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As a model of X-ray stars of the Sco X-1 type the accretion of gas by a white dwarf 
is studied, and, in particular, the structure of a hot plasma formed by the accretion is exam
ined in detail. It is found that the temperature distribution in the plas,ma is determined only. 
by the mass of the star, while the density and the thickness of this plasma depend also on 
the accretion rate. Thus the relative spectrum of thermal X-rays emitted from the hot plasma 
is determined only by the stellar mass, while the luminosity changes proportionally to the 
accretion rate. This feature is supported by recent observations of Sco X-1 by Matsuoka et 
al. The mass of the white dwarf of Sco X-1 is estimated as 0.29M®. 

§ I. Introduction 

Recently HoshP> (r~ferred to as H) studied the accretion of gas by a white 
dwarf as a model of X-ray stars of the Sco X -1 type. The accretion is assumed 
to be steady and spherically symmetric. Near the stellar surface a shock front 
is formed and a hot plasma between the front and the surface emits thermal 
bremsstrahlung (in the following the plasma is called the emission region). It 
is shown that the observed X-rays are explained as the high en~rgy part of the 
bremsstrahlung and the visible light as the low-energy part modified by absorption 
and scattering in a cool region before the front. Also the mean temperature T 
of the emission region is shown to vary with the accreti'on rate A, and the observed 
correlated variation of the X-ray intensity and spectrum'> is explained as due to 
the variation of A. However, he represents the emission region by parameters 
such as mean temperature T, mean gas velocity and thickness, not entering into 
the study of its structure. The meaning of T and its relation with an effective 
temperature Teff obtained .from observations are not clear. 

The purpose of this paper is to study in detail the structure of the emission 
r~gion (temperature, density and gas velocity distributions) and to calculate the 
X-ray spectrum of the thermal bremsstrahlung from this region. If the accretion 
rate A is not small as in the case of Sco X -1 (see § 4), the plasma density is 
not small, and so the cooling time of the hot plasma is short. Then the thickness 
x of this region, being the distance traversed by the accreting gas without ap
preciable cooling, is small compared with the stellar radius R, and the gravity 
change in this region can be neglected. This fact simplifies greatly our treatment. 

In § 2 the equations of motion and energy are solved in the expansion of a 
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X-Ray Emission Region of a White Dwarf with Accretion 1185 

small parameter x/R and it is shown that the distributions of temperature, velocity, 

and density relative to that in the shock front are determined only by the stellar 

mass M, while the absolute density is proportional to the accretion rate A and 

the thickness is inversely proportional to it. In § 3 the distribution of X-ray 

emissivity in the emission region and the spectrum of the superposed X-rays are 

given. It is shown that the relative spectrum depends only on the stellar mass 

and the absolute luminosity is proportional to the accretion rate. In § 4 the above 

features of our model is shown to be supported by recent observations of Sco 

X -1 by Matsuoka et al.3l Also the stellar mass of the Sco X -1 white dwarf 

is estimated as 0.29 M 0 . 

§ 2. The structure of emission region 

We consider a steady gas flow falling radially on the surface of a white 

dwarf. A shock wave is formed near the stellar surface. Gas density p, velocity 

v '(the inward direction is taken as positive), temperature T and pressure p are 

functions of,. the distance r from the center of the star. At the shock wave 

r = R + x, these qua'ntities have discontinuities. We use suffixes f and b which 

refer the front and back sides of the shock wave, respectively. In the case of 

a strong shock these quantities are given by H as follows: 

v1 =4vb= (2GM/RY1\ 

Tb= (3/8) (GMmHtJ./kR), 

p1 =pb/4= (4nR2v1 )-1A, 

(1) 

(2) 

(3) 

where G is the gravitational constant, k the Boltzmann constant, mH the mass of 

a hydrogen atom and fJ. the mean molecular weight of the falling gas. The gas 

is assumed to be composed of hydrogen and helium with the chemical composition 

in mass as X= 0.7 and Y = 0.3, and to be .completely ionized. Then /}. = 0.615. 

We shall study the structure of the emission region in the hydrodynamical 

approximation. The equations of continuity, motion and energy are given respec

tively by 

pvr 2 =pbvb(R+xY=A/4n, 

v(dv/dr) +p-1 (dp/dr) +GM/r2 =0, 

pvT(dS/dr) =peff. 

Here S is the entropy per unit mass: 

(4) 

(5) 

(6) 

(7) 

The hot plasma of this region is assumed to be optically transparent and its energy 

loss is due to only the thermal bremsstrahlung. eff is its rate per unit mass. 

Also the thermal conduction is neglected. 

If we define the cooling time as 
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1186 K. Aizu 

t. = 3kT / (2p.maell), (8) 
Eq. (6) is written as 

(9) 
If the bottom of the emission region is taken as a place where the falling gas 
cools appreciably, the thickness x is estimated as X"-'vt.. If this quantity is 
calculated on the back side of the shock front, we have 

(10) 
The proportional constant is given later (Eq. (24)). For simplicity we assume 
that the bottom of the emission region coincides with the stellar surface, neglecting 
the structure of the photosphere. 

In order to· see the order of magnitude of various quantities involved, we 
shall give a numerical example. We choose a white dwarf of M=0.29 M 0 and 
R = 1.25 X 109 em. Equations (1) rv (3) give vb = 6.2 X 107 em/sec, Tb =8.7 X l07 °K 
and pb = 5.2 X IO-' A (in M 0 /y) g/cm8 for the falling gas specified above. In c.g.s. I 

unit, 

(11) 
where the mean value of the Gaunt factor is taken 'as the Born approximation 
value 1.10. Thus tcb=3.9xi0-9/pbsec, and xb=0.24pb-l cm=4.7/A(in M 0 /y)cm. 
The condition xb<,R requires 

A>3.7 x I0-9M 0 y-1• 

As is seen later this condition holds in most of the actual cases. 
Introducing non-dimensional quantities 

y=v/vb, z=T/Tb, u=r/(R+x), 
we· rewrite Eqs. ( 4)"" (6) in 'the following forms: 

[y- (3zy-1)]dy+3dz+ ( -6zu-1 +8u-2)du=O, 

aqu'y'zll'd In (zy'18u418) =du. 

Here we have used Eqs. (1)""' (3), and put 

a=xb/R, 

q=R/(R+x). 

The boundary conditions at the shock front are 

y=z=u=l, 

and near the stellar surface where a steady sink of the flow is assumed, 

as u-+q. 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 
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The unknown parameter q is to be determined by Eqs. (13)"" (15) together with 

the boundary conditions (18) and (19). 

Since a<1 as shown later, Eqs. (13)"" (15) are solved in the expansion of 

a. The zeroth-order quantities are denoted by a suffix 0, and the first-order ones 
by a suffix 1. The zeroth-order approximation of Eq. (15) gives u0 = const., so u 
cannot be taken as the independent variable. We choose y as the independent 

variable, and assume the foll"owing expansions: 

z = Zo + az1 , u = Uo + au1 , 

In this expansion the boundary conditions (18) and (19) become 

Zo = Uo = 1 and Z1 = u1 = 0 at y = 1 , 

respectively. Then the zeroth-order solutions of Eqs. (14) and (15) are 

Uo=1, qo=1 and z0 =y(4-y)/3. 

(20) 

(21) 

(22) 

In this approximation the ·gravity in Eq. (5) is neglected, so that the last in Eq. 

(22) is nothing but the conservation of the momentum flux pv2 + p. It is also noted 

that this relation between T and v is independent of the accretion rate A, because 

Tb and vb is determined only by the stellar mass. 

In order to obtain physical quantities as a function of the distance r, we must 

go to the first approximation. The relation between the relative distance and 

relative velocity is given by 

(r- R- x) / R ~ au1 

= (8/9v'3) a[l5 sin-1 (1- ( y/2)) - (5n/2)- (39v'3/4) 

+ {15+ (5/2)y+2y2} {y(1- (y/4))}112], (23) 

where the boundary conditions (20) are used. When the boundary conditions 

(21) are applied to Eq. (23), we obtain 

(24) 

where aq1 =-x/(R+x)~-xjR is used. In the case of M=0.29M0 , we have 

x=2.82/A(in M 0 /y)cm. For Sco X-1, A is 4.1 X 10-6 M 0 /y, and so X'"'-'6.9 

x 106 em (see § 4). This leads a small value of ar-v9.2 X 10-'. 
The first-order approximation of the relative temperature as a function of 

the relative velocity is t 

z1 = (64/9v'3)y[(n/6) + (13v'3/16) -sin-1 (1- (y/2)) 

- {1+y- (y2/2) + (y8/8)} {y(1- (y/4))}112]. (25) ' 

In Fig. 1 we show z0, z1 and z0+az1 as functions of the relative height (r-R)/x. 
For the value of a, we .choose 0.185, which corresponds to A= 4.3 X 10-8 M 0 jy. 
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(r-R)Ix 

0.2 0.4 

Fig. 2. Square of velocity, density, 
and pressure distributions in 
the emission region. All quan
tities are normalized to 1 at the 
shock front as in Fig. 1. 

K. Aizu 
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Fig. 1. Temperature distribution in 
the emission region. In the ordi
nate are plotted T /Tb =z, its 
zeroth-order approximation z0 and 
its correction Zt. where z=zo 
+azt, a being an expansion 
parameter, and Tb is the temper
ature on the back side of the shock 
front. The abscissa is the height 
from the stellar surface r-R 
divided by the thickness x of the 
region. 

4 

(r -R )IX 

0.4 0.6 0.8 1.0 

The figure shows that the temperature T drops relatively slowly as the gas flows 
over the emission region; for .. example, T drops to the half of Tb when the gas 
flows over 90 % of the emissicfn region. Also this figure shows that the dominant 
feature of the temperature distribution is determined only by the stellar mass 
and is not influenced by the accretion rate as long as the latter is not too small, 
i.e., Eq. (12) holds. This is partly because a is small, but also because the 
numerical value of z1 given by Eq. (25) happens to be small. In Fig. 2, 
square of relative velocity y 2 = (v/vbY, relative density pjp;, and relative pressure 
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X-Ray Emission Region of a White Dwarf with Accretion 1189 

pjpb are given as functions of (r-R)/x. It is seen the increase of density as the 
gas approaches to the surface is slow over most of the emission region, but is 
very sharp near the surface. This leads to the similar behavior of the emissivity 
of the falling gas. It is to be noted that in the vicinity of the surface many 
ef!ects which are not considered here become important (see § 4). 

· § 3. X-ray luminosity and spectrum 

In order to calculate the total X-ray luminosity from the emission region, it 
is necessary to consider the radiative transfer there. Here we assume, for sim
plicity, that the half of the emission which goes outwards is observed as X-rays 
and the other half which goes inwards to the surface is absorbed at the photo
sphere and· re-emitted as radiation of much longer wavelengths. Then the energy 
spectrum L(e)de is given by 

L(e) =2n s:+~e"(r, e)r 2dr. 

The emissivity spectrum eff(r, e) can be written with the value of elf at the shock 
front e11b as 

If we denote by L 0 (e) the expression L(e) where the relations between y, z and 
r are taken from Eqs. (22) and (23), we have 

L 0 (e) =(GMj2R)A rd(r/x)P0 (r, e). 

Here the relative energy spectrum P0 (r, e) is given by 

P0 (r, e)= (9--!3/16) (x/kTbxb)y- 512 (4-y)- 112 exp( -f3/z0), (26) 

where f3=e/kTb> and is normalized as 

f"' de f 1d(r/x)P0 (r, e)= 1. Jo Jo · 
Then we· have 

Lo= i"'L0 (e)de= (1/2) (GM/R)A (27) 

as shown in H. This relation (27) means that, if the thickness of the emission 
region is small compared with the stellar radius, the X-ray luminosity is given 
by the gravitational energy gained by the gas falling on to the shock front, and 
the energy gain in the emission region can be neglected. 

Based on Eq. (26) we can examine which part of the region contributes 
I)lOSt to the emission at a given X-ray energy. In Fig. 3 we show Eq. (26) for 
cases /3 = 2, 1 and 0.25. As kTb = 7.5 ke V for a white dwarf of mass 0.29M0 , 
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Fig. 3. Distribution of emissivity spectrum in 
th~ emission region. Three cases of {3=E/ 
kTb=0.25, 1 and 2 are shown. (a) is a 
magnified (in abscissa) figure of the upper
left part of (b). 

0.1 

we see from the :figure that at e~2 keV the contribution from the region close 
to the surface is very large, while at e = 15 ke V the upper emission region makes 
a dominant contribution. 

The energy spectrum integrated over the emission region is 

Po(e) = rd(r/x)P0 (r, e). (28) 

This integral cannot be expressed analytically, but at the limiting values of e 
asymptotic expressions are given as follows: For {3 = e/kTb"';:P 1, 

and for {3~1, 

P 0 (e) ~ (16kTb)- 1 [ -15ln {3+ 6ln(4/3) -15C+ .. ·], 

where C is Euler's constant. 
Thus, with rncrease of energy e the spectru~ goes down more rapidly than 

that of the thermal bremsstrahlung, and with decrease of e it grows logarithmically. 
For an arbitrary values of e, the results of numerical integration are shown in 
Fig. 4 where P0 (e) kTb is plotted against e/ kTb. 
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X-Ray Emission Region of a White Dwarf with Accretion 1191 

Equation (27) shows that, if the stellar mass M is specified, the luminosity 
is proportional to the accretion rate A, and Eqs. (26) and (28) shpw that the spectral 
shape is determined only by M and is independent of A. This results holds 
under the assumption that the thickness of the emission region is small compared 
with the stellar radius, or the accretion rate is large, i.e., Eq. (12) holds. How
ever, it holds more generally, because the correction due to the next-order ap
proximation is small as we shall show in the following. 

If we expand the spectrum in a=xb/R as 

L(e) = (GM/2R)A[P0 (e) +aP1(e) + ···], 
we have 

P1(e) = (kTb)- 1 fdz0 [z0 (4-3z0)]-112 exp( -{3/z0) 

10-t 

10-2 

10-3 

X [llzo/ 4- 3 + (3- zo) ( 4- 3z0Y12 /2 + (9 /32) (z1 (z0) / y (z0)) z/12 ( 4- 3z0)-1], 

const "exp (-E!kT.11 ) 

>. -"iii 
c 

.!!: 
c 

(!> 

.::: 
0 
a; 
0: 

energy ElkTb 

0.1 

where y (z0) and z 1 (z0) are given 
by Eqs. (22) and (25). Numerical 
calculation shows that except for 
the high-energy region e>kTb> 
P 1 (e) is smaller than 0.3 times 
P0 (e). When the effective tem
perature Teff is introduced as that 
of the thermal bremsstrahlung 
which is fitted to a certain part of 
a given spectrum, the increase of 
Teff can be realized by the decrease 
of accretion rate, but its amount 
is numerically small as long as the 
stellar mass is smaller than 1.3M® 
(see Fig. 6) and A>I0-9 M®IY 
(see Eq. (12)). Thus we can neg
lect the contribution of P1 to the 
spectrum and say that the spectral 
shape is determined only by the 
stellar mass. 

In H the mean temperature T 
is introduced and the differential 

Fig. 4. Energy spectrum. The solid curve 
is P0(E)kTb as a function of E/kTb. The 
dashed curve is the spectrum of pure 
bremsstrahlung which has kTerc=6 keV 
and coincides with the above spectrum 
at 20keV and 40 keV, marked by 
points 0. 
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1192 K. Azzu 

equations of motion and energy are replaced by the algebraic ones. As T de
pends on A, it is stated that the variation of A leads to the observed correlation 
of variations of luminosity and spectrum as summarized in Kitamura et al.'> The 
above calculation (also z1 in Fig. 1) shows that this is qualitatively correct but 
quantitatively too small. The difference between H and us will be due to that of 
some numerical factors involved. 

§ 4. Comparisoh with ohservations 

Since the energy spectrum of our model is essentially an exponential one, 
our model applies only to the Sco X -1 type. Also our model is too. simple to 
discuss the time variation. Here we discuss only the average luminosity and 
temperature of Sco X -1. Now recent observations of Sco X -1 by Matsuoka 
et al. 8> show that the temperature of the hot plasma determined in the energy range 
20"'40 ke V does not change appreciably and is 6 ± 1 ke V, while the intensity 
changes by more than a factor of two. In the lower and higher energy ranges 
the observed spectra show complicated behaviors which indicate the effect of 
absorption and scattering in the regions behind and/ or before the shock front 
and also the existence of th~ non-thermal component. So the comparison is limited 
to the energy range 20"'40 ke V. Here the features of our model that the tem
perature distribution of the plasma in the emission region is determined only by 
the stellar mass and does not change even if the accretion rate changes, while 
the luminosity changes proportionally to. the accretion rate, are in good agreelllent 
with the above observations. 

In Fig. 4 we also show the spectrum of pure bremsstrahlung :which h'as ::the 
effective temperature kTeff = 6 ke V and coincides with our spectrum at eneriies 
20 ke V and 40 ke V. This shows that our spectrum can fit with observations 
equally well as that of the pure thermal bremsstrahlung. 

Now we shall estimate the mass of the white dwarf and the mean accretion 
rate for Sco X -1. Our spectrum P0 (e) (Eqs. (26) and (28)) includes a parameter 
Tb. By fitting our spectrum to that of the thermal bremsstrahlung of a single 

·temperature Teff at energies e = 20 ke V and 40 ke V, we obtain a relation betw'een 
Tb and Teff, which is shown in Fig. 5. From this we obtain Tb ~s.7 x 107°K 
for kTeff= 6 ke V. The relation between Tb and the stellar mass (Eq. (2)) is 
shown graphically in Fig. 6 (Chandrasekhar's Table4> and revised values of atomic 
constants being used). From this figure we find the above value of Tb cor
responds to M~0.29M0. If the distance to Sco X -1 is 300 pc, the X-ray lu
minosity L"'4 X 1086 erg/sec. Then Eq. (27) gives the accretion rate A:=\ 4.1 
x 10-6M 0 /y. This value satisfies the condition of Eq. (12). Then pb ~ 2.1 
X 10-7 gjcm3 and tcb = 1.9 X 10-2 s. 

As for the optical spectrum the situation is the same as in Hoshi's, paper. 1> 
Thus our model seems to be essentially correct for the thermal X-rays from 
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Fig. 5. Relation between the tempera
ture Tb at the shock front and 
the effeclive temperature T.rr of 
thermal bremsstrahlung which 
give the same slope in the energy 
range 20-40 ke V. 

0.2 0.4 0.6 

Chandrasekhar's limit 

o.e 
MIMe 

1.0 1.2 1.4 

Fig. 6. Temperature Tb is plotted against the mass M of 
a white dwarf. 

the Sco X -1 type stars, but is too simple to explain various observation,al features 
and needs at least the following improvements: 

1. The accretion is assumed to be spherically symmetric, but this cannot 
be expected in cases of binaries with rotation and/or magnetic fields. 5> 

2. Transfer problem of X-rays in the emission region must' be studied. In 
particular, near the stellar surface absorption and re-emission, radiation pressure, 
thermal conduction, and cooling processes other than the thermal bremsstrahlung 
must be considered. These will influence the low-energy part of the spectrum. 
Also for the soft X-rays absorption and scattering by the falling gas before the 
shock front will be important. 

3. Non-steady treatment of gas is important also naer the surface. 

Acknowledgements 

This work stemmed from atalk with Professor R. Hoshi. I wish to express 
many thanks to him for fruitful discussions. 

I am indebted to Professor S. Hayakawa for pointing out that our result of 
constant plasma temperature is supported by the latest observations.3> 

References 

1) R. Hoshi, Prog. Theor. Phys. 49 (1973), 776. 
The accretion of gas by a white dwarf as a model of X-ray stars was first considered by 
A. G. W. Cameron and M. Mock, Nature 215 (1967), 464. The importance of binaries as 
X-ray stars was first suggested by S. Hayakawa and M. Matsuoka, Proceedings of Inter
national Conference on Cosmic Rays, Jaipur, India (1963), and considered in some detail 
by I. Shklovsky, Astrophys. J. 148 (1967), .Ll. 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/49/4/1184/1932249 by guest on 21 August 2022



1194 K. Aizu 

Other relevant references are given in Hoshi's paper. 
2) T. Kitamura, M. Matsuoka, S. Miyamoto, M. Nakagawa, M. Oda, Y. Ogawara, K. Takagishi, 

U. R. Rao, E. V. Chitnis, U. B. Jayanthi, A. S. Prakasa-Rao and S. M. Bhandari, Astrophys. 
Space Sci. 12 (1971), 378. 

3) M. Matsuoka, M. Fujii, S. Miyamoto, J. Nishimura, M. Oda, Y. Ogawara, S. Hayakawa, 
I. Kasahara, F. Makino, Y. Tanaka, P. C. Agrawal and B. V.Sreekantan, Astrophys. Space 
Sci. 17 (1972), 123. 
The above authors and S. Ohta, Y. Hatanaka and S. Sreedhar Rao, Nature Phys. Sci. 236 
(1972), 53. 

4) S. Chandrasekhar, An Introduction to the Study of Stellar Structure (Dover Publ., New 
York, 1957), p. 427. 

5) For example, P. Biermann, Astron. and Astrophys. 10 (1971), 205. 
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