
priate Wigner and Racah coefficients, Ordinary angular
momentum algebra, for example, owes its utility as a
calculational tool to the ready availability of SU,,

Wigner and Racah coefficients. Other more complicated
group structures for which Wigner and Racah coefficients
are not so readily available, however, are also known to
have real physical significance, The special unitary
group in three dimensions, SU 4, is a case in point. In
1958 Elliott pointed out its usefulness in understanding
the rotational structure of light nuclei.3 Some four years
later it was also recognized as being of importance in
the classification of elementary particles.? As a con--
sequence, Wigner and Racah coefficients for this group
have been given in either algebraic or numeric form for
simple cases of special interest by a number of authors.5
More general results have only recently been made
available through the work of Biedenharn and Louck and
co-workers.6~12 Except for the case of multiplicity free
and the so-called ' couplings, however, an additional
algorithm is needed if numerical values for Wigner co-
efficients are to be extracted from the formalism. And
since most authors disagree in their choice of a phase
convention, extreme caution must be used if results so
obtained are used to augment simple algebraic formulas
currently available. An additional complication exists
because two inequivalent reductions are needed: SU; D
SU, X U, in particle physics and SU; 2 R in nuclear
physics.

The purpose of this article is to: (i) Formulate in the
spirit of an ordinary tensor formalism (built with tensors
which by construction have the same null space prop-
erties as the Biedenharn and Louck Wigner operators)

a general but simple and hence practical algorithm for
generating SU; O SU, x U, Wigner coefficients for
arbitrary couplings and multiplicities; (ii) express SU,
Racah coefficients as the solution to a set of simul-
taneous equations with the unknown coefficients given as
a by-product of the initial steps in the SU; D> SU, X U,
Wigner coefficient construction algorithm; (iii) exploit
properties of the SU,; D R, projection process together
with known transformation coefficients between the SU,
D 8SU, xU, and SU; D R, schemes to express SU; 2 R3
Wigner coefficients as a sum over a particularly simple
subset of the corresponding SU, O SU, X U, Wigner co-
efficients; (iv) list symmetry properties of the trans-
formation coefficients between the SU; D SU, X U, and
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SU4 O R4 schemes and discuss conjugation properties
of state vectors for both reductions; (v) give symmetry
properties for both the SU; O SU, X U, and SU; D R4
Wigner coefficients. We begin by briefly reviewing
common notations and discussing their relationship to
one another,

2. BASIC NOTATION

The labels A and p are used to characterize the irre-
ducible representations of SU;. The row labels in the
SUg 2 SU, X U, reduction are chosen as

€=+ p—3(p+qg =—3Y,
A=@+p—q)/2=] (1)
MAzr—A=Iz,

where the integers p,q,r satisfy 0<p =21, 0= g = p,

0 = v = 2A. The notation | (Ap)eAM,) is that introduced
by Elliott into nuclear physics to label states in the so-
called intrinsic or body-fixed system.313 In terms of a
three-dimensional oscillator with z; quanta in the i-
direction, € = 2n3 — n, — n, while A labels the irreducible
representation of SU, with projection M, = (n] — n,)/2.
In particle physics states are labeled as | (Ap)YiI) with

Y denoting the hypercharge and 7 and /, the isospin and
its projection, respectively.14

An equivalent but mathematically more- elegant notation
is that due to Gel'fand in which case states are labeled
by patterns of the typeld

o) = 813 823 833 @)
g12 822 ’
£11

The g;;,1 = i =< j = 3, specify the irreducible repre-
sentation of U, in the chain U; > U, D U,. Specifically,
&;; is the number of boxes in row ¢ of the Young tableau
for U, A =g,5 — 893, l =833 —L33,20d v =g, are
then the number of columns containing 1, 2, and 3 boxes,
respectively, in the Young tableau for U3. For notational
convenience G (for Gel'fand) will be used to denote the
full set of g;; labels, Apart from an n; ~dependent phase
factor [G) = |(Ap)eAM,) withg,, =p + p+ v =350 +
2p) —se+ A+ v, go,=q+v=3(A+2u)—ge— A+
V, 811 =7 +q+v=2M, + A+ 2u) —de—3A+ v,
The so-called betweenness conditions (g;;= g; ;,_; =
£;.1,;) are equivalent to the restrictions 0= p= a,
q=p, 0=7r=2A,

-
=

0=

States of particular interest are those for which the
number of oscillator quanta (r, = Z)jgj,,- - E]- gj,i-l) in
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TABLE L. (Subgroup labels for extremal states). The subscripts HW and LW mean highest weight and lowest weight in the Gel'fand

sense (not to be confused with €,,, ~ Gy and €;;, ~ Gyy).

G £12 F-2P) £11 P q r € 2A 2M, ny ny ng 1 J
Gy £13 go3 £13 X m X —A—2u A A A+pt+y [T v 1 1
Gl £13 g23 &3 A m 0 —A—2u A —x pt+ v At+p+v v 1 0
Gy ga3 £33 833 0 0 0 22 +p " —p v u+ v A+ p+v 0 0
Gly g3 £33 823 0 0 n 22 + ° n pt+ v v A+ p+w 0 1

the 3-direction is either a maximum or a minimum. The
value of the subgroup labels for these so-called extremal
states (1 G;)) are summarized by Table I. The I and J
labels form a convenient code by which the states can be
distinguished. The labels A, p, v can therefore be thought
of as either specifying or being specified by the distri-
bution of oscillator quanta for extremal states.

In the SU; O R4 reduction states are labeled by the
total angular momentum L and its projection M. Multiple
occurrences of a given L can be distinguished in a
variety of ways.1® The physically most significant scheme
is that due to Elliott in which case K, the projection of L
along the body-fixed 3-axis, is used to sort the L-values
into the familiar K-bands of rotational model theory.1?
The prescription given is that projected states defined
by

| (G)KLM) = P, |G) = (2L + 1) [dQ DEE(QR(Q)IG) (3)

form a complete basis if G = G; and for:

G =Gyy: K=X1-2,...,10r0,
L=K,K+1,...,K+p, K=0O0,
L=pp—2,...,10r0, K=0 (4a)

Gy =Gyt K=p,pup-—2,..,,1lo0r0,
L=K,K+1,,..,K+21, K#=#0,
L=xx-2,...,10r0, K=0, (4b)

In Eq. (3), Df,(R) is an R rotation matrix and R(Q) is
an R, rotation'operator. The integration is over Euler
angles.

States defined by Eqgs. (3)—(4) are not normalized nor
are they orthogonal with respect to the K-label. Working
within such a scheme leads ultimately to nonhermitian
matrices, To avoid this complication, it is convenient to
orthonormalize the basis using a Gram-Schmidt process.
The physical interpretation of K as a band label can be
maintained approximately if a prescription analogous to
that outlined by Vergados is used.18 In this case

[GpX,LM) = 23 O, | (GpK; LM), (5)
j=i
where the orthonormalization matrix O;; is defined re-
cursively by the formulas
0,; = 1/(({(GpK,; LM | (GpK; LM) — jZ(;ojioji)I/Z (62)
1]
0;; = 0;,({(GpK, LM | (Gg)K; LM) — k<j2<i 0,0,;)V/2 (6b)
0;=0,;(8; — 25 040,). (6¢)

jsk<i

An analytic expression which allows the coefficients
((Gp)K; LM | (G)K; LM) to be evaluated is given in Sec, 3.
Unlike the « of \}ergados, X like K is given by either Eq,
(4a) or Eq. (4b). The extent to which different K -values
are mixed by the orthonormalization process depends
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upon the relative magnitude of the coefficients ((Gp)K,LM |
(Gp)K, LM) and ((Gp)K; LM | (Gg)K;LM). It can be verified
that the mixing is indeed small, In particular,for G; =
Gw(GLy) and i # j ((Gp)K, LM | (GpK; LM) = 0 if A (p) is
fixed and p(A) = ©,

3. ALGEBRAIC FORMULATION

If o represents a set of row labels used to distinguish
orthonormal basis states within a given representation
of SU;(a = eAM,,or XLM,or - --), the Wigner co-
efficients (A 1)@ ; (Aapp) @ 5| (A3p3)a3), are by definition
the elements of a unitary transformation between coupled
and uncoupled representations of SU; in the a-scheme,

| (A sps)ay),

=2 (Aqp)ay; (Xzﬂz)azi("3”3)03);,'(7\1#1)“1”(7*2#2)0!2)-
s ™

The outer multiplicity label p =1,2,...,p,,, 18 used to
distinguish multiple occurrences of a given (Azp;) in the
direct product (A, p;) X (A,u,). Although a definition
bearing physical significance comparable, for example,
to that associated with Elliott's choice of K for a resolu-
tion of the inner multiplicity problem in the SU; D R4
reduction has not been proposed to fix p, Biedenharn and
Louck and co-workers have demonstrated in a series of
articles®~12 that a mathematically canonical definition
which puts the outer multiplicity on a sound group theo-
retical basis can be obtained through the use of the labels
of an upper Gel'fand pattern for a Wigner operator of
irreducible tensor character (A,u,). The practical
aspects of this choice are manifest inthe vanishing of cer-
tain Wigner and Racah coefficients [Egs. (15), (23), below],
simple symmetry relations under conjugation [Eqgs. (32)-
(36), below], and nice limiting properties for the SU, O
SU, X U, Wigner coefficients (see Ref. 11, for example),
Outlined below are techniques which exploit the essential
features of this definition (albeit somewhat obscured but
only so as to minimize notational needs) in defining an
algorithm (based on an ordinary tensor formalism built
with tensor operators which by construction have the
same null space properties as the Wigner operators of
Biedenharn and Louck) which can be used to evaluate all
SU4 2 SU, X U, Wigner coefficients. Note that for most
practical purposes, however, the outer multiplicity can

be considered fully labelled with a running index p = 1,

2,...,Ppax Which distinguishes orthonormal basis states
in the product space,

L gp)e 00 )a g Ja )
172
x (e (op)e lagpe) = VP

(8

A. SU; D SU, x U, Wigner coefficients

Irreducible tensor operators under SU,, T, can be
defined through their commutation properties with the
infinitesimal generators of the group.1® The Wigner—
Eckart theorem allows one to express the matrix ele-
ments of tensor operators defined in this manner as a
sum over p of the product of a p-dependent generalized
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reduced matrix element multiplied by the corresponding
Wigner coefficient. Specifically, for the SU; D SU, x U,
reduction,

((’\3#3)€3A3MA3 ‘ Te(:iiﬁ?lj\z } ()‘1#1)€1A1MA1>
= Z s pl (e O ©
X (k)€1 MMy 5 (ppin)€a MM, [ (gg)esAgM, ).

This result can be used to define Wigner coefficients
through the matrix elements of specially chosen tensor
operators K (}‘2“2)(;3), '

((zuz)ezhgM, | K::X:&)r,\ @) (ypy)e A M, )
2

= (el K20 ) (10)
X <(’\1H1)€1A1MA1; (Azuz)eQAzMAz] (A3u3)€3A3MA3)p

for which the p-summation of Eq. (9) is nof required.

- The generalized reduced matrix element ((Alpl)lfK Ot
(@) (A3p3)> is then just a normalization factor. In par-
ticular, the infinitesimal generators which have irredu-
- cible tensor character (A,u,) = (11) and operate only
within a given representation of SU4 [e.g., A py) =
(Azp3) = (ap), only] are by definition matrix elements of
the p = 1 variety.

The problem is then one of constructing the operators
Kot {p); and in particular, constructing them in a
manner which serves to uniquely define the outer multi-
plicity label p. The scheme is straightforward: Clearly
Ppax, the number of occurrences of (A5p,) in the direct
product (A,p;) X (A,p,), depends upon Ay, iy, Ay, o, Ag, Bg.
It is also clear that there exists an 7 such that (A;p.)

- occurs exactly p times in the product (A, ;) X (A, — 1,
Bz — 7). And in this case p depends upon Ay, iy, A, — 17,
By — 1, g, pa. Let g . be the value of 7 such that
(Aypy) X g = Npays Bo — Npay) = (A3H3) is not allowed
whereas (A, ;) X 6‘2 = Mmax T LiHy — Tgay + 1) 2 (A3“3)
occurs with a multiplicity of one, Then (A,p,) X (A, =
Ag — Npax + P, g = Mg — Mo, + )= (A3p,) occurs with
a multiplicity of p for p = 1,2,...,p,., = Ny.x. In this
way, (A p1) X (A,0,) = {(A;p3) can be considered the
parent coupling for the pth occurrence of (A5u5) in the

" product (Aju4) X (Ayp,). The question then arises: Is it

. possible to construct the K ("Z“Z)(p) from the correspond-

ing K %2F2(p) in such a way as to preserve the unique null
space) property of the parent operator which allow it to
generate the pth occurrence (and no more) of (A;44) in the
product space ? The answer is yes, it can be done via a
build-up process using the group generators K11 =
KQ(p = 1), In particular, iterating the result

g%2k2 () = [k () x g OV k2

€aho My, ey My,
= 33 ((11)eAM,; (A — 1,y — 1)
eAAz’MA
P AR (A-1,0,~1) an
€p MM | (abg)ep Aoy VK2 R (PIK
(11)

allows one to relate X (}‘2"2)(p) to K PP 2)(«p) for each p.
Logical consistency demands, of course, that in each step
P be chosen numerically equal to p and that p = 1 corres-
ponds to a multiplicity free parent coupling, p = 2 to the
second solution in the parent coupling having a twofold
outer multiplicity, etc. The tilde, however, is used to
denote the fact that p-orthogonality in the product space
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is not guaranteed; that is, X *2*2(p) will in general be a
linear combination of all K *2*?(p) with p < §. (That
operators with p > p are not generated is a consequence
of the fact that the group generators preserve the null
space properties of the parent operator, Further dis-
cussion on the consequence of this result is given below,
In effect, it means that the wei%ht diagramit for a
coupled operator of the type 7)) x K1 jg the same as
for T4\m)) To be sure, the build-up process cannot be

used to define K “2"2(p) because kK *1'F 7 V) = 0. But
this presents no major problem since an analytic ex-
pression for the Wigner coefficients corresponding to the
pth occurrence of (A3u,) in the product (A;p,) X (AgH,)

is available [Eq. (20), below] and through Eq, (10) serves
to define the first nonvanishing operator in the build-up
process, Note that the Wigner coefficient appearing in
Eq. (11) is multiplicity free. Substitution of Eq. (11) into
Eq.(10) yields

(@ 1#;7)€1A1MA1 H (A2“‘2)€2A2MA2 | (7‘3#3)€3A3~MA3 )p
= ()l KX*2@) ) (g -t
X (apa)l& A0y | O ) TE P

X 2 {(11)eAMy; (g — 1, pp — DejAsM; |
eAMIRLM

(Aghp)ea Ao, )
X qp)es MMy 5 (AD)eAM| Ay py €4 AM] D,
X (g iy )L AMY 5 (g — 1, 4y — 1ep ARM] |
(A3p3)€3A3M,\3)p .

If KD were not chosen to be of the generator type, re-
presentations other than (A i) would appear on the
right- and left-hand sides of the matrix elements of

gt 2'1)(;:1) and K1 gnd a summation over these re~
presentation labels would be required. Factoring each
coupling coefficient into a reduced coefficient (double-
barred or isoscalar part) multiplied by an ordinary co-
efficient which carries the dependence upon the SU,, pro-
jection labels and carrying out the summation over pro-
jection quantum numbers yields

(12)

(A 1k1)€3Ag; (abg)en Al (Aapq)egAy);
= ()l K P2 B) | (g N
X (gl & 70 [ gy iy) 1K ROy
X GA%)A,Z((H)eA; Ay — 1, py — DebAS (A gpy)enAy)

X ((Aypg)er s (1A | (g )€l AL,y
X (g )eiAL; Ry — 1, pp — 1eb A5l (A 3pz)ezAs),
X U(A;A NzAS; AL Ay), (13)

where U(A; AAgAS; Ay Ay) is an ordinary SU, recoupling
coefficient and €; = €5 — €,, €3 =€, — €, €] = €53 — €,
+ €.

It should be emphasized that Eq, (13) is valid for com~
pletely general arguments €;, Ay, €5, Ay, €3, Ay and,
furthermore, that certain coupling coefficients derived
using this expression must necessarily vanish identi-
cally. To see this, consider in more detail a coefficient
calculated by repeating the recursion process 7 times.
The required matrix elements are for a tensor operator
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k®22(p)

[ [[K(xz-n,nz—n) (o) X K(11)] x K(11)] veex K(n)] (Azuz),
(14)
in which K 1) appears 7 times. In general the maximum
change in A induced by an operator K is 3(r + p)
since this is the maximum value of A in the representa-
tion (A\p). The generators, however, are of a special type;
they change A by at most 3. The operator given by Eq.
(14) can therefore change A by at most (A, — 7 + py —
/2 + 1n/2 = (A, + p, —1)/2, Consequently, the corres-
onding coupling coefficient must be zero if |A; — Az >
z(A5 + py — 1). The maximum 7 for which this result is
valid is simply n = n,,, — p. Consequently {((A;p,)e;A;
(Aypg)ea Ayl (A3u3)e3A;)- must vanish for {A; — Ay
g + Py — Npax T+ 0)- "Phis property is completely
general and a direct consequence of the build-up process
used to define the coefficients. Note that the number of
coefficients predicted to be zero (more zeros may appear
but for other reasons) is always a decreasing function of
p. Although solutions obtained via repeated applications
of Eq. (13) are not necessarily orthogonal with respect to
the p-label, orthogonalizing in the increasing order p =
1,2,...,Pppax using a Gram-Schmidt process preserves
the vanishings; and hence the Wigner coefficients satisfy
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<(7\1N1)€1A1; (Agky)ex Ay I (A3N3)€3A3)P =0

for | A, — Aa" > Ay + Py — Ngayx T 0). (15)

This then quarantees the uniqueness of our result which
by construction coincides with the Biedenharn and Louck
prescription for a resolution of the outer multiplicity.
Thus Eq. (13) provides a recursive means of defining the
SUz 0 SU, X U, Wigner coefficients for each mode of
coupling characterized by p.

An expression which is computationally convenient to
evaluate can be obtained from Eq. (13) by restricting
€3, = HW and €3A5; = HW. In this case €A and €} A
are also forced to be of HW and ((11)HW; (A, — 1, p, — 1)
HW || (A, 115 )HW) = 1. The sum in Eq. (13) then reduces
to simply

/\Z’)(()\lul)elAl; (IHW | (A py)ey — 3,40,
XA qpy)ey — 3, A (g — 1,y — DHW || (Agpg)HW),
X U(Ay, 2,23/2,(Ay — 1)/2; A}, 1,/2). (16)

It follows (making use of results available, for example,

| in Refs. 19 and 20) that

=N [_ (R(pl + I)A(Alyhz/zykg/z)[B(Al, )‘2/2,7\3/2) + 1]

(24, + 2)(2A, + 1)

. Slg; + DC(A,A5/2,13/2)D(A1,15/2,13/2)
(2A, + 1)(24,)

A, Ay, Ag) = Ay + Ay — Ay,
B(Ay, Mg, Ag) = Ay + Ay — A,,
C(Aj, Mg, Ag) = Ay + Ay — Ay,
DA, A, Ag) = Ay + Ay + Az + 1,
R(p)=p,0+ 1= D), + 1 + ),

S(qi) = qi(p‘i +1 _qi)(hi +p; + 2 - qi), (17

where N is a normalization factor. This result allows
the recursion process of Eq.(13) to be carried out with-
in a very limited number of coefficients. The restriction
€;A; = HW, however, also demands that
(A ypy)erAg; (ppp)es + 3, A | (Agpg)HW)
(2A5 + 1) 1/2
T O\(2A + 1)(2A, + DN(AY)  a=Aiie

X ((Aqppeq + 3, A% (s e Ayl (A gpg)HW),

X(A4, AL)
v2A, +1

X(Ay + 3,5 + 2) = —{S(g1)[A(A1, Ay, X3/2) + 3]
X[B(Ay, Ay, A3/2) + %]} 1/2,
X(Al - %, Az + 'é‘) = {R(Pl)[C(Ap A2’A3/2) + %]

X [D(Al’Az’As/Z) + %]} 1/2’

X(Ay — 2,0, — 3) =+ {S(g,)[C(Ay, Ay, A53/2) + 3]
x[D(Al,Az,As/Z) + %]} 1/2,

X(Al - %, Az - %) = {R(Pl)[A(Al’ A2,7‘3/2) + %]
X[B(Als A2’ A3/2) + %]}1/2,
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1/2
> ((A1P1)€1 — 3,4 + 5 (g — 1,py — 1)HW | ()\3u3)HW>P

1/2
> ((7\1“1)51 -3, Ay — %; ()\2 -1, Ho — 1)HW || ()\3N3)Hw>p] ,

N(Ay + 3= S(qs),

N(A, — %) = R(ps). (18)

And knowing this additional result allows all coefficients
of the type €3A; = HW fo be determined. Coefficients
with €;A; # HW follow from the ordinary recursion
formula

<(A1N1)€1A1§ (7\2#2)62/\2 l ()‘3N3)€3A3>
1 2A5 + 1

- Ng\Aj=A:1/2 ! 2A7 + 1
3, A% (A2“2)€2A2” (7\3#‘3)53 -3, Af3>
(ZA3 +1

+ 2 —_
Ap=,x1/2 24, +1

1/2 .
> U(AyAGA, 35 AL A,)

X ((7‘-1}11)51 -

1/2 ,
> U(A{NyAgz; AGA,)

X A(gp1)€1 815 Aapp)€r — 3, A5l (Agugles — 3, A'3)>’

_ {Vsig + 1),

s Ai_A’i=%’
= VR, + 1),

A== — 4 (19)
The process is easily realized for small values of
n=[(A; + A3 —A3) — 2(u; + iy — p3)])/3. The maximum
possible multiplicity is » + 1,i.e.,p,,, = 7 + 1, For
example, for an allowed coupling with » = 0, p, ., must
be one and (A {1y ) HW; (Ay o JHW | (A5p3)HW) = 1, "For
n =1, p,.x may be either one or two. If p,., = 2, the
coefficients with p = 1 and €3A5 = HW are determined
via Egs. (17)-(18) from the result for {(A,p;)HW; (A, —
1, p, — 1)HW || (A3p25)HW). The solution for p = 2 can
then be determined from Eq. (20) below, If, on the other
hand, p,., = 1, either (A py) X Ay — 1, s — 1) = (A5p3)
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is allowed and Eq. (20) cannot be used to generate an
additional independent solution or (A;p;) X (A; — 1, py —

1) = (a3p3) is not allowed and Eq. (20) provides the only
solution. For n = 2, p,,, may be either one, two, or
three. And in this case it is still possible to generate
useful algebraic results, For » > 2, however, the recur-
sion process yields unwieldy expressions making the
algebraic approach extremely difficult if not impossible.
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However, from the systematics of the results it is poss-
ible to predict a general algebraic expression for
((Allil)Hw (Azﬂz)ezA ”(7\3P3)HW) (kz =Ay — Nuax +p,
By = Py — Npax + p implying that p is the maximum
multiplicity for this coupling) which leads to coefficients
that are automatically orthogonal to those obtained via
Eq. (13) for the same X,, ji, but lesser p. Explicitly, if
p=p—qandg=2xr—-p,

= NF(,)[G@)/H@) ]2,

(3 ' i P2=0,
sz) = £ 2 ({p =
(— 1?2 E()( 2 _n 9, Ba=1,
f(')—{(52+j + 1) F Ayt —n+j+2), j<i,
(a+j+1)(b_j'—1): jZi,
jz'l
= (Ry— 23, +n+1) 0 g@), Jg>3
G(qz) % 2 ‘Iz i=iy ’ 2 1s
J2 =171,
20) = { @+n—jp-—n+jlc+n—Gd+n—R, +h,—ji+1), j <4y (20)
ﬁ_n+]+1’ quZ’
j; = minimum
]_1 % 1 for which the coupling A; + A, = A; is allowed,
2=mammumq25
n+ 1 +Xx, —q
H@G,) = < 2 2>,
—qz

a=AM/2,35/2,13/2) — n/2,
c=CM/2,25/2,13/2) — n/2,
n= Ay + Xy —A3) + 2(uy + By — p3))/8,

where N is again the normalization factor. The formula
[which is essentially the inverse of Eq. (18)]

((Aqp1)er + 3, A4 (Appp)ep Ag [l (Agpg)HW)
3 (275 + 1) 2 Y (A4, AD)
B <(2A1 + 1)(24, + 1)N(A’1)> M=tg21/2 Y2AL + 1
X ((Apy)e Ay (eA0)ep + 3, A% I (A3”3)HW>:

Y(A, + %, A, + N =— {8(42)[A(A1’A2;)‘3/2) + %]

X [B(A1,A2,7‘3/2) + %]} /2,
Y(Al + %; Az - %) =+ {R(Pz)[c(Ap Az,h3/2) + ‘5]

x [D(A17 Az;ha/z) + %]} 1/2,
Y(A, — 3,0y + 3) =— {S@2)[C(Ay, Ag,13/2) + 3]

x [D(AI’ A2!A3/2) + %]}1/2,

Y(A]_ - %, Az - %) - {R(Pz)[A(Al, Az; A3/2) + %] :

X[B(Ap Az, A3/2) + %]} 1/2’
N(A; + 3) = Slgq),
N(A]_ - 'é_) =R(p1)’

can be used to generate coefficients with €, A, = HW re-
cursively. Note that Eq. (20) is valid for all p; it can be

(21)
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b = B(XI/Z,AZ/Z,Aa/Z) +n/2+ 1,
d= D(Al/Z, A2/2, 7‘3/2) —n/2,

[

used to provide the starting coefficients for the recursion
process,

The computational algorithm is then clear: Neglecting
normalization factors, for eachp =1,2,...,pp.,, (i)
start with the (A, 41 )HW; Ro0)€, A, || (A3u3)HW) of Eq.
(20) and use Eq. (21) to generate the (()tlp.l)elAl,

(A2 )HW || (A3p3)HW),, (ii) make use of Eq.(17) to gener-
ate the (A, p)e; Aq; (Azuz)HW | (x313)HW); from the
((A1p1)€1Aq; Aol )HW || (A3p3)HW),, and (iii) obtain the
((A1py)€rAy; Mopn)eaAgll (A 3p3)HW); by using Eq. (18) to
step the €, A, labels. Then (iv) use Eq. (8) with a3 =
€3A; = HW to orthonormalize the resultant coefficients
1n the increasing order p = 1, 2,...,pnax and, depending
upon need, and (v) obtain the ((Alul)elAl, ()tz;,tz)ezA2 I
(h3u3)53A3)p by using Eq. (19) to step the e;A; labels.

The process serves to define SU; O SU, X U, Wigner
coefficients to within an overall phase, The simplest
and most natural way for fixing the phase is to take all
the normalization factors involved in the process to be
positive, and we adopt this convention. This is very dif-
ferent from the ordinary procedure in which a particular
coefficient is assigned to be positive for each mode of
coupling, i.e., each p-label,21 With the current approach,
however, it is difficult to predict the sign of each indi-
vidual coefficient, making a priori introduction of the
ordinary convention practically impossible. Of course,
the technique outlined above allows the ordinary con-
vention to be introduced a posteriori during the ortho-
normalization process. And such a choice reflects it-
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self in the p-dependence of the symmetry properties of
the Wigner coefficients (see Sec. 4).

It is interesting to note the effect of changing the
order of the coupling in Eq. (11),

Ok a1 g OD x g Oo gDy Ohpi)
K XzM Py=[K "~ XK'z "2 (P)]e:AzMAz
= 20 (g — 1,pp — 1exAML 5 (11)eAM, |(’~2P2)€2A2MA2>
eAAz'MA
a1 ,O0,-1u, D) ,
% KeAMA 6'212\2'Ml{: (P)- (11 )

For this form, the result corresponding to Eq. (13) is
(ppy)€rAg; Aops)ea Ay | (Agpz)eshg);
= (Agpg) | K “2F2@) Oy KA gs) | K
x (Agpe) | KO H700) 00 y))

X eAAZ)As (A, — 1, py — 1)ebAs; (11)eA | (Apup)enA)

X ((7‘3#3)€§A§; (1DeA|| (7\3P‘3)53A3>p=1
XA{(qpy)e Ay Ay — 1, pp — 1)e5 A I (7\3H3)€§3A§>p
X U(ALALAGA; ASAL). (13%)

Rl [O WP

The choice €;A; = HW and €,A, = LW rather than e, A,
= HW and €;A5 = HW can then be used to obtain a recur-
sion relatlonshlp analogous to Eq. (17).

B. SU; Racah coefficients

A straightforward generalization of the relationships
between SU, unitary recoupling coefficients and SU,,
Wigner coefficients leads to the corresponding relation-
ships between SU ; unitary recoupling (Racah or U func-
tions) and SU,; Wigner coefficients.19 The most practical
of these relationships for evaluating recoupling co-
efficients in terms of known Wigner coefficients is

2 (py)egAg; Ay 3“23)523-/&23”()‘#)5/\)‘,1,23
X U ) gty AR 13); (1281200155
X p12,3(A23H23)P23,P1,23)
= AzE (kD Ay Aapg)e Ay | (azii2)er20 5),
2 3 12
X {(Aq2p12)€12 0125 (Aauz)eshs | (w)en),
X ((Aghz)eaAg; Mghz)eahs | (Mpaas)ershaaly

X U(A{AyAAg; AypAys). (22)

Fixing €, A, = HW and €A = HW in this expression while
letting A, ; run over its range of allowed values yields a |

?
Gl GuoMIM) = C 2
ke

e RN 62/ (6

A— N
S{(M\AN M) =25 A
o o] A—M, —
Sy (k"M LM)
i L—-M L+M
= — _._.ld.
2]@+L+1§( ) < a ><L—M’
=(p+u—q)/2, A=12/2,
M,=7r— N, M, = A, K=k,
Ni=p—y— A, Ny=A—y,
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set of simultaneous equations the solution of which is the
required U functions. Note that the choice €¢;A; = HW
and eA = HW makes it possible to evaluate all but one of
the Wigner coefficients in Eq. (22) through Egs. (17)-(18);
the other requires Eq, (19) in addition.

The sum on the right-hand side of Eq.(13) can with the
help of Eq. (22) be identified (apart from orthogonality)
as simply

Z; ((7\1}‘1)611\1; (7\2 #2)52 Az” (A3N3)€3A3>p0 U((All»i]_)(l 1)@3#3)
o Xy — Ly — 15 (qpdos = 1,05 gi)pc = 1,0p).

This is a direct consequence of the special character of
the couplings involved in the product tensors of Eq. (11).
More general couplings would, by analogy with SU,, re-
quire a 9~(Ap) symbol.22 The recursion formula (13)
could therefore, in retrospect, be obtained from Eq, (22)
by requiring U((A ;i) (A1) (A gp3) Ry — 1, py — 1); (A1 1y )ps =

Lpg(opodpo=1,pp) = 0 for p, # py. And indeed, this
suggests a 81mp1e method by which the techniques
developed in this article may be generalized to other
group structures. Note that the orthonormalization pro-
cess, if carried out in the increasing order p = 1,2,...,
Prax, Maintains the zero value of the U function for p,, >
p . Consequently,

U((A o)A Azp3) A0 — 1, pp — 1); A1p1)Pa = 1,
ps(Azkts)pe = 1,pp) = 0 for py > pg

This result also follows from property (15) and is a
direct consequence of the Biedenharn and Louck pre-
scription for specifying the outer multiplicity.

(23)

C. SU; D R; Wigner coefficients

The coefficients which effect the transformation be-
tween the eAM, and XLM schemes are known.23 [The
choice made in Eq. (3) requires that an additional factor
of 2L + 1 be included in evaluating Eq. ( 35 of Ref, 23,
In addition, including the phase factor (i)"1™ in the de-
finition of IG) makes the coefficient real.] Explicitly, if

[(Ge)KLM) = 25 (G| (Gx)KLM)|G), (24)
then €
(GHGRHXLM) = 2 0,,(G| (GpK; LM), (25)
j=i

where O;; is the orthonormalization matrix of Eq. (6) and
(Gl (Gg )K.JLM) is the inner product of a state |G) [defined
by Eq (2)] with a state | (Gp)KLM) [defined by Egs. (3)-
(4)]). The parameter g in Eq. (24) is used to denote the
subgroup labels (g,,,£55,8,1 ~ P,4,7) of G. In terms of
summation (K > M,M — M’ for reasons of symmetry),

)"

( >Sl(MAA’NAM ) Sy(NAM, = AM)S,{k’ kx = kM'LM),

2L 207

ptu+
—M'] \A" + M| q

A+ N, )E(—I)B <2A—MA—NA—2a> <2a+MA+NA)
o) 5 B ’

A+M/2—-8

2k + L
+A+M/2+ AN +M/2+a—B—1y

(26)

K'=k—A—p +p—q).
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The corresponding expression for (G| (G, w)XLM) can be
obtained by conjugation (see Sec. 4). Note in particular
that the overlap of two projected states required for a
determination of the orthonormalization matrix O, ;s 18
given by

{GpK'LM| (Gp)KLM) = (Gg | (Go)KLK"). (27)

Since |G) differs from |(Ap)eAM,) by at most an n, -
dependent phase factor and z{¥ + # @ = 3, it is con-
venient to write

(G136, |G3>p

= (i) MMy 5 (Mpiig)ea ApMy | (N gpg)esAsM, ). (28)
The SU4 D R, Wigner coefficients are then given by
(G 1pK 1L 1M 15 (Gop) Ky LMy | (G3r)K3LsM ),
= ggga (G11(G DKL M XG5 | (Gop)Kp LM y)
X (G3|(G3£;)3C3L3M3)<G1; Gz‘Gs)p- (29)

An expression which is more convenient to evaluate from
a computational point of view may be obtained by directly
expanding the inner product

UG 1p)K LM 15 (Gon)RoLoMy | (Gap)K 3L sM ),
= (G 10)X L 1M ,; (Gop)Ky LM, |PAIZ§K3 |G3z),. (30)

Making use of the fact that R;(Q) = R, (Q)R,(R), the effect
of the projection operator acting to the left can be deter-
mined. Integrating over Euler angles by means of the
Clebsch—Gordan series for rotation matrices then leads
to the result

(G 1)K Ly M 15 (Gop) Ko LMy | (Gap)K 3L aM 3),
= g§2 (L M5 LMy | LK 3XGy | (G, LMY
M)
X (G, | (GzE):’chzMéxGﬁGzIGsE)p
X (L M3 LoMy| LMy, (31)

Applying Eq. (5) to the 3-space yields the required SU; >
R, Wigner coefficients, Note that the summation in this
case is only over SU; O SU, X U, Wigner coefficients of
the type G; = G4, i.€., those which can be evaluated
through Egs. (17%2- 18) withoutthe use of Eq, (19). Clearlya
factorization into the product of a reduced SU; D R5
Wigner coefficient and an ordinary Wigner coefficient in
R4 space is possible. Note that it is unnecessary and
indeed redundant to fix the phase for the SU; O R; Wigner
coefficients independently of that already chosen for the
SU3 O SU, % U4 reduction. The orthonormality of the
transformation coefficients between the two schemes
guarantees a unique solution. In effect the choice is made
by selecting positive roots in Eq. (6).

4. CONJUGATION AND SYMMETRY PROPERTIES

Since the SU5 O R 5 reduction is linked to the SU5 O
SU, X U, reduction via the transformation coefficients
of Eq. (2&), it suffices to make a determination of the
conjugation relationship and all symmetry properties for
the SU; 2 SU, X U, reduction only. The corresponding
SUg3 D R4 results foliow from known relationships among
the transformation coefficients between the two schemes.

A. State conjugation

The transformation coefficients (G |(Gg)XLM) are the
elements of a real unitary (hence orthogonal) matrix if
|G) = (9)™'"™s | (h;;)), where the | (k,;)) are states of the type

defined by Mosﬂ{nsky in terms of polynomials in creation
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operators acting on the vacuum.24 [The choice ()"2| (k)
as suggested in Ref. 23 is also acceptable. In this case,
however, the states would not transform according to
conventional phasing under the ®RZ operation (7-rotation
about the 2 axis X time reversal) as defined by Bohr and
Mottelson,25] The results given in Appendix A2 of Ref. 19
for the adjoint irreducible representation can then be
used to show that26

16)* = (— 1) |6),

A=y, H=A,

p=p—q E=—c¢ (32)
g=Ax—p = A=A

T=p+p—q—7r §y=—M,

Note thatp —» = 3(A — p) — € — M, =7 — p. The sign
of M, differs from that of Hecht due to the choice M, =
r — A of Eq.(1). [This choice allows the more natural
correspondence (zxy) ~ (312) rather than (zxy) ~ (321) to
be made between body-fixed axes x,y,z and the %,j
labels of the Gel'fand scheme.] For G = G5 Eq. (32) im-
plies that in addition to A and p interchanging roles [ =
1—7andJ =1—J,where I and J are as defined by
Table I; that is, under conjugation HW—>LW and LW- HW,

To discover the conjugation properties of the
| (Gg)XLM) it suffices to know in addition to Eq. (32) the
symmetry properties of the (G| (Gz)KLM). By straight-
forward but tedious substitution it can be shown that for
the inner product of |G’) with a state |(G)MLM') [de-
fined by Eq. (3)],

1. (G'l(GMLM)* =(G'|(GMLM"),
2. (G'|[(G)—M,L,—M")

= (- 2" e GmLm),
3. (G'|(CMLM") = (— 1) ™M MG | (G )\M'LM),
4, G'HGMLM") = (G'|(GIMLM"),
5A. (G'| (GIML,~ M) = (— 1)"{"s" 2 M | (GmLm),
5B, (G'|(G) — MLM') = (— )™ "*¥(a' [ (GyrLM"),
8A. (G'MPHGWMLM') = (— 1)A*+M/2(G" (— MY (GIMLM"),
6B. (G'| (GIM)MLM') = (— 1)MM/2(G"| (G(— M)MLM’).
Since X = K + 2n where » is integral, the symmetries(33)
apply directly to the (G| (Gg)XLM) as well as the
(Gl(GzpKLM). Property 6 together with property 1 in-
sures that the (G'| (G)MLM’) vanish for either 2A’ + M’

or 2A + M odd. Properties 1, 5A, 4 can then be used to
show that

HGRXLM)* = (— 1) +#+L-M | (G)KL,— M). (34)
Note that G; = Gy (Gy) implies Eq. (4a) [Eq. (4b)]
applies on the left whereas Eq. (4b) [Eq. (4a)] applies on

the right. But since A and p also interchange roles, X is
left invariant.

B. Symmetry properties

In Sec. 3 a prescription is given for a unique deter-
mination, including phase, of all SU; D SU, X U, Wigner
coefficients. Intermsof o= A, + A, —Ag + p; + py —
which is even or odd as (A; + Ay — Az — iy — Ho + ;13)/."3i
=p, — 7y + py —7, —pz + 73 is even or odd, the corres-
ponding symmetry properties are:

Symmetry Properties of the SU; 3 SU, X U, Wigner
Coefficients
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1A. (G136, 1G3y),

= (— 1)¥ "2V dim(A3p5)/dim( 1, XG55 G, 1G ),
2A. (G1;G31G3), = (— 1) "™max"%(G,; G, 1Gy),,
3A. (G1;G,41G3) = (— 1)9(G;G11G3)  (Mpay = 1 only),
1B. (G1;G,l G3),

- 1)¢+%(>\2-p2)-%52+/\3-/s1

x Jaim(Azu5)(2A, + 1)/dim(A 4, )(2A5 + 1)

X (G3; G5 lGs)y,
2B. (G136, Gy, = (— 1) Mmax P A A A 51 G )
3B. (G1;6,11G3), = (— 1) G, 6,165

(Mpax = 1 only).

(35)

Among these, the most important is Symmetry 1. Ex-
pression (20) satisfies this relation, from which it
folloys that it holds for the coefficients (G,; G, | G3)p and
{G5;G, |G1)p’ A comparison of the expression for
(G;G,1G4 A given by the right-hand side of Eq, (13) with
that for (G; G, |G ), given by the right-hand side of Eq.
(13’) then sufficies f)y induction to establish the relation-
ship for the general case. The validity of Symmetry 2,
apart from phase, is a direct consequence of the sym-
metric nature of the formulation under the operation of
conjugation. The appearance of the phase factor in this
case, however, is by no means obvious, The factor (— 1)¢
is a direct consequence of Eq. (32). But, as already
suggested,2® consistency requires an additional phase,

£ =+ 1, It has been determined that (G,; G, | GB)p =

— 1)%G,;G41G 5, i.e., £ = + 1 for this special variety.
The general result, £ = (— 1)"max~”, then follows from re-
cursion relation (13), An arbitrary resolution of the
multiplicity would, in general, require a linear trans-
formation among the p-labels on the right-hand side of
each of Egs. (35). The significance of the “canonical”
decomposition manifests itself in Symmetry 1 and Sym-
metry 2, where such a transformation does not appear
and the multiplicity label p is the same on both sides of
the equations. This, however, is not the case for Sym-
metry 3 because of the unsymmetric treatment of G, and
G, and accounts for the restriction n,,, = 1, i.e., multi-
plicity free couplings only.

Practical considerations may favor adopting a different
phase convention.21 But doing so requires a modification
in the phases for the symmetries of Eq. (35). For
example, under the convention adopted by Hecht, namely
requiring ((, ¢, )LW; (A2u2)62A2max I (A 3u3)LW), > 0, the
results can be summarized as follows:

Symmetry 1 remains unchanged, Symmetry 2 holds with
Nmax YePlaced by pp, ., Symmetry 3 is valid for p., =1
only. That is, in this particularly simple case all that is
required is for 7,,, to be replaced by p,,, throughout.
The symmetry properties of the SU; D R; Wigner co-
efficients can be obtained from those given above by
using the results of Eqgs. (33) together with Eq. (34).

Symmetry Properties of the SU; D R3; Wigner Co-
efficients

1A, (G 1)K L 1M ; (G o) Ko LoM, | (GSE)GCSL3M3>p

= (= DM M JQim(A ) /dim(X )
X {(G g K 3L gM g5 ()R Ly, — My | (G K 3L M),

2A. (G % LM ;5 (GZE)JC2L2M21(G3E)JC3L3JW3>9
= (— 1)"”"max_P+L1+L2—L3

X UG )KLy~ My;(Gop)RoLy, — My | (Gap)K 3L g, — M),

J. Math. Phys., Vol. 14, No. 12, December 1973

J. P. Draayer and Yoshimi Akiyama: Wigner and Racah coefficients for SU;

191

3A. ((G1)X 1L M ; (G )R, LoM, | (Gap)K3LMs) = (— 1)¢
X ((Gop)RyL M3 (G1p)K 1 LM 1] (G )X 3L M y)
(Mpax = 1 only),
1B. ((GIE)JCILI; (GZE)"KZLZN (G3E)5<!3L3)P
=(=1) @rAgtigtLytly Ly
X YAim(Agpg) (2L, + 1)/dim(A, iy )(2L5 + 1)
(G 30K 3L 35 (G o)X Ly ll(G 13 Ly, 0?

2B. (G191 L1; (G oLyl (630K 3Lly), = (— 1)7 "max?
X (G 19%1 L 15 (G, Lyl (Gan)X 3Ly,

3B. ((G10)%1Ly; (Gon®yL,ll (GapKoLy) = (— 1)7 1 EaTks
X ((GZE)Ksz; (GpXK ]_Ll“ (GaE)K3L3>

(Mpax = 1 00ly).  (36)
Again, under the convention of Hecht, these relations hold
if n .. is replaced by p,,, throughout,

5. CONCLUDING REMARKS

The techniques described above developed as an out-
growth of the need for an advanced SU; technology in
shell model calculations for light nuclei assuming
general two-body effective interactions.27 Machine codes
based on the results are therefore available.28 They allow
a numerical determination of SU; 2 SU, X U, and SU,
O R, Wigner coefficients as well as SU4 Racah co-
efficients to be made for arbitrary couplings and multi-
plicity.

Although the emphasis in the present article has been
on the practical aspects of calculating SU, Wigner and
Racah coefficients, it is quite possible, and indeed likely,
that the build-up process using the group generators can
be applied to the I' | Wigner operators of Biedenharn and
Louck and co-workers for the couplings (A,1¢) X (A,i;)
= (Agus), p=1,2,...,p,, to obtain the full set of
Wigner operators for the coupling (A ;) X (Ayp,) =
(A3p3). Because of nonorthogonality, however, it is not
clear that a simple interpretation of the structure of the
operators in terms of geometrical properties of the so-
called arrow patterns will be possible, Nevertheless,
since our purpose in the present article is to avoid the
luxury of mathematical sophistication the validity of such
conjectures must be relegated to a later work.
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