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L'(1, X) WITH ORDER CONVOLUTION
R. K. DHAR AND H. L. VASUDEVA

ABSTRACT. It is shown that the maximal ideal space of L'(Z, X) is (0, 1] X T(X),
where M(X) denotes the maximal ideal space of the Banach algebra X. The
Gelfand topology on the Carrier space (0, 1] X T(X) coincides with the topology
which is the product of the interval topology in (0, 1] and the Gelfand topology on
IMR(X). Moreover, the Gelfand transform has the form of an indefinite integral.

Let I denote the interval [0, 1] of real numbers. 7 is a totally ordered set with the
semigroup structure obtained by defining xy = max{x,y}. When I is provided
with the usual interval topology, / is a compact topological semigroup. Let C(J)
denote the linear space of all complex-valued continuous functions on /. We give
C(I) the usual norm

1) = max | f(x)|

for fin C(I). Let C(I)* denote the conjugate space of C([I), that is, the linear space
of all continuous complex-valued linear functionals L on C(). It is well known
that each L € C(I)* has a unique representation as an integral with respect to a
complex-valued, countably additive, regular measure A defined on all Borel subsets
of I[10, p. 364]. That is,

L(f) = f, f(x) dA(x)

for all fin C(I).

Let X be a commutative Banach algebra with identity e, ||e|| = 1. Denote by
M(I, X) the set of all countably additive, regular vector-valued measures defined
on the o-algebra B (1) of Borel sets in I with values in X, which have finite total
variation [3]. With the total variation as norm, ||m| = |m|(I), m € M(I, X),
M(I, X) is a Banach space ([6, p. 161] or [8, p. 103]).

Following [3, p. 379] a linear operation U: C(I) — X is said to be dominated if
there exists a regular positive Borel measure » such that

VI < f)A1 a

for every f € C(I); one says that U is dominated by » or that » dominates U. Then
there exists a least positive regular Borel measure dominating U, denoted by p,,.
Put

1Ull=sup| S US| and (Ul =sup3 | UL
where the supremum is taken over all finite families { f;} of C(J) with Z || f]| < 1.
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500 R. K. DHAR AND H. L. VASUDEVA

We shall make use of the following result proved in [3, p. 380).

THEOREM 1. There exists an isomorphism U <> m between the set of the dominated
linear operations U: C(I)— X and the set of the regular Borel measures m:
B (1) — X with finite variation p, given by the equality

u(f) =flfdm for every f € C(I).

Moreover, if U and m are in correspondence, we have
py = |Ul=|m|(I) and ||U|| =|m|(I) = p().
Recall that ||m||(]) is the semivariation of m on I, that is,

Im(1) = sup|| S am(E)|

where the supremum is taken over all finite families { E;} of disjoint sets of B (I) with
U, E; = I and for all the finite families {a;} of complex numbers such that |a| < 1
for each i.

Duchon [4] has introduced the convolution algebra M(Z, X) as follows: Let f be
in C(I). Then the function of two variables f(xy) is continuousin I X I. Let m, n
be in M(1, X). Let m ® n be a regular Borel vector-valued measure with finite
variation on % (/ X I) that is an extended product of m and n (see [5, p. 1469]).
Then m * n is the measure determined by the dominated operation W: C(I) » X
given by the equality

0 w(f) = f, J() d(m ® n)(x,)
1 x
= [{ [ 1090 ()} anx) = [ stom + )

for every f in C(I). Moreover,
|m * n|| <|m]| ||n||, m,n € M(I, X).

With this product, M(/, X) is a Banach algebra, which is commutative if X is. The
structure of measure algebras M(G, X), where G is a totally ordered compact
topological semigroup with multiplication in G defined by xy = max{x, y}, is
discussed in [5]. If M(X) denotes the space (in the usual weak topology) of regular
maximal ideals in X and F,, represents the canonical homomorphism from X onto
the complex numbers C associated with an M € J(X), then for every homomor-
phism 7 of M(I, X) onto C, there exist a b €I and M € M(X) such that
w(m) = Fyym([0, b]) for all m € M(I, X) or there exist a b€ (0,1] and M €
IM(X) such that #(m) = F,,m([0, b)) for all m € M(I, X). Conversely, if a € [0, 1]
(a € (0, 1), M € P(X), then the mapping m — F,,;m([0, a]) (m — F,,m([0, a))) is
a homomorphism of M(/, X) onto C.

In what follows we show that L'(Z, X) is a subalgebra of M(I, X) and study the
structure of this algebra. The maximal ideal space of L!(Z, X) corresponds to
(0, 1] X M(X). The Gelfand topology coincides with the topology which is the
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product of the interval topology on (0, 1] and the weak topology on T(X) and the
Gelfand transform has the form of the indefinite integral.

For terms pertaining to vector measures and Bochner integral, the general
reference is [2]. We list the following definition:

DEFINITION 2. Let (£, Z, p) be a finite measure space. A Banach space X has the
Radon-Nikodym property with respect to (2, Z, p) if for each p-continuous vector
measure m: = — X of bounded variation there exists g in L'(u, X) such that
m(E)= [ggduforall E € Z.

Throughout the discussion we shall assume that the Banach algebra X has the
Radon-Nikodym property with respect to the Lebesgue measure on [0, 1].

1. L'(1, X) as a subalgebra of M(I, X). Every function f € L'(I, X) determines a
measure p, € M(1, X') where

w(E) = fE f(x) dx.

The measure g is absolutely continuous with respect to Lebesgue measure and, in
view of the Radon-Nikodym property of X with respect to Lebesgue measure,
every measure which is absolutely continuous with respect to Lebesgue measure is
of this form. Since functions in L'(Z, X) which are equal almost everywhere are
identified, different functions determine different measures. Moreover, we have
l wll = II.f1l;- We can thus view L'(I, X) as a linear subspace of M(I, X). Our first
result is that this linear subspace is in fact a subalgebra.

We shall need a notation for certain subsets of . We put 4, = {x, y € I:
x<y}and 4, = {x,y €EI: x >y}.

THEOREM 3. If f, g € L'(I, X), then f + g € L'(I, X) and
@ (f+8)x) =f0) [ g b +8x) [ SN & ae.
0 0

ProoF. We will show that the function defined on the right side of (2) belongs to
L'(1, X). We have

L0200 @ + g [ 1) b ax
< [ NN b, s + [ [IgCO 1A b
= [ 1 10, & ax + [ [N 18O, &
= [ LI e 0x, + x4 & d
= [ L1 NN b ax =111 s

) f “g(y) d + g(x) i “fy) & € LU, X).
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502 R. K. DHAR AND H. L. VASUDEVA

To determine the convolution product of f and g, let & be an arbitrary function in
C(I). Then according to (1),

1,1
M@ dly ) = [ [ 1) fx)g(r) dx dy
= [ Dxah0) + X1 980) e

= ['He)| [ %0 f) dx] & + ["H ] ['x0,80) ] ax
(using Fubini’s theorem [ 3, Theorem 4, p. 1469])

= ['10)] 80 [ ) dx| @ + [ £ [ 8(x) x| @
= flh()’)[ 8()’)nyf(X) dx + f(y)foyg(x) dx] @.

Thus, in view of Theorem 1, the measure y * p, agrees with the measure de-
termined by the function f(x)/5 g(») & + g(x)[o f(¥) &

From the above theorem we have that L'(Z, X) is a subalgebra of M(Z, X) and,
from the results of [4], M(/, X) is semisimple if and only if X is semisimple. Thus
we have the following result:

COROLLARY 4. L'(I, X) with order convolution is a commutative semisimple
Banach algebra iff X is semisimple.

REMARK. L'(I, X) is not an ideal in M(, X). In fact, the function ex; ,, Where ¢
and d are distinct interior points of I, when convolved with the mass e at d gives
the mass (d — c)e at the point d. Of course the set of discrete measures in M(J, X),
5,1, X), is a subalgebra of M(J, X). It is easy to check that /,(I, X) ® L', X),
that is those measures in M(J, X) of the form p, + p, where p, is discrete with
values in X and f € L'(1, X), is also a subalgebra of M(I, X).

2. The Gelfand representation. The Gelfand theory for commutative Banach
algebras provides a representation of these algebras as algebras of continuous
functions on a locally compact space. We show that this representation for
L'(1, X) with order convolution is given by the indefinite integral.

Since L'(I, X) is a subalgebra of M(I, X) each homomorphism of M(Z, X) into
the complex numbers will be a homomorphism of L'(Z, X) into the complex
numbers. Thus for each b € I (b € (0, 1]) and M € IM(X) the mappings

= Fu [ Xos(0) f(x) dx and > Fy, [ xi00(x) f(x) dx

are homomorphisms of L'(Z, X) into the complex numbers. However, since X6 =
Xjo,5) almost everywhere, they define the same homomorphism of L'(1, X) into C.
There is the possibility too that there are homomorphisms on L'(Z, X)) which are
not of this form. The following theorem combined with the above remarks gives a
complete characterisation of nonzero homomorphisms of L'(Z, X) into complex
numbers.
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THEOREM 5. Every homomorphism ¢ of L\(I, X) onto the complex numbers is of
the form

a
©) 9(f) = Fu [ fix) s
(i
Jor some 0 < a < 1 and F,,, where F,, represents the canonical homomorphism from
X onto C associated with an M € TR(X).

PrOOF. Since simple functions are dense in L'(/, X) and ¢ is not a zero
homomorphism of L!(Z, X), there exists Xgyx such that ¢(xg,x) # 0. Define

h(fe) = ¢(fe * xgx)/d(xex), f € L'(T).
If xgy is such that ¢(xzy) # O, then
¢(fe * xex)/¥(xex) = $(fe * Xe9)/¥(xeY)-

One need only cross multiply and observe that ¢ is multiplicative and the algebra is
commutative. Moreover, 4 is a homomorphism. In fact,

$(fe * ge * xgx) _ p(fe *ge * xgx) $(xeX)

h(fe * ge) =

oxex)  o(xe) ¢(xeX)
_ o(fe v ge* xgx * xg%) _ o(fe * xex) (g€ * Xxex) _
Yo vy oo Sy o S v B

Since L!(I)e is isometrically isomorphic to L'(I), it follows, in view of [12], that
there exists @, 0 < a < 1, such that h(fe) = (g f(x) dx. Define

k(y) = o(xegpo)/o(xex), y € X.

It may be easily checked that k is well defined and is a multiplicative linear
homomorphism of X. So there exists M € D(X) such that k(y) = F,,(y) for all

yEX.
_ kel * xex)  $06)
h(xge)k(y) = o0s%) &(xex)
_ ¢(XD’ * XeX * xon) =
T B
Thus

#06) = Fu(n) [ “Xe(0) di = Fy i "yxe(1) di).

Suppose now f is an arbitrary function in L'(, X). There exists a sequence of
simple functions {f,} such that Lim,|f, — f|| =0 and Lim, f}||f, — f|| dx = 0.
Moreover, ¢(f,) = F,,f5 f,(t) dt. By the dominated convergence theorem and the
continuity of F,,, we have

o(f) = Fy [ f1) .
0
We can thus identify the Carrier space of L!(Z, X) with (0, 1] X T(X), and the
Gelfand transform of fin L'(1, X) is the indefinite integral. The following theorem
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shows that the Gelfand topology in the Carrier space (0, 1] X T(X) of L'(Z, X) is
the product of the interval topology on (0, 1] and the weak topology on TR(X).

THEOREM 6. The Gelfand topology, +, on (0, 1] X T X) coincides with the topology
7', which is the product of the interval topology on (0, 1] and the weak topology on
M(X).

Proor. The Gelfand topology, , is the weakest topology for which the functions
R M) = [ Fy(f(x)) d

are continuous. Since these functions are continuous with respect to 7/, 7 is weaker
than 7. The functions f(a, M) clearly separate the points of (0, 1] X M(X), vanish
at infinity, and do not all vanish at a particular point in (0, 1] X D% X). Thus the
weak topology 7 induced on (0, 1] X P(X') by these functions coincides with 7' [13,
p. 12].

REMARK. The result about the Carrier space of L'(/, X) can also be obtained by
using a theorem of Grothendieck [9, Chapter 1, p. 58] and a theorem of Gelbaum
[7]. However, our method is very simple and straightforward.

It follows from the above results that L'(Z, X) has no identity. It is clear that the
adjunction of an identity to L' is equivalent to the adjunction of the mass e at the
point O to the algebra L'(Z, X). However, there are approximate identities in
L'(1, X).

THEOREM 7. Given f € L'(I, X) and € > O there exists t € I such that if v(x) =
u(x)e, where u(x) is any nonnegative function in L'(I) which vanishes to the right of
t,and [{ v(x)dx = e, then ||f — v * f||, < e.

ProOF. Choose ¢ > 0 such that [§|| f(x)|| dx < /3. If » satisfies the conditions of
the theorem, then for x > ¢, (¥ * f)(x) =f(x). Thus

I es=A= [ f f) b + f(x) f “w(y) dy — 1)
< [ ut) L1500 & + 10 f “u(y) & +||f(x)||] dx
< [u L1 @] dx + [ e + [0 e

<f u(x)dx+ +3<e

REMARKS. (i) If X = C, the field of complex numbers, then L'(Z, X) is the
algebra studied in [12].

(i) If X = L'(I), then it can be shown, using an argument similar to the one
given in [11], that L'(, L'(I)) is isometrically isomorphic to the algebra L'(I X I)
studied in [1].
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