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Abstract

We present a new extensive database containing experimental scattering matrix elements as functions of the
scattering angle measured at 441.6 and 632:8 nm for a large collection of micron-sized mineral particles in
random orientation. This unique database is accessible through the World-Wide Web. Size distribution tables
of the particles are also provided, as well as other characteristics relevant to light scattering. The database
provides the light scattering community with easily accessible information that is useful, for a variety of
applications such as testing theoretical methods, and the interpretation of measurements of scattered radiation.
To illustrate the use of the database, we consider cometary observations and compare them with (1) cometary
analog data from the database, and (2) with results of Mie calculations for homogeneous spheres, having the
same refractive index and size distribution as those of the analog data.
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1. Introduction

Light scattering by small irregular particles occurs in many natural and artiLcial environments.
Nowadays a considerable number of light scattering codes are available on the internet for such
particles, often organized conveniently in databases. However, databases containing experimental
light scattering results for natural irregular particles are scarce. In this article we introduce and
discuss the contents of a database of experimental results with possible applications of the data.
In recent years a considerable amount of experimental single scattering matrices as functions of
the scattering angle obtained with the light scattering facility in Amsterdam [1,2] have become
available for samples of randomly oriented small mineral particles in air with broad ranges of sizes
and shapes [3–7]. From these data it has become clear that particle shape is highly important in
determining the overall light scattering behavior of these samples. This has important implications.
For example, it conLrms that the use of Mie calculations to interpret data involving light scattering
by irregular particles in such diOerent media as comets, circumstellar and interstellar matter, or the
Earth atmosphere, is often unlikely to give accurate results (see e.g. [8,9]).
To provide an incentive for further research and applications we have decided to make our ex-

perimental data more easily available for the light scattering community by storing our data in
digital form in a database freely accessible through the Internet at http://www.astro.uva.nl/scatter as
of September 2003. All data in this database have been previously published in scientiLc journals
predominantly in graphical form [3–6]. The database contains the following data for several samples
of mineral aerosols in random orientation:

• Tables of scattering matrix elements as functions of the scattering angle from 5◦ to 173◦ at two
wavelengths, 441.6 and 632:8 nm.

• Tables of size distributions as measured with a laser diOraction method.
• Scanning electron microscope (SEM) images of the particles that are indicative of their shape
characteristics.

• Information about the origin, color, composition, and/or the complex refractive index of the sam-
ples, when available.

We provide information on the accuracy of the data whenever available. We intend to update this
database regularly with new measured scattering matrix results.

2. Scattering matrix elements

The heart of the database is the collection of the measured scattering matrix elements listed
as functions of the scattering angle at two diOerent wavelengths. Scattering matrices contain all
polarizing properties of the samples of randomly oriented particles and play an important role in
radiative transfer processes. If the incident light is unpolarized only a few elements of the scattering
matrix (the Lrst column) suPce to Lx the Qux and state of polarization of the light scattered once
by the sample. But the complete scattering matrix is indispensable for accurate multiple scattering
calculations, since even unpolarized light becomes polarized after being scattered.
For the deLnition of the scattering matrix we make use of the fact that the Qux and polarization

of a quasi-monochromatic beam of light can be represented by a column vector I = {I; Q; U; V},
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which is called the Stokes vector [10,11]. If light is scattered by a sample of randomly oriented
particles and time reciprocity applies, as is the case in our experiment, the Stokes vectors of the
incident beam and the scattered beam are related by a 4 × 4 scattering matrix, for each scattering
angle �, as follows [10, Section 5.22]:


Isca

Qsca

Usca

Vsca


=

�2

4	2D2



F11 F12 F13 F14

F12 F22 F23 F24

−F13 −F23 F33 F34

F14 F24 −F34 F44






Iinc

Qinc

Uinc

Vinc


 ; (1)

where the subscripts inc and sca refer to the incident and scattered beams, respectively, � is the
wavelength, and D is the distance from the particles to the detector. The matrix, F, with its dimen-
sionless elements Fij is called the scattering matrix of the sample and refers to light that has been
scattered once. Its elements depend on the scattering angle, but not on the azimuthal angle. Here
the plane of reference is the scattering plane, i.e., the plane containing the incident and the scattered
light. It follows from Eq. (1) that there are in general 10 diOerent matrix elements.
For unpolarized incident light, F11(�) is proportional to the Qux of the scattered light and is also

called scattering function or phase function. The ratio −F12(�)=F11(�) equals the degree of linear
polarization of the scattered light if the incident light is unpolarized and F13(�) = 0. Note further
that we must have |Fij(�)=F11(�)|6 1 [12].
In the database, all elements, except F11(�), are given relative to F11(�), i.e., we list −F12(�)=F11(�);

F22(�)=F11(�); F34(�)=F11(�); F33(�)=F11(�), and F44(�)=F11(�). Further, the values of F11(�) are nor-
malized so that they equal one for � = 30◦. In addition to each measured matrix element (ratio)
value, the experimental (1-sigma) error is given. We refrained from listing the four element ratios
F13(�)=F11(�); F14(�)=F11(�); F23(�)=F11(�), and F24(�)=F11(�), since we veriLed that these ratios
never diOer from zero by more than the experimental errors (see also [2]). This is consistent with
scattering samples consisting of randomly oriented particles with equal amounts of particles and their
mirror particles [10].
The scattering matrices given in the database satisfy the Cloude (coherency matrix) test [13]

within the accuracy of the measurements [3–5].
DiOerent conventions are occasionally used for Stokes parameters and, consequently, for the sign

of the matrix element F34(�). The convention employed here is in accordance with [10] and [11].

3. Samples

The particle samples included in the database in September 2003 comprise a wide range in origin
and composition, and have relevance for diOerent subjects. They are named Feldspar, Red clay,
Quartz, Loess, Pinatubo, Lokon, and Sahara [3]; Allende, Olivine S, M, L, and XL [4]; Green clay,
Fly ash [5]; and El Chichon [6]. Pinatubo, Lokon, and El Chichon are volcanic ashes named after
the pertinent volcano. Sahara is a sample of sand collected in the Saharan desert. Allende is material
from the Allende meteorite. Fly ash consists of particles produced in a combustion process. The rest
of the samples are named after their main mineral component or their geological classiLcation. For
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all samples (estimates of the) refractive indices, measurements of the size distributions, and one or
two SEM images per sample are given in the database and will be discussed in the next section.
The samples diOer in origin. Some have been collected from the ground in powdered form, which

resulted for example, from natural erosion processes. Others were obtained by crushing larger rocks
(e.g. Feldspar, Quartz, Olivine, Allende, Pinatubo). Several samples have been sieved to obtain
diOerent size distributions (e.g. Olivine) or to remove particles larger than about 100 �m in radius
(e.g. Lokon). In the rest of the paper, we will use the data concerning the Feldspar sample to
illustrate the contents of the database.

4. Contents of the database

4.1. SEM images

To give an indication of the shapes of the particles we provide one or two SEM images in the
database per sample. By way of example Fig. 1 shows such an image for the Feldspar particles. Such
images may, for example, be compared to images of particles collected directly from the atmosphere
or in space [14] or be used for shape analyses, e.g. [15–19]. The one or two SEM images per
sample in the database are not suited to infer detailed information about the sizes of the particles,
mainly because they range over several orders of magnitude, in most cases, so that images with
lower magniLcation will be biased towards showing only larger particles, and vice versa.
The particles in the Feldspar sample are irregularly shaped, like all of the sample particles at the

creation of the database, except for the Qy ash particles that consist of aggregates of spheres.

4.2. Particle composition and refractive indices

Samples of natural small particles are often composed of a variety of diOerent minerals. Although
the refractive indices at visible wavelengths of these constituent minerals may be known, the refrac-
tive index for the mixture may not be easy to derive from these values. To determine the quantitative
mineral composition or the complex refractive index usually a bulk sample is needed, e.g. [20], and

10
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m

Fig. 1. SEM image of Feldspar particles. The particles are highly irregular in shape and show considerable diOerences in
size. The scale of the Lgure is indicated by the bar on the right.
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this is seldom available. For cases where the refractive index is not accurately known, we provide
in the database a qualitative estimate of the mineral composition, and an estimate of the real part
of the refractive index Re(m) based on values found in the literature for the constituent minerals.
Less information is usually available for the imaginary part of the refractive index Im(m), because
the natural variability within a mineral can be quite large. However, for silicates values at visible
wavelengths mostly are in the range 10−2–10−5 [21,22]. An indication of whether the value of
Im(m) is relatively high or low is given by the color of the powdered sample, since white looking
powders absorb little. The colors of the powders are shown on photographs included in the database.
For example, the main constituent minerals of the Feldspar sample are K-feldspar, plagioclase,

and quartz as has been determined by means of an electron microprobe [23]. Therefore, Re(m) at
441.6 and 632:8 nm will be around 1.5–1.6. The light pink color of the Feldspar powder indicates
that Im(m) will be relatively small.

4.3. Size distributions

Apart from shape and composition, size is a key property in determining the light scatter-
ing properties of small particles. For the samples of randomly oriented particles in the database,
projected-surface-area distributions have been measured to determine the sizes of the particles using
a Fritsch laser particle sizer [24] based on diOraction. Apart from projected-surface-area distributions
expressed in radii of projected-surface-area-equivalent spheres r, we also provide number distribu-
tions and volume distributions as functions of radii of projected-surface-area-equivalent spheres r,
because number distributions are often required for numerical applications and volume distributions
are common in literature about atmospheric particles. To plot these three size distributions in a con-
venient way a change of variables from r to log r is often performed, so that three diOerent types
of size distributions are formed. In the database as well as in this paper log r always refers to r
expressed in micrometers.
To characterize the sizes of the particles of a sample with a few parameters the eOective radius reO

(A.14) and eOective standard deviation �eO (A.15) for projected-surface-area-equivalent spheres can
be used. The use of diOerent size deLnitions and size distributions is a potential source of confusion.
Since for a proper use of the database a good understanding of this subject is indispensable, we give
a more detailed discussion in Appendix A (see also [25, Section 7.1]).
In Fig. 2, we plot examples of the above-mentioned size distributions for the Feldspar sample.

The shifts of the maxima of the number distribution N (log r), projected-surface-area distribution
S(log r), and volume distribution V (log r) in Fig. 2 illustrate how each size distribution emphasizes
a diOerent size range. For example, the Feldspar particles have reO =1:0 �m and �eO =1:0. However,
if we calculate the median radius (for projected-surface-area-equivalent spheres) for the volume
distribution, we Lnd a value of log r=0:15 which corresponds to r=1:4 �m, i.e., 50% of the volume
of the sample consists of particles with r smaller than 1:4 �m. Similarly, the projected-surface-area
distribution yields a median radius of 0:73 �m (log r=−0:14) and the number distribution a median
radius of 0:3 �m (log r=−0:5). Thus, for each application one should carefully consider which size
distribution is most relevant.
In the database, we present normalized size distributions as they are given in Table 1 for the

Feldspar sample, corresponding to the curves in Fig. 2. The number distribution N (log r), the
projected-surface-area distribution S(log r), and the volume distribution V (log r) may be converted
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Fig. 2. Measured normalized projected-surface-area distribution S(log r), and corresponding normalized number N (log r)
and volume distributions V (log r) of the Feldspar sample. The distributions are plotted as functions of log r, where the
radius of the projected-surface-area-equivalent sphere r is expressed in �m. The area under each curve equals unity.

to, respectively, the number distribution n(r), the projected-surface-area distribution s(r), and the vol-
ume distribution v(r), by using Eqs. (A.17), (A.19), and (A.20). We note that some size distribution
tables have been published in [26], but there V (log r) was normalized to 100% instead of 1.
As mentioned, the laser particle sizer we used is based on measurements of Fraunhofer diOraction

patterns. The instrument determines the size distribution of a sample of particles suspended in a
liquid. The resulting projected-surface-area distributions were obtained without assumptions about
the refractive indices of the materials of the particles. According to the Instruction Manual of the
particle sizer, experience has shown that results which are relatively correct and absolutely repeatable
can be obtained down to a particle diameter of 0:2 �m. The uncertainties of the values of the
projected-surface-area distribution S(log r) due to random (statistical) errors and systematic errors
are not known, but we expect the relative uncertainties for the smallest particles in our samples to
be larger than for particles with r � reO .
The largest particle diameter that can be measured with the particle sizer is 2000 �m. However, the

particles we are interested in are usually at least an order of magnitude smaller. In fact, the aerosol
generator used in the light scattering experiments cannot handle samples containing a signiLcant
amount of particles larger than around 200 �m in diameter. Here, the statistical errors in S(log r)
are expected to be relatively large compared with particles with r � reO , because a small amount of
large particles may contribute considerably to the projected surface area (and the volume).
In principle, relative uncertainties of S(log r) yield the same relative uncertainties in N (log r) and

V (log r), because they are related by constants and factors of r only (Eqs. (A.21) and (A.22)).
However, as shown in Fig. 2, N (log r) may be relatively large for the smallest measured particles,
resulting in relatively large absolute errors. This should be kept in mind whenever the values of
N (log r) in our database are used. In particular, if S(log r) is small but not known for say r ¡ r0 we
cannot reliably extrapolate N (log r) for r ¡ r0 in Lgures like Fig. 2. Although the uncertainties of
S(log r), N (log r), and V (log r) are not known, we have tabulated these functions in the database by
numbers consisting of three Lgures to avoid rounding errors to accumulate in calculations involving
these functions.
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Table 1
Normalized number distribution N (log r), and corresponding normalized projected-surface-area distribution S(log r) and
normalized volume distribution V (log r), of the Feldspar samplea

log r N (log r) S(log r) V (log r)

−1.12 1.66E+00 7.29E−02 5.32E−03
−1.07 1.43E+00 8.04E−02 6.64E−03
−0.98 1.21E+00 1.04E−01 1.06E−02
−0.92 1.32E+00 1.48E−01 1.73E−02
−0.84 1.26E+00 2.07E−01 2.92E−02
−0.76 1.18E+00 2.81E−01 4.78E−02
−0.69 1.18E+00 3.87E−01 7.71E−02
−0.61 1.06E+00 4.96E−01 1.18E−01
−0.54 9.42E−01 6.17E−01 1.74E−01
−0.46 8.07E−01 7.49E−01 2.51E−01
−0.39 6.66E−01 8.73E−01 3.48E−01
−0.31 5.16E−01 9.65E−01 4.60E−01
−0.22 3.56E−01 1.00E+00 5.83E−01
−0.15 2.73E−01 1.04E+00 7.10E−01
−0.10 2.13E−01 1.06E+00 8.28E−01
0.00 1.22E−01 9.53E−01 9.26E−01
0.06 8.66E−02 8.93E−01 9.98E−01
0.15 5.00E−02 7.63E−01 1.04E+00
0.22 3.09E−02 6.55E−01 1.05E+00
0.29 1.84E−02 5.46E−01 1.04E+00
0.37 1.01E−02 4.36E−01 9.95E−01
0.44 5.87E−03 3.46E−01 9.26E−01
0.52 3.00E−03 2.55E−01 8.19E−01
0.59 1.50E−03 1.78E−01 6.75E−01
0.67 6.63E−04 1.12E−01 5.05E−01
0.74 2.64E−04 6.24E−02 3.34E−01
0.81 9.06E−05 2.99E−02 1.89E−01
0.90 2.26E−05 1.13E−02 8.77E−02
0.98 4.91E−06 3.45E−03 3.19E−02
1.04 9.22E−07 8.70E−04 9.30E−03
1.11 7.98E−08 1.05E−04 1.33E−03
aAll three size distributions are functions of log r, where r is expressed in �m.

5. Applications

There are several ways in which the data in the database can be useful. The data can be used
in a direct manner, e.g. in comparisons with observations of light that has been scattered only once
(see [4] and below) or to assess results of numerical light scattering methods for nonspherical par-
ticles [3,15,26]. Also, the data may be used in an indirect manner. For example, if a method is
applied to extrapolate the measured angular distributions of the scattering matrix elements to the
full scattering angle range, including forward and backward scattering, the extrapolated functions
may serve as input for multiple scattering computations [9,27–30]. Another way to employ the data
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in an indirect way, is to Lrst Lnd a Lt to the experimental results, applying theoretical techniques
using parameterized shape distributions. Then, the parameterized shape distribution constrained by
the Lt can be used to obtain the scattering and absorption properties at other scattering angles, wave-
lengths and/or sizes where experiments are impossible or not practical, e.g. in the middle and far
infrared.
We like to note that a strong point of the database is that it provides complete scattering matrices

as functions of the scattering angle and not one or two elements. This not only facilitates checking
of systematic errors in the data, by e.g. applying “eye ball” tests or the Cloude test (e.g. [13]),
but also makes it possible to perform multiple scattering calculations including polarization. Another
advantage is that complete scattering matrices may help to obtain better constraints on the (model)
shape parameters.

5.1. An example: comets

We give an example of the use of the database by comparing data in the database with results of
Mie calculations. In addition, we compare these data with cometary observations of the degree of
linear polarization as a function of the scattering angle.
The spectacular display of a bright comet is mostly caused by sunlight scattered by a cloud of

micrometer-sized particles. Measurements of the brightness and polarization of this light potentially
give information on the nature of these dust particles, if we know how to interpret these observations.
The data from the database may play a key role in this interpretation process. Since infrared spectra
have provided evidence for the presence of crystalline olivine in comets [31], we compare cometary
observations with measured results of two cometary analogs in the database, i.e. a natural Mg-rich
olivine sample (Olivine S) and a sample consisting mostly of iron-rich olivine particles obtained by
grinding a piece of Allende meteorite (Allende) [4].
Fig. 3 shows measured matrix elements for a wavelength of 632:8 nm of Olivine S and Allende.

These measured elements are compared with results of Mie calculations using the same wavelength
and size distributions as for the measured data. The size distributions employed are given in the
database. For the refractive index of Olivine S we chose m = 1:62 − i10−5 based on experimental
determinations for a similar sample in Jena [32]. For the Allende sample we chose m=1:65− i10−2,
based on data from the Jena optical constants database [33,34]. The comparison provides a compelling
example of what has been noted many times before, namely, that results of Mie calculations for
homogeneous spheres, in general, very poorly reproduce the scattering by irregular particles. In
particular, it is interesting to note the large discrepancies between results of measurements and
calculations for the element ratio −F12(�)=F11(�), representing the degree of linear polarization for
unpolarized incident light.
This element ratio is plotted again in Fig. 4, but now together with observations for comet

Kobayashi–Berger–Milon, obtained with a Llter with a width of 5 nm centered around 530 nm,
and, at large scattering angles, observations of comet Halley, obtained using a wide band Llter with
a width of 108 nm centered around 686 nm [35]. These cometary observations are representative
for a large group of comets, since cometary observations tend to compare fairly well, in particular
at large scattering angles (small phase angles) [35,36]. The curves of the measurements and the
observations are remarkably similar, which indicates that the olivine particles known to occur in
comets may possess a similar degree of irregularity as the ones we used in the laboratory.
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Fig. 3. Comparison of measured scattering matrix elements as functions of the scattering angle of Olivine S particles and
Allende particles at 632:8 nm with results of Mie calculations for particles with the same size distributions and complex
refractive indices as for the measured sample.
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Fig. 4. The degree of linear polarization for unpolarized incident light as a function of the scattering angle of Olivine
S particles (triangles) and Allende particles (circles) at 632:8 nm. Observations of comet Halley (asterisks) at 686 nm
and comet Kobayashi–Berger–Milon (pluses) at 530 nm are also shown. In addition, results of Mie calculations for
homogeneous spherical particles with the same size distributions and refractive index are included (thin solid line for
Olivine S and thick solid line for Allende).

6. Discussion and conclusion

A large collection of light scattering data for irregular mineral particles is now available on
the web. To choose data for a certain application, diOerent selection criteria may be employed. For
example, because of their origin and composition Pinatubo, Lokon, Sahara, and Loess possess a clear
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relevance to studies of the Earth atmosphere, whereas the four Olivines and Allende are important
for astronomical applications [4]. For comparison with numerical data, it may be convenient to select
a sample for which not only the size distribution but also the refractive index is reasonably well
known at 441.6 and 632:8 nm, such as the quartz sample, so that the number of free parameters is
reduced [29]. Alternatively, one may want to select a sample for which the size range corresponds
best to the size range appropriate for the numerical computations [15]. For other applications one
may want to combine certain data to estimate in which domain the value of a speciLc light scattering
property may lie [3]. In short, the information on sizes, shapes, composition, and refractive index in
the database on the website may provide a basis for selecting scattering matrix data.
When applying the experimental data, one should bear in mind that because of their experimental

origin, they have natural limitations. For example, measured projected-surface-area distributions can
be converted to number distributions for use in light scattering calculations (see Appendix A).
However, small absolute errors in the initial projected-surface-area distribution may cause large
absolute errors in the resulting number distribution. See e.g. S(log r) and N (log r) near log r =−1
in Fig. 2. Similarly, the error bars given for the matrix elements as functions of the scattering angle
should preferably be taken into account for applications. For example, when comparing the data with
results of light scattering computations one may include these error bars as weights in a least-squares
Ltting method.
It is diPcult to adequately deLne and characterize the shapes of natural particles. Since no two

irregular particles will be exactly the same, a statistical description will be most practical. Many
diOerent descriptions are possible, see e.g. [15,19], each with its own advantages and disadvantages.
The irregularity in shape often inhibits a proper quantitative determination of the particle composition
and refractive index. Also the determination of the size distribution of the particles may be aOected
by the shape of the particles [24]. Despite these diPculties, the enormous advantage of studying
experimental light scattering by natural particles is that we gain insight into realistic scattering
behavior, even though the diPculty in characterizing the particles may limit the interpretation of
the data. The database constitutes a state-of-the-art overview of our measured scattering matrices
of irregular particles and their particle characteristics. We hope that this extensive collection of
information will be used for many applications and trigger further research.
We plan to update this database regularly with new light scattering matrices for various samples

of particles.
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Appendix A.

The main purpose of this appendix is to provide deLnitions and interrelations for the size distri-
butions used in the database.

A.1. Number distributions

Consider a collection of randomly oriented particles with arbitrary shapes. Replace each particle
by a sphere having the same average (over all orientations) projected surface area. This creates a
collection of spheres which we shall call projected-surface-equivalent spheres or brieQy spheres in
this appendix. Let r denote the radius of such a sphere. We introduce a function �(r) so that �(r) dr
is the number of spheres per unit volume (of space) having radii between r and r + dr. Thus, the
number of spheres per unit volume with radii between r1 and r2 is given by

∫ r2
r1
�(r) dr. Units of

�(r) are, e.g. �m−1 cm−3.
The total number of spheres per unit volume is

N=
∫ ∞

0
�(r) dr: (A.1)

Units of N are for example cm−3. We shall call �(r) a number distribution (function) and

n(r) = �(r)=N; (A.2)

a normalized number distribution of the collection of particles. Units for the latter are, e.g. �m−1.
Hence n(r) dr is the fraction of the total number of particles per unit volume having radii between
r and r + dr. Consequently, the relative contribution of spheres with radii between r1 and r2 to the
total number of particles per unit volume can be written as∫ r2

r1
�(r) dr

N
=

∫ r2

r1

n(r) dr: (A.3)

Note that this quantity is dimensionless and can be expressed in percent.
Obviously, we have∫ ∞

0
n(r) dr = 1; (A.4)

which, in practice, gives a handy test for a normalized number distribution n(r).

A.2. Volume distributions

The total volume occupied by the (projected-surface-area-equivalent) spheres per unit volume of
space is

V=
∫ ∞

0
�(r)

(
4
3
	r3

)
dr: (A.5)
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Units of V are, e.g. �m3 cm−3. The relative contribution to this by spheres with radii between r1
and r2 is dimensionless and given by

∫ r2
r1
v(r) dr, where the normalized volume distribution of the

collection of particles

v(r) =
�(r)(4=3)	r3

V
: (A.6)

Units of v(r) are, e.g. �m−1. A handy test is provided by∫ ∞

0
v(r) dr = 1: (A.7)

A.3. Projected-surface-area distributions

We can deLne projected-surface-area distributions analogous to volume distributions. Thus, the
relative contribution to the total surface area of projected-surface-area-equivalent spheres with radii
between r1 and r2 per unit volume of space is the dimensionless quantity∫ r2

r1
�(r)	r2 dr∫ ∞

0 �(r)	r2 dr
=

∫ r2
r1
�(r)	r2 dr

S
=

∫ r2

r1

s(r) dr; (A.8)

where S (in units of, for instance, �m2 cm−3) is the total projected surface area occupied by the
spheres per unit volume of space and the normalized projected-surface-area distribution of the col-
lection of particles

s(r) =
�(r)	r2

S
=

�(r)r2∫ ∞
0 �(r)r2 dr

: (A.9)

Units of s(r) are, e.g. �m−1. A handy test is provided by∫ ∞

0
s(r) dr = 1: (A.10)

Note that all three functions n(r), v(r), and s(r) are normalized size distributions of a particular
collection of arbitrary particles in random orientation.

A.4. Interrelations for the size distributions

According to Eqs. (A.2), (A.6), and (A.9) we have the normalized number distribution

n(r) = �(r)=N; (A.11)

the normalized volume distribution

v(r) = c1r3n(r) with c1 =
4
3
	
N

V
(A.12)

and the normalized projected-surface-area distribution

s(r) = c2r2n(r) with c2 = 	
N

S
: (A.13)
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If one of the functions n(r), v(r), or s(r) is given we can Lnd the other two from Eqs. (A.11), (A.12),
and (A.13) apart from constants, but these constants can be found directly from the normalization
conditions expressed by Eqs. (A.4), (A.7), and (A.10). In studies of light scattering, the projected
surface area is very important. Therefore, the so-called eOective radius is often used [37]. This is
given by

reO =

∫ ∞
0 r	r2n(r) dr∫ ∞
0 	r2n(r) dr

=
3
4
V

S
=

∫ ∞

0
rs(r) dr; (A.14)

which shows that s(r) is the weighting function here. To characterize size distributions with a few
parameters, this eOective radius and the eOective standard deviation or the eOective variance can
conveniently be used. The eOective standard deviation is deLned as

�eO =

√∫ ∞
0 (r − reO )2	r2n(r) dr
r2eO

∫ ∞
0 	r2n(r) dr

=

√∫ ∞
0 (r − reO )2s(r) dr
r2eO

∫ ∞
0 s(r) dr

: (A.15)

The eOective variance veO equals �2eO . When the sizes of the particles are considered relative to
the wavelength � of the scattered light the eOective size parameter xeO = 2	reO =� can be employed.
However, values for the eOective radius and the eOective standard deviation may be misleading if
the size distribution is, for example, bimodal. In such a case other or more parameters are needed
to describe the size distributions in a satisfactory way.

A.5. Plots

In plots we may like to use log r, where r is expressed in micrometers instead of r as the abscissa,
especially when the range of r is very large. As an example we consider n(r). If we plot n(r) versus
log r we loose the simple interpretation of areas under the curve as relative number of particles in
a certain size range (see Eq. (A.3)). But we can change the variable and deLne a new function
N (log r) so that N (log r) d log r is the relative number of spheres per unit volume (of space) in the
size range log r to log r + d log r. So∫ r2

r1

n(r) dr =
∫ log r2

log r1

N (log r) d log r =
∫ r2

r1

[
N (log r)

d log r
dr

]
dr =

∫ r2

r1

N (log r)
r ln 10

dr; (A.16)

where ln 10 is the natural logarithm of 10. Consequently,

N (log r) = ln 10rn(r) = 2:303rn(r): (A.17)

Eq. (A.16) shows that it is advantageous to plot N (log r) versus log r or in other words ln 10rn(r)
versus log r, because we can use the area rule again, i.e., equal areas under parts of the curve
means equal relative amounts of spheres per unit volume in the ranges considered. In the litera-
ture cumulative size distributions, such as the cumulative number distribution nc(r), are frequently
encountered. Here nc(r) is the fraction of particles per unit volume with radii smaller than r, i.e.,
nc(r) =

∫ r
0 n(r

′) dr′ yielding for use in plots
dnc(r)
d log r

= ln 10rn(r) = N (log r): (A.18)
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So far we have considered n(r), but we can do the same for all absolute or relative (normalized)
distribution functions (see Fig. 2). Thus, we deLne

S(log r) = ln 10rs(r) = 2:303rs(r); (A.19)

V (log r) = ln 10rv(r) = 2:303rv(r): (A.20)

It should be noted that N (log r), S(log r), and V (log r) are dimensionless functions which are also
called size distributions. For normalized distributions one often omits the factor 2.303 and performs
the normalization by integration of the resulting curve over the entire range (the total area under the
curve).
A useful relation, that follows from using Eqs. (A.12)–(A.14) and Eqs. (A.19)–(A.20) is

S(log r)
V (log r)

=
s(r)
v(r)

=
c2
c1r

=
reO
r
: (A.21)

Thus, s(reO )=v(reO ) and S(log reO )=V (log reO ). For this reason the curves for S(log r) and V (log r)
plotted versus log r intersect at log reO . Consequently, reO can be quickly estimated from Lgures
like Fig. 2 or tables like Table 1 in the database. Furthermore, we have S(log r)¿V (log r) if
log r ¡ log reO and S(log r)¡V (log r) if log r ¿ log reO as can be seen in Fig. 2.
Similarly, Eq. (A.13) gives in combination with Eqs. (A.17) and (A.19)

N (log r)
S(log r)

=
n(r)
s(r)

=
1
c2r2

=
S

	N
1
r2
: (A.22)

So the curves for N (log r) and S(log r) intersect at log r = log
√
S=	N and N (log r)¿S(log r) if

log r ¡ log
√
S=	N and N (log r)¡S(log r) if log r ¿ log

√
S=	N.
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[2] Hovenier JW, Volten H, Muñoz O, Van der Zande WJ, Waters LBFM. Laboratory studies of scattering matrices
for randomly oriented particles. Potentials, problems, and perspectives. J Quant Spectrosc Radiat Transfer 2003;79–
80:741–55.
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