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Abstract We propose, as a novelty in the literature, the
modeling of wormholes within a particular case of f(R, T)
gravity, namely f(R,T) = R + aR? + AT, with R and T
being the Ricci scalar and trace of the energy-momentum
tensor, respectively, while « and A are constants. Although
such a functional form application can be found in the litera-
ture, those concern compact astrophysical objects, such that
no wormhole analysis has been done so far. The quadratic
geometric and linear material corrections of this theory ren-
der the matter content of the wormhole remarkably able to
obey the energy conditions.

1 Introduction

Recent cosmological observations indicate that the universe
is undergoing an accelerated expansion [1,2]. The cause of it
still remains an open and tantalizing question for the research
community. Theoretically, several proposals have been pre-
sented to resolve this problem. Modifications in standard
gravitational theory play a significant role once they are an
alternative to explaining the accelerated expansion.

One of the first and simplest modifications to Einstein—
Hilbert action is named f(R) gravity, with f(R) being a
function of the Ricci scalar. In the literature, this theory
shows a lot of contributions that account for the dark energy
problem. Starobinsky has proposed a viable dark energy
model within the framework of f(R) gravity, by assuming
f(R)=R+ a R%, with constant « [3]. It was shown in this
reference that the inception of the R? term removes some
weak singularities. This was further developed in Refs. [4,5]
(see also the review [6]). Moreover, the inflationary era and
dark matter issues are also addressed in this theory [7-10].
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In 2011, the modified f(R) gravity was generalized from
the inception of a function of the trace of the energy-
momentum tensor in the gravitational action, yielding the
f(R, T) gravity [11], which is going to be addressed in the
present paper. It has been studied in several astrophysical and
cosmological aspects, by assuming different choices for the
arbitrary function of R and T'; see [12—14], for instance.

In the present paper, we will consider f(R, T) = fi(R)+
f(T), with fi(R) = R + o R? and fo(T) = AT, where o
and A are arbitrary constants. The choice of fj(R) as given
by the Starobinsky model [3] (check also [15]) is considered.
The Starobinsky model has gained importance in recent years
as regards its role in the analysis of matter density perturba-
tions, inflation and many other applications [16—18]. Here,
we are going to analyze wormhole (WH) solutions from the
Starobinsky model within the f(R, T) gravity.

WHs are two-way tunnels, attaching different regions of
space-time. The minimal surface area of that attachment is
known as the “throat” of the WH. Morris and Thorne, who
firstly suggested these objects [19], showed that matter inside
them has negative energy, which violates the null energy con-
dition (NEC). Anyhow, in the last few years, there has been
growing interest in developing some exact WH models that
account for the minimization of the violation or even the
obedience of NEC, which in fact can be attained in modified
gravity theories (see, for instance, [20,21]).

WH solutions can be found in the literature in the frame-
work of f(R, T) gravity in different aspects. In Ref. [22],
WHs were firstly analyzed within the linear frame of f (R, T')
gravity,i.e., f(R, T) = R+2AT, with the matter Lagrangian
Lm = —p, p being the matter-energy density of the WH.
Static numerical solutions have been obtained for different
WH matter contents and stable solutions were attained in
[23,24]. Moraes et al. have investigated some theoretical pre-
dictions for static WHs obtained from f (R, T') gravity where
the matter Lagrangian is governed by the total pressure of the
WH [25]. In [26], a static WH model has been constructed
from various shape functions. In [27], the authors have stud-
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ied spherical WH models with different fluid configurations.
Motivated by the above references, we are going to check
here if it is possible to obtain stable WH solutions in R?
gravity within the f (R, T') formalism.

It is worth to remark that the functional form to be used
here, named f(R,T) = R + aR? + AT, has already been
applied to the analysis of compact astrophysical objects in
Refs. [28-30], but no WH analysis has been made so far for
such a functional form. In these references, it was shown that
such a model is well motivated since it is consistent with sta-
ble stellar configurations, because the second-order deriva-
tive with respect to R remains positive for the assumed choice
of the parameters and this prior choice agrees with the energy
condition results of the present article. Moreover, Starobin-
sky has shown that his model (free from the 7 -dependence)
predicts an overproduction of scalarons in the very early uni-
verse [15]. This issue was also addressed, for instance, in
[31,32]. On the other hand, it has been shown that the pres-
ence of the trace of the energy-momentum tensor of a scalar
field in a gravity formalism can well address the inflation-
ary era [33]. So, the T-dependence inserted in the Starobin-
sky formalism indeed leads to a promising model of gravity,
which is to be deeply and widely investigated.

2 The f(R, T) gravity model

The action in the f (R, T') theory of gravity is given by [11]

1
S=_

= [ TR R T + / e "glm, ()

where f(R, T) is an arbitrary function of the Ricci scalar
R = R’}. and the trace of the energy-momentum tensor is
T = T} . g is the metric determinant and L, is the matter
Lagrangian density. Here, we have assumed the speed of light
¢ and the gravitational constant G to be 1.

By varying the action § with respect to the metric g;;, the
following f (R, T) field equations are obtained [11]:

1
Rij frR(R, T) — Ef(R’ T)gij + (g —ViV;) fr(R, T)
=8nT;; — fr(R, T)0;; — fr(R, T)T;;. (2)

Here, we are using the notations fr(R,T) = df(R,T)/9R
and fT(R,T) = 0f (R, T)/0T,T;; is the energy-momentum
tensor and 6;; is defined as

ST, 2L
L papllaB s, hpap O M
bij =g = 2T + gijLm — 28 gl 0geP"

S 3)

In this paper, we take the energy-momentum tensor for
the relativistic source of anisotropic fluid to be of the form

Tij = (p + pouiuj — pigij + (pr — p Xi X, 4
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where p, pr, and p; are the energy density, radial pressure and
tangential pressure, respectively. Moreover, u#; and X; are the
four-velocity vector and radial unit four-vector, respectively,
which satisfy the relations u'u; = 1 and X' X; = —1.

Considering the matter Lagrangian £, = —P, Eq. (3)
can be rewritten as

6ij = —2Tij — Pgij, &)
where P = %2”‘ is the total pressure, such that the trace

of the energy-momentum tensor reads 7 = p — 3P. Hence,
the f(R, T) gravity field Egs. (2) with (5) take the form

1
Rij — 5 Rgij = T, (6)

where Y}?ff is the effective energy-momentum tensor of the
theory, defined as

5= fem T 87+ frRDIT + Peij fr(R. T}
Nt
TR T) {E[f(R’ T) = Rfr(R, T)]gij}
1
T D = ViV SRR ). -

3 Wormbhole solutions in R2-gravity within the f(R, T)
formalism

The static spherically symmetric WH metric in Schwarzschild
coordinates (t, r, 0, ¢) reads [19,34]

d52 = €2¢(r)dl‘2 — 1—b(r) — 72(d92 + SiIl2 9d¢2)7 (8)

I3

where ¢ (r) and b(r) are the redshift and shape functions,
respectively. The radial coordinate r increases from a min-
imum radius value rg to 0o, i.e., ro < r < 00, where rg is
known as the WH throat radius. A flaring out condition of
the throat is considered as an important condition to have a
typical WH solution, such that b ;’27/’ > 0[19,34] and at the
throat, r = ro = b(rg) and b’ (rg) < 1, with primes denoting
radial derivatives. Another condition that should be respected
by the shape function is 1 — @ > 0[19,34]. To ensure the
absence of horizons and singularities, the redshift function
¢ (r) needs to be finite and non-null throughout the space-
time. In this work we will consider the redshift function as a
constant, for simplicity, and also to achieve the de Sitter and
anti-de Sitter asymptotic behavior of the metric [35].

The effective field equations (6) for the metric (8) and
our specific functional form for the f (R, T) function, i.e.,
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f(R,T) =R+ aR?+ AT, read

) )
yo _(8n+%)p—w_zoﬁ] N
rr 2R + 1 ’

[ 2 2
b _ [T Rt (o) - 2]
P , (10)
r 20R + 1
[ 4\ A N Zb/2
prob BT i %) -2 (11)
23 2aR + 1 :

From the above equations, the explicit form for the matter
quantities, i.e., p, pr and p, can be written as follows:

b’ [A (2r2 — Sab/) + 127 (r2 — Zab’)]

From the quantities above, we plot the energy density and
the energy conditions in Figs. 2, 3, 4, 5, 6,7, 8, 9, 10, 11,
12 and 13. In all figures, we take 8 = 0.84,a = — 0.5 and
ro = 0.995.

4 Discussion

We have obtained here, for the first time in the literature,
WH solutions in the f(R,T) = R 4+ aR*> + AT gravity.
Such a gravity theory can be seen as the simplest and as a
more natural theory, which presents corrections in both the

p= 30+ 47) (A + 87)r ’ (12)
—12abAb’ — 48w abb’ — ar3b + Tarrb? + 24warb® + 3bir? + 127br?

Pr=" 3(A +4m) (A + 87)rS ’ (13)

= 12ab)b’ + 48w abl’ + ir’b + 127r3b' + 2adrb® — 3bir? — 12wbr? (14)

6(h +4m)(A + 8m)r

The exact solutions for the matter content of the WH can be
obtained by considering a specific form for the shape function
(361,

8
b(r)=r0+ar0|:<rr—o> —1] 0<p<l, (15)

where a is an arbitrary constant. The flaring out condition

b=b'r - 0 implies that | —a +a (;—0)’3 (1—8) > 0.

Similarly, at the throat, we have a8 < 1 for b'(rg) < 1.
Also, @ =(l—-a)2+a (’r—o)l_ﬂ — 0 when r — oo for
B <1

With the purpose of clarifying the metric conditions men-
tioned above, in Fig. 1 below we plot b(r), b(r)/r and
b(r)—r,for B =0.84,a = — 0.5 and rop = 0.995.

Using (15) in (12)—(14), p, pr and p; read

apro (%)ﬁ {—1271 |:r3 — 2aafry (%)ﬁ} + SaaBirrg (%)ﬂ - 2Ar3}

geometrical and material sectors. Although it has already
been applied to the study of compact astrophysical objects,
yielding valuable results [28—30], this is the first time WHs
are analyzed from such a functional form for f(R, T).

The R*-correction only is well motivated by its appli-
cations in cosmology and astrophysics [3,37-42]. The T-
correction only is inserted with the purpose of considering
quantum effects in a gravity theory, or even the existence
of imperfect fluids in the universe [11]. In this way, since
WHs’ material content is described by an anisotropic imper-
fect fluid, the WH analysis in theories with material correc-
tions is well motivated.

We remark that the T-dependence can also account for
a non-minimal coupling between geometry and matter, as
explored in [43]. The existence of WH solutions in curvature—

= 3(h + 47) (A + 87)r® : (16)
ro {—a2aﬂro[(7ﬂ —12)h + 247 (B — 2)] (%)2'3 —a (;fo)ﬂ [x (12(a = DaBro — (B — 3)r3) + 127 ((4a — 4)apro + r3)]]
= 30h+ A7) (0 + 87)r®
035(1 ;fffi T ;7:)); L (17
o {—2a2a/3ro[(;3 +6)2 + 247] (%)w +a (%)ﬁ [ (12(a — Dapro — (B — 3)r?) + 127 (4(a — Dapro — (B — l)r3)]}
b=

ro [3(a — (A +4m)r?]
6+ 4m) (A + 8T)r0

6(A + 4m) (A + 8m)rb

(18)

@ Springer



46 Page 4 of 7 Eur. Phys. J. C (2018) 78:46

1o\
3 b(r)/
rir
2 \/
“-z;-: _________ b(r)
1 O e T
; \\\\\\ \¢ ..............
» Shel ~ /h(r)—r
-2 B ~<o
-3k N.-
0.0 0.5 1.0 15 2.0 25 3.0

r

Fig. 1 b(r), b(r)/r and b(r) — r as functions of r for g = 0.84,
a = —0.5 and ry = 0.995

Fig. 2 Variation of energy density for . = —35 and different «

matter coupled gravity has already been discussed in the lit-
erature, as can be checked in [44,45]. The achievement of
WH solutions in a non-minimal geometry—matter coupling
model in f(R, T) gravity, following the steps in [43], shall
be reported soon in the literature.

In the present article, our WH analysis was made by con-
sidering Eq. (15) as the form for the shape function. Such
an assumption was also taken in other references, such as
[36,46]. From (15), we were able to obtain the material solu-
tions of the WH, i.e., p, pr and py, as Eqs. (16)—(18), respec-
tively.

As regards the matter content of the present WH solutions,
we would like to highlight that, departing from what can be
found in the f (R, T') WH literature [22-27], no equation of
state (EoS) was assumed in this article. Since the WH EoS
is still poorly known, this is a considerable advantage of the  gjs 5 validity of NEC, p + py > 0, for @ = 5 and different A
present solutions. It is worth to remark that in the future,
with eventual detections of WHs (check [47-51] for some
proposals), one may be able to constrain their EoS.

@ Springer
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Fig. 7 NEC, p + p; > 0, for « = 5 and different A

Based on Egs. (16)—(18) we plotted the WH energy con-
ditions, namely NEC, DEC and SEC. We mention that the
weak energy condition p > 0 can also be appreciated in Figs.
2 and 3.

In Figs. 4 and 5, the validity of NEC, p + p; > 0, for
different « and different A, respectively, is plotted.

Figures 6 and 7 also present NEC, but in terms of p;. We
see the violation of NEC only for small values of .

For DEC, while Figs. 8 and 9, in terms of py, show its
violation for most values of r, Figs. 10 and 11, in terms of
Py, indicate its respectability for all r.

Figures 12 and 13 show that SEC is respected for the
present WH matter content, for different values of « and A,
respectively.

The fulfillment of the energy conditions in a wide region
or even in the whole WH, which yields non-exotic matter to
fill in this object, was attained as a consequence of the extra
(or correction) terms of the theory, namely o R* and AT As

Fig. 8 Violation of dominant energy condition (DEC), p > |px|, for
A = —35 and different

Fig. 10 Validation of DEC, p > |py|, for A = —35 and different «

@ Springer
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Fig. 11 Validation of DEC, p > |p¢|, for @ = 5 and different A

Fig. 12 Validation of strong energy condition (SEC), p+ pr+2p > 0,
for A = —35 and different o

Fig. 13 Validation of SEC, p + p; +2p > 0, for « = 5 and different
A

@ Springer

remarked above, non-exotic matter WHSs are non-trivial and
we believe that once the material correction terms, predicted
by the f (R, T) theory, are related with the possible existence
of imperfect fluids in the universe, this theory may provide a
breakthrough in the understanding of WHs.

Particularly, the physical reasons for the obedience of the
energy conditions as a consequence of the extra terms of the
theory worth a deeper discussion. Apparently, the cosmo-
logical and astrophysical observational issues we face nowa-
days may be overcome by either an alternative gravity theory
or a non-standard EoS to describe the matter content con-
cerned. Let us take the dark energy problem, for example. It
is well known that the present universe undergoes an accel-
erated phase of expansion [1,2]. The counter-intuitive effect
of acceleration may be described either by an exotic EoS for
the matter filling the universe, namely P ~ —p [52], or by
alternative gravity models [15]. The recently detected mas-
sive pulsars [53,54] can also be attained by particular EoS
[55,56] or alternative gravity [57].

The same picture can be visualized for the WH case,
i.e., the extra degrees of freedom of an extended theory
of gravity may also allow WHs to be filled by non-exotic
EoS matter, departing from the General Relativity case. The
T-dependence of the f(R, T) theory may characterize the
first steps in describing quantum effects in a gravity theory
[11,43] and such a description, which is missing in General
Relativity, can explain the meeting of the energy conditions.

As a forthcoming work, we can check the viability of
evolving WHs within the present formalism, as well as pos-
sible observational signatures these objects may imprint on
the galactic halo, as they evolve [58—60]. With the purpose
of further checking the reliability of the present theory, a
cosmological model from the f(R,T) = R + aR> + AT
formalism shall also be reported soon in the literature.
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