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at the constant pressures of 100, 102, and 104 volts respec-
tively consisted of specially good specimens.

In applying the rule that the economical potential differ-
ence is about the one which causes the lamp to produce 0'25
candle per watt, it is important, however, to examine 8-candle
100-volt Edison-Swan lamps when bought to see whether
they are really marked “ 100 E.F. 8.” For while the resnlt
of various purchases of 8-candle 100-volt Edison-Swan lamps
during the past three years has always resulted in lamps
marked “ 100 E.F. 8 ** being sent us, although the marking
on the lamps was never specified by us, a recent batch of
lamps that we have received contained among them certain
lamps marked “100 B. 8,” which not only differed in the
marking but also in the filament being of a simple horse-shoe
shape, and not with a loop at the top as in the case of the
other lamps. And, on testing these Edison-Swan B lamps,
we were sarprised to find that with no one of them, when run
at 100 volts, did the watts per candle exceed 3'9, and in some
cases the watts per candle were as low as 3:0l. We have
not, however, had these B lamps for a sufficiently long time
in our possession to be able to express any opinion about their
life-history.

XLI. On the Change of Form of Long Waves advancing in a
Rectangular Canal, and on a New Type of Long Stationary
Waves. By Dr.D. 3. KortEWEG, Professor of Mathematics
in the University of Amsterdam, and Dr. G. DE VriEs*,

INTRODUCTION.

N such excellent treatises on hydrodynamics as those of
I Lamb and Basset, we find that even when friction is
neglected long waves in a rectangular canal must necessarily
change their form as they advance, becoming steeper in front
and less steep behind{. Yet since the investigations of
de Boussinesq {, Lord Rayleigh§, and St. Venant || on the
solitary wave, there has been some cause to doubt the truth
of this assertion. Indeed, if the reasons adduced were really
decisive, it is difficult to see why the solitary wave should

# Communicated by the Authors,

+ It seems that this opinion was expressed for the first time by Airy,
¢« Tides and Waves,” Encyc. Metrop. 1845,

1 Comptes Rendus, 1871, vol. Ixii.

§ Phil. Mag. 1876, 5th series, vol. i. p. 257.

|| Comptes Rendus, 1885, vol. ci.
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make an exception *; but even Lord Rayleigh and McCowan ¥,
who have successfully and thoroughly treated the theory of
this wave, do not directly contradict the statement in question.
They are, as it seems to us, inclined to the opinion that the
solitary wave is only stationary to a certain approximation.

It is the desire to settle this question definitively which has
led us into the somewhat tedious calculations which are to be
found at the end of our paper. We believe, indeed, that from
them the conclusion may be drawn, that in a frictionless liquid
there may exist absolutely stationary waves and that the form
of their surface and the motion of the liquid below it may be
expressed by means of rapidly convergent series. But, in
order that these lengthy calculations might not obscure other
results, which were obtained in a less elaborate way, we have
postponed them to the last part of our paper.

First, then, we investigate the deformation of a system
of waves of arbitrary shape but moving in one direction only,
% e. we consider one of the two systems of waves, starting in
opposite directions in consequence of any disturbance, after
their complete separation from each other, By adding to the
motion of the fluid a uniform motion with velocity equal
and opposite to the velocity of propagation of the waves, we
may reduce the surface of such a system to approximate, but
not perfect, rest.

If, then, I+# (n being a small quantity) represent the
elevation of the surface above the bottom at a horizontal dis-
tance « from the origin of coordinates, we have succeeded in
deducing the equation

2
M_3 Jg B(%n*+§an+é«r%w%)
ot 2\/2 ) 37 5

where « is a small but arbitrary constant, which is in close
connexion with the exact velocity of the uniform motion given

to the liquid, and where a=§l3—%—; depends upon the depth

I of the liquid, upon the capillary tension T at its surface, and
upon its density p.

On assuming %Z =0 we of course obtain the differential

* Thou%rh the theory of the solitary wave is duly discussed in the
treatise of Basset, the inconsistency of his result with the doctrine of
the necessary change of form of long waves seems not to have sufficiently
attracted the attention of the author.

+ Phil. Mag. 1891, 5th series, vol. xxxii.

2F2
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equation for stationary waves, and it is easily shown that the
well-known equation

n=h sech%\/ 4’%_

of the solitary wave is included as a particular case in the
general solution of this equation. But, in referring to this
kind of wave, we have to notice the result that, taking
capillarity into account, a negative wave will become the sta-
tionary one, when the depth of the liquid is small enough.

On proceeding then to the general solution, a new type of
long stationary wave is detected, the shape of the surface
being determined by the equation

=i %\/’lj_’i d.M=\/I
n=hcnx - (mo /L+]c)'

We propose to attach to this type of wave the name of
¢noidal waves (in analogy with sinusoidal waves). For £=0
they become identical with the solitary wave. For large
values of kthey bear more and more resemblance to sinusoidal
waves, though their general aspect differs in this respect, that
their elevations are narrower than their hollows ; at least
when the liquid is not too shallow, in which latter case this
peculiar feature is reversed by the influence of capillarity.

For very large values of % these cnoidal waves coincide
with the train of oscillatory waves of unchanging shape dis-
covered by Stokes*, which therefore in the theory of long
waves T constitutes a particular case of the cnoidal form.
Indeed the equation} obtained by Stokes, when written in
our notation, becomes

=7 cos gw_m _ 3h2N2 S47r.z'.
K PN T A W

but, as Sir G. Stokes remarks, in order that the method of

2
approximation adopted by him may be legitimate, %Zl must

be a small fraction. Now, when capillarity is neglected, the
wave-length A of our cnoidal waves is equal to
4K /B
N3(h+k)’

* Transactions of the Cambridge Phil. Soc. vol. viii. (1847), reprinted
in Stokes, Math. and Phys. Papers, vol. i. p. 197.

+ Stokes’ solution is more general in so far as it applies also to those
cases wherein the depth of the liquid is moderate or large in respect

to the wave-length.
1 Stokes, Math. and Phys. Papers, vol. i, p. 210.
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and therefore

Ah_ 16K% _ 16, .,
T =30+ 30K

This is a small fraction only when M, the wodulus, is small,
but the cnoidal waves then resemble sinusoidal waves ; and it
is obvious that in this case the equation of their surface may
be developed in a rapidly convergent Fourier-series, of which
Sir G. Stokes has given the first two terms."

After some more discussion about these cnoidal waves, con-
cerning their velocity of propagation and the motion of the
particles of fluid below their surface, we proceed to a closer
examination of the deformation of long waves. - To this effect
on
3t
waves, and it will appear that, though sinusoidal waves be-
come steeper in front when advancing, other types of waves
may behave otherwise.

we apply the equation for <" to various types of non-stationary

1. The Formula for g—;—’

In our investigations (in accordance with the method used
by Lord Rayleigh, Phil. Mag. 1876, vol. i. p. 257, whose
paper has been of great influence on our researches), we start
from the supposition that the horizontal and vertical » and »
of the fluid may be expressed by rapidly convergent series of
the form

u=f+yfi+yfe+. ..
v=y1+ypa+...

where y represents the height of a particle above the bottom
of the canal, and where f, f1,... ¢y, ¢y,...are functions of z
and t. Of course the validity of this assumption must be
proved later on by the fact that series of this description can
be found satisfying all the conditions of the problem.

From one of these conditions, viz., the incompressibility of

the liquid, which is expressed by %‘: g_;zo, we may

deduce

—— lafn—l

¢n— n am ?

and from another, viz., the absence of rotation in the fluid,
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d by 2% . ov _
expressed by 3 e
1 9¢,_ 1 oY
=0 s Ja= — n=1 _ __ n» 2'
iz s n dx n(n—1) 9a®
In this manner we obtain the following set of equations :—
1,0° 1 .o
u=‘f—§92§;§+ ﬂy4§_‘mf;__.“ .o (D
of L 1,0 1 507
+ 6Y 3 1307 Y +..0. (2)

’U=—ya'—m

and, moreover, if ¢ be the velocity potential and 4 the stream~
function :—

1 1 8
p=frpe-ty+ 2. . @

1 .0% 1 4
"'=9f—693%7]:+1_2095g_£_'“ N )]

which set of equations satisfies for the interior of the fluid all
the conditions of the problem, whilst at the same time it is
easy to see that for long waves these series are rapidly con-
vergent. Indeed, for such waves the state of motion changes
slowly with #, and therefo.re the successive differential-
quotients with respect to this variable of all functions re-
ferring, as f does, to the state of motion, must rapidly
decrease.

Passing now to the conditions at the boundary, let p; (a
constant) be the atmospheric pressure, p,/ the pressure at a
point below the surface where the capillary forces cease to act,
and T the surface-tension. We then have, distinguishing here
and elsewhere by the suffix (;) those quantities which refer
to the surface,

2
P1'=I71"T6;,%1;

but, according to a well-known equation of hydrodynamics,

/
I;,—l =x()— % — 3w+ ) =gy,
therefore
d T
Bt~ 2B —hu o gt S =Ly + My 2

T3,

+Nyt+PyS+... poat’ * )]
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where
L=x(2) jafdx—
+ 1 oY )f
2f 955—3—1? - —(Ba)
1faf LY 1 oy

8 ax 6 0z 9r* 24373t
19% o 1 /3%\ _ 19 9o

By differentiation with respect to z equation (5) may be
written

oL, oM 3N _ ,oF

+. a,% +2My, o

3a tWaw TV T e AT Yoz
Y1 501 Td%
4Ny? Py, g A (
+4Ny* < +6yaw+ S =0 . )

_ Moreover, a second equation must hold good at the surface,
viz.

. 01 oy1 _

s, tu— g_o. N )

In order to satisfy equations (6) and (7) by the method of
successive approximations, we put y,=Il+9, f= q0+/3, where
I and ¢, are supposed to be constants, and 5 and 8 small
functions depending upon « and ¢. Dealing, then, with the
fact that for long waves, whose wave-length 1s great in com-
parison with the depth of the canal, every new differentiation
with respect to & gives rise to contmually smaller quantities,
these equations become as a first approximation:—

I - - DS

23z " o3t I 3z
on , 9n ;08 __
93T 3t T ow =0
and are satisfied by taking
d,
=05 B=—Fa+a,
and Go=ANgl, . . . . . . . (8

where « is an arbitrary constant which we will suppose to be
small,

1

_ of _ oo, 1 3%
—mf aw" t 180:2 5 T 12 \0) T 1200292 T 720 35"
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It is obvious that this solution coincides with the one usually
given for the case of long waves of arbitrary shape made
stationary by attributing to the fluid a velocity equal and
opposite to that of the waves, on the assumption that the
velocity in a vertical direction may be neglected and that
the horizontal velocity may be considered uniform across each
section of the canal.

But, if we wish to proceed to.a second approximation, we
have to put

f=g=Lataty) ... O

where v is small compared with % and «. On substituting
this in (6) and (7) and on writing out the result, rejecting
all terms™ which are small compared with any one of the
remaining terms, we find respectively :—

T 3
@?’_’uga‘f_-‘l(nﬂ)%- (%.zeg_—)a”—o, . (10)

Tot 7932 1 p)oF =
and
%%;l—gg—;— '%(2n+a)g—z +3 lgggi'zz =0. . . (11
In eliminating g—g;from these equations, we have at last
dn _ 3q, B(%’)Q + %an +%0-g%')é )

a= ~ Co.. (12)

where
== .. 3

This very important equation, to which we shall have fre-
quently to revert in the course of this paper, indicates the
deformation of a system of waves of arbitrary shape, but
moving in one direction only. Before applying it, we may
point out the close connexion between the constant @, which
may still be chosen arbitrarily, and the uniform velocity
given to the fluid. Indeed it is easy to see from (1) and (9)
how a variation da of the constant « corresponds to a change

2
# The terms for instance with g}' g—x’l and (a_,,)s are rejected in com-

o
parison with qg—;{, which is retained in the equations, those with %’ and
O aoainst &7 )
Soiak agains 7
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8g=— qlﬂSa in this velocity, but, on taking the variation of
(12) with respect to , we obtain

(10 on _ on
8dt - 8a dr =¥ 7

which equation may be easﬂy verified geometrically.

II. Stationary Waves.

. d
For stationary waves %must be zero. Therefore we have

from (12)
%
B(%ng + Zan +%aa—w2) =0.
This gives by integration

%
o +1n? +2m]+—ag— =0; .. . . .(14
and by multiplication with 6 dn and further integration,
2
ez +6eym +7° + 2an*+ a(-gl’) =0. . . . (15)

If now the fluid be undisturbed at infinity, and if 7 be taken
equal to the depth which it has there, then equations (14)

and (15) must be satisfied by 7=0, %—_O and gz =0,
Therefore, in this case ¢; and ¢, are equal to zero, and equa-
tion (15) leads to

on_ X(n+ 2a
a—i\/—w;—). C ... (16)

Here, before we can proceed, we have to discriminate between
o positive and o negative. In the first case 2a is necessarily

negative because o1 must be real for small values of 4. If,

oz

then, we put it equal to —%, we have

=i\/I-n. v h—7:

from which, supposing # to be zero for n=~, we easily obtain
the well-known equation of the positive solitary wave, viz. :—

3
q=h'sech9..z',\/4—¢. . e e . (17)
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In the second case 24 must be positive. In putting it equal
to 4, and in substituting —4’ for 7, we have from (16)

o _ 1 —
S0 = i\/;;.n’ N h—1f,

or, by integration,
ko
~40’
This is the equation of a negative solitary wave, and we are
able now to draw the conclusion that whenever o is negative;

that is whenever the depth of the liquid is less than \/ %,

the stationary wave is a negative one. For water at 20°C.
this limiting depth is equal to 047 cm. (T=72, g=981,
p=0998 B.A.U.).

Now, for a further discussion of equation (15), we drop the
assumption that the fluid is undisturbed at infinity. If then
{ be taken equal to the smallest depth of the liquid, we must

on
ox

On supposing then o positive *, ¢; must be negative in order

fN==—n'=—lsech?z

have J7 =0 for n=0, and therefore in virtue of (15) ¢;=0.

thatg—z may be real for small positive values of 5, but then the
equation
7?4+ 2a9+66,=0 . . . . . . (18)

has a positive root 2 and a negative —k, and we may get
from (15)

g%v?r‘i\/in(h—ﬂ)(“”)‘ e (19)

By substitution in this equation (19) of 5=~5 cos? y and by
integration, we find

= 2 f+k _\/_/;—
r=hatan /(M=) - oo

# When o negative, let then / be equal to the greatest depth. On
substituting o= —¢', 7= —1' we have again ¢, negative,
'y _1 ,
(‘dg) = 1 (h—n') (k+7'),
and, finally,
h+k
40” 2

where % and —% ave the roots of 5 —2an4-6¢, =0,

p=—y'=—hcen’a
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which is the equation of a train of periodic waves whose
wave-length increases when % decreases. )

For k=0 this length becomes infinite,and the equation may
be shown to coincide with (17). )

The following figure (fig. 1) represents such a train of
stationary waves for the case in which k=-;h, M=0'8.

Fig. 1,

P &

I11. Stationary Periodic Waves (Cnoidal Waves).

Proceeding now to a further investigation of the waves
determined by equation (20), we calculate from (10) and (11)
the value of y. From these equations we get

L1y (e 1)O
dr = " 232 T \3 29p/ 0%’
or by integration,

S 1 2 1 2 L[L o™
v=—grt (s‘l 29,,)372’
where the constant of integration is rejected because its
retention would only have had the effect of augmenting in
equation (9) the value of the arbitrary constant a.
On substituting, then, f from (9) in (1) and (2), observing
that in virtue of (14)
[ k] 1 1
SZ =" 25 (89 +dan + 6¢)) = — 2_6(31;2—2(/z—k)1;—lz7c),

these equations are replaced by

w=Va—A/ 43—t~ 7 4 (7 + 5505 L= B

+ Lk — 2] } + ;;\/%{(/L—km +3hk—3n2h +. ... (21)

v=\/-9_’7_(___h_7’;)_(ﬂ.y.. )
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When %k=0 they determine the motion of the fluid for a
solitary wave.

In the first place we now will endeavour to calculate the
velocity of propagation. For the solitary wave this is simple
enough. If we consider that the liquid at infinity is brought
to rest when a uniform motion with a horizontal velocity

_q=_~/97(1+§’fl) )

is added to the motion expressed by (21) and (22), it is clear
that this velocity, with reversed sign, must be taken for the
velocity of propagation of the solitary wave.

But for a train of oscillatory waves Sir G. Stokes has
shown * that various definitions of this velocity may be given,
leading at the higher order of approximation to different
values. It seemed to us most rational to define it as the
velocity of propagation of the wave-form when the horizontal
momentum of the liquid has been reduced to zero by the
addition of a uniform motion. This definition corresponds
to the second one of Sir G. Stokes. According to it, we have
to solve the equation

[,Ad"’”ﬁ Tlu—dy=0, . . . . (24

where ¢ denotes the velocity of propagation, and where

~2Kve L @)
T Vhtk ’

is equal to the wave-length.
If, then,

V=£Andx=4\/;:_:k { (h—Hc)E(K)—/cK}

=x{(h+k)ELKK) —k} S .. (26)

A

denote the volume of a single wave reckoned from above its
lowest point, we get from (24), retaining only such terms as
are of the first order compared with #, 2, and &:—

* Math. and Phys. Papers, vol. i, P 202,
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mj”{’td _JOA{ N ,\/?:n—%(lc-—h)\/‘%z } (+n)da

0

N
)

i+n A
dwj dy j(l+q)dw
0 1] 0
— k="
_Vgl(l——m—)lk—\/_h(l_k.;h_y
- ntV =v9 20 I
o (  k+h k+REE)
v+ R AN @

On subtracting this velocity from that expressed by equa-
tion (21), we obtain

W=y g= — \/-%;(n+lc—-(k+k) E(K"_))u= - \/-;Z.(,,_ ‘_l’) (28)

and it is obvious at once that in this manner we have annulled
the veloeity of the particles for which

=Yy
n= .

This last equation has a simple geometrical meaning. It
designates those particles i (fig. 1) whose height above the
bottom of the channelis equal to the height where the surface
of the liquid would stand'when the waves were flattened.
Therefore for a first approximation we may say that the
various particles of the fluid change the direction of their
horizontal motion at the very moment when one of these
points E is passing over them.

We now proceed to the calculation of the path of a single
particle of fluid. Let xy, 3o denote the coordinates of such a
particle at the origin of time, and &'=u,+§, 3=y, +{ its
coordinates at the time ¢, w' and +' its horizontal and vertical
velocity at that time, [+ 7' its elevation above the bottom, then

we have
¢ =t Vv
— Idt = 'Z f— — H
E’_J;udt \/Z‘L‘(n 7\)dt,
¢ S0t D
=\ vdi=A /L) y 2 ds.
ld J;'vdt ’\/l‘j‘oya»"f' ¢

Here %' is equal to the value of  for 2=4'+¢¢; and there-
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fore we have do=(w—g¢)dt, or to a first approximation
dt = — 1d.z’: - —l_— dx ; but then
q v gl
Zpt+ Vé_l. ¢

zo+4/y7.t _
Er=_}_S (,)_ %) da= % %-—ITLS cnzg%{fdw.

Zo

Or, according to a well-known formula ¥,

e — (IL;I{lcl)x[Z <2K(a:0:- vg_l.t)) _Z(g%@)] . (29)

At the same time we have
zo+«/_q—i.t
1 o7 L r — h+k
§'=_z yS a—;dx:— 7Y Lch(w0+ Vgt.t)\/—;;—

—cn2w0\/%t@].. . o (80)
g

Of course, as all fluid particles with the same y describe
congruent paths, these formule may be simplified by sup-
posing a,=0.

IV. Deformation of Non-Stationary Waves.

In order to study the deformation of non-stationary waves,
we will now apply our formula (12) to various types of waves.
Solitary Waves.—As a first example we choose a solitary
wave whose surface is given by
n=hsech®px. . . . . . . (31)
According to (12), the deformation of this wave is expressed
by

%’ - _.?i-qll_ph (4op®—h) [ —sech? pa

2(a+ 20p%)
t 3{dapi—h)

But before we are able to draw any conclusion from this

sech? pz.tanhpe. . . (82)

expression, it is necessary to separate the two parts of (%’, of

* Z(w)=u (1- E_}(K-Ii)) - M”j e % .du. Compare, for instance, Cayley,

0
‘An Elementary Treatise on Elliptic Functions,” 1876, ch. vi. § 187,
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which the first is due to a true change of form of the wave-
surface, whilst the second may be attributed to a small
advancing motion of the wave, which is left after the addition
of the uniform motion with velocity go=4/gl. To this effect
we have still at our disposal the quantity , whose close con-
nexion with the uniform motion, which we have added in
order to make the wave nearly stationary, has been indicated
above.

One of the best ways to obtain the desired separation is
certainly to make stationary the highest point of the wave,
and this is effecied by fulfilling the condition

2(a+20p%) = 3(4ap’~1),
or
a=4op*—§h ;

for in that case equation (32) is simplified to

dn_ _ 3({_(21% (40p*—Ph) sech? px . tanh® par; . (33)

7=
and then, for £=0,

91 5 97

b?x = ast is zero together with %—Z

In discussing this equation (33), we see at once that a
solitary wave (31) is stationary when h=4¢p?; and this is in
accordance with the equation (17) of the stationary solitary
wave which we have obtained above. When 4>40p?, the
change of form of the wave, calculated from (33), is shown
by the dotted line in fig. 2.

Fig. 2.

Y

S
~.
.o
~~
~.
~~.

T

i
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i
1
'
f
i
H
H

o

Here the wave becomes steeper in front*, whilst for
h<4op? the figure would show the opposite change of form,
when, contrary to the opinion expressed by Airy and others,
the wave becomes less steep in front and steeper behind.

* The left side of the figure is the front side of the wave, because the
wave has been made stationary by the application of a positive velocity
(2. e. from left to right) to the fluid.
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If, now, we take account of the fact that, as may easily
be inferred from (31), the wave-surface becomes steeper in
proportion as p is increased, we are then justified in saying
that a solitary wave which is steeper than the stationary one,
corresponding to the same height, becomes less steep in front
and steeper behind, but that its behaviour is exactly opposite
when it is less steep than the stationary one.

Cnoidal Waves.—Applying formula (12) to the cnoidal
wave,

p=henfpe, . . . . . . (34)
we get

dn 3qoph § 2[a—ap?(2—4M?2
a=—" [3(4;)1\1(2192—10 A “Cng'p"’”}(“Mgpg

—h)snpz.cnpz.dnpa. . . . (33)

Supposing then
2[a—op*(2—4M?) ] =3(4cM%p2—1),

we have

g—? = ﬁ%p—]‘(40'Mep2—}L) sn® pa . enpz . dnpa. (36)
Here fig. 8 shows the change of form calculated for the
case h—40M?p? > 0.

Fig. 8.

0

When 4—40M?p?=0, the waves are stationary in accord-
ance with (20), whilst for 4—40M%? < 0 they become steeper
behind; and this last result, since p is inversely proportional
to the wave-length, may be stated by saying that cnoidal
waves become less steep in front and steeper behind when,
for a given modulus and a given height, their length is smaller
than the one required for the stationary wave of this modulus
and height.

In proportion as M is taken smaller the cnoidal waves
more and more resemble sinusoidal waves. They would take
the sinusoidal form for M =0, but then an infinitely small wave-
length would be required for the stationary case. For this
reason sinusoidal waves may always. be considered as cnoidal
waves whose length is too large to be stationary, that is, they
are always becoming steeper in front,



Downloaded by [Ohio State University Libraries] at 00:03 15 June 2012

Change of Form of Long Waves. 457

Sinusoidal Waves—This last result is easily verified by
direct application of (12) to the equation of a train of sinu-
soidal waves:

17=Asin2—7;—:f;

for, supposing
2nlc
A’

we obtain
dn _ 3qumA? . dma

@t o P

and from this the change of form indicated in fig. 4 is easily

calculated.

Fig. 4.

More complicated Cases.—For the sake of curiosity, we
represent by means of the following figures the change of form
for some more complicated cases.

Fig. 5.

O -

Dhil, Mag. 8. 5. Vol. 39. No. 240. May 1895. 2G
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Figs. 5 and 6 refer to the equation

. 2mx . dara
n=A;sin—— + 3Asin 5 —

In fig. 5 %—1 is supposed to be small compared with (%),zas

is the case with waves of extremely small height. In fig. 6
l 2
we suppose (X) to be small in regard to %1 Generally for
more complicated forms of wave these two cases have to be
discriminated. When there is a moderate proportionality
between the two fractions the result is still more complicated.
Finally, fig. 7 refers to the equation

. Ima . 4dra
=A,;sin =—~—1A,sin ~—
7 1 S by 34 8 oY ’

2
in case that (—l):) is the smaller fraction.

It is worthy of remark that all these waves grow steeper
in front.

V. Calculation of the Fluid Motion for Stationary Waves to
the Higher Order of Approzimation.

In order to remove every doubt as to the existence of
absolutely stationary waves, we will show how by develop-
ment in rapidly convergent series the state of motion of the
fluid belonging to such a wave-motion may be calculated.

Expressing again the horizontal and vertical velocity of a
particle by means of the series (1) and (2) which fulfil all
the conditions for the interior of the fluid, we have only,
neglecting capillarity, to satisfy the surface-conditions,

V=Y %‘Z;, L (37)
and w4+ v +2gn= constant. . . . . (38)

For the case of cnoidal waves, which is the general one,
we have found as a first approximation,

2 3
(%%) = g(h—n)(k+n).
But now, to obtain higher approximations, we assume, indi-
cating by accents differentiation with respect to «,

72 =an(h—n)(k+n)(L+bn+er’+..)), . . (39)
f=g9+m+spP+t@P+un+... .. . . . (40)

and
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On writing out (39), neglecting such terms as are of a
higher order than the fourth compared with #, %, and #,
which latter quantities are of the same order, we obtain

ni=ahky+ {a(h—£k) + abhk}n® +{—a+ab(h—Fk)}P —aly'; . (41)
and by differentiation,
' =Lahk+ {a(h—k) +abhkin+{—a+ dab(h—k)}n?—2aln®. (42)

From (40), by successive differentiations and substitutions,
retaining all terms up to the third and the 3% order, we
deduce :—

"=(r+2sn+ 3tn®)n;
S"=Larkk+ {ar(h—k) + abrhk + Bashk}n

+ {—gar + Zabr(h—F) + das(h—k)}n®+ (—2abr—5as)n’;
S = [ar (k—R) +abrk+ 3ashk

+ { —8ar + abr(h—Fk) + 8as(h—k)}n+ (—6abr—15as)n2 ]y ;
f“' = %ag«rﬁ]c(k —]c) + {a®r (h— ](;)2 - %a"zrklc}n

—L8a%r (h—k)n® + LoaPry’;

S =[a*(h—k)*—3arhk—15a*r (h—k)n + %cﬂrnﬂn’ ;

where % is a quantity of the order £.
Substituting these values in equation (1), where y=1[+n,
we have, retaining terms of the third order :—

uy=f~ L I —Ipf" 4 LI = g = YarPhk + Joa®rlhk (h— k)
+ {r—Yarl’(h—k) —YabrlPhl— Jaslhk—Larlhk
+ ga?rl (h—Fk)— Ea’rlthk}y
+ {8+ 2alPr — 3abrl*(h—k) —2aslP(h—k)
—arl(h—k)—Fsa?rlt(h— k) }n?
+ {t +abrl + Basl + Zarl + Sa™rl3?. o o . . (43)

We find in the same way, including terms of the 3%
order :—

n= —lf = f 4 AP =
= [ — vl 4 JarB(h—Fk) + YabrPhk 4 asPhl — tLoa*rP(h—k)?
+ £y @Rk + { —2sl— r—Sarl® + Fabrl* (h—F)
+4asP(h—k) + Jarl(h—F) +3a®rl (h—E)}n

+ { — 8t — 25 — abrlB—JaslP — Jarl? —fga®rPin?]. . (44)
2G2
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1f now we write, in accordance with (37),
ul=%} =A+Byp+Cp2+DpP+ ..., . . . (45)

we have from (43) and (44) :—
A=q—Larl?hk+ J5a®rlthk(h— k) = —rl+ Larl(h—~ k)
+ dabrlPhl+ yasPhk— L50*rl (h—Fk)? + F5a®rPhk. . (46)
B=r—1Larl?(h—k)—Ltabrifhk— faslhk— Sarlik
+ el (h— k)2~ Fa?rlthk= —2sl—r — Larl
+ SabrlB(h—k) + 4asl(h—Fk) + farl¥(h— k) + ol (h—Ek). (47)
C=s+ $alPr—3abrl?(h—k) — 2asl2(h ~ k) —arl(h—k) —Farlt (h~k)
= —3tl~ 2s—abrl® — asl ~ jarl — o l. . (48)
D=t+tabrl*+3asl+3arl + a2l . . . . . . (49)
Moreover, since (38) may be written in the form
w2 (1+9'?) +29n= (A + By + Cp*+ Dp*)2(1 + ahkn
+a(h—k)n?*—an*)+ 2gn=constant, . . . . . (50)

we readily obtain

2AB+ahkA?+29=0, . . . . (51
2AC+B*+a(h—k)A%2=0. . . . . (52)
2AD +2BC—aA?=0. . . . . (33)

From the equations (46), (47), (48), (51), (52), (53), the
six quantities g, 7, s, ¢, a, and & may be calculated, and if we
had retained everywhere terms of one higher order, we might
have got eight equations with eight unknown quantities, &e.

By afirst approximation we readily obtain from (46)-(49) :—

r==95 s=2 4 agl;s t=—~% —Jag+labgl—Jatglt;

A=g¢; B=—1; C=% —dagl;

D=- lqg— + 3ag—2abgl + }a%ql® ;
and then from (51)-(58),
3
g*=gl; a=p b= . . . . (54)
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Proceeding to the second approximation, we find

-k h—k
r=——(1+ 5] ), s—lg+4agl+4g T 7 A=gq;
9,9 =k g _, . 19g h—k
B=—y+ 73 0=k —dogl—g g7

and then again from (51) and (52),
h—k 3 15 h—k
=oi(1+57%)s o= = T4
Finally, a third approximation leads to :—

—_9(1 k""_3<7l—’“>2_9_3’*_’“) s RE
r= z(” 9 90 B o ) A=etieEs

(59)

B=—d 4 0 h—k_ 2lg (h—k)p _12q Ik
] 7T T 20! 2 51 H
_ h—*k 1 (A=K 33Nk
o gl(1+ e 9‘617) C . (56)

By means of these results we may now readily obtain from
(1) and (2) expressions for v and v including respectively
the terms of the 2* and 24t order.

They are :—

= h— k 3(7@- k)? §§ﬁlc h—k\ng
u= Vgl{(1=+ o T30 P I0E )+ (“‘ z‘)z‘

3 bk 3h—kn 97))
+412+(4 Ete T 4129}' (7

o= ST = L D (T 5 ) S e

where 51—k
. _13(1—— s )h— )(Ic+'r))(1+4 7). . 9)

~8

VI. Caleulation of the Equation of the Surfuce.

We will now show how for the equation of the surface of a
stationary train of waves a more correct expression than (20)
can be deduced. For this purpose we have to integrate
the differential equation (39), or rather we have to prove that
a series can be given which solves this equation to any desired
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degree of accuracy. Now such a series may be obtained in
the following manner. Let

e h
o 21 M: L S . 60
m=hende v ol ) ( T i) - €0
represent-the solution of an equation
mP=any(by—m)(ky+m), . + . . (61)
where 7, and % have values which are slightly different from
those of % and % in (89); then these values and the coefficients
a, B, &c., of a series
p=an+pnt+on’+nt+... o . (62)
may be determined in such a way* that this series (62)
satisfies the equation (89).
Indeed, substituting (62) in (39) and taking into account
(61), equation (39) reduces to
(a + 267)1 + 3')”'719 "" . .)Q(Ill—ﬂl)(]ﬂl +’l71)
=(a+Bmtyni+ .. Y(h—an—Bul—an’+ ...) (k+am
+B’712+'y7]13+ ‘e .)(] +bm]1+ (b/3+ca)7712 + .o -),
and it is only necessary to equalize the coefficients of the
corresponding terms of both members of this equation.
If we retain all terms to the fourth order, we find in this
way, after some reductions :—

abby—hk=0. . . . . . . (63)
a?(hy=~k)—a®(h—k) — (ba®—3B)hk=0.. . . . . (64)

~a® +at = (ba*—2a2R) (h— k) — (ca® — 2ba*B + 83— Sary) k=0 (65)

—4af +8a°B+ba* — (¢ca® + 8ba?B— 332 ~4day) (h—~ k) =0
—48%—bary + ca' + 402’ B + 3252+ 3a%y=0. : .
To a jfirst approximation these equations are satisfied by
taking
h=h; by=Fk; a=1; B=b; y=t+1c . . (68)
If then we substitute in (63), (64), (65), and (66)
hw=h+te, by=k+e, a=1+a), B=b+p;

where «; and S are quantities of the first, ¢ and @ of the
second order, we find from these equations by second approxi-
mation:—

* The coefficient ¢ in (61) might also have been chosen slightly
different in value from @ in (89), but this would only have introduced
an unnecessary indeterminateness in the solution,

(66)
(67)
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e=—bhk; w=bhk; a=—bh—k); Bi=(—202+Lc)(h—k).. (69)
Substituting as a third approximation :—
hy=h=bhk+e; ky=k+bhk+ @, a=1—=b(h—k)+ay,

we obtain finally,

er=Ychk(—h+2k); @y=%chk(2h—F) ; ay=(b2—3%c)(2—hk+k2).(70)
Hence the equation of the surface of the waves is, including

all terms of the third order : —

=[1-b(h—k)+ (0*—2c) (A2 —hk+ k) ]n + [6+ (—20°

+30) =B+ (B +Ye)ni+. . (T1)
where

m=hien® 2 o/ o (h; + k;) kl+k1)( \//z l_:k < . (60)
1

hy=h—bhk+kchk(—h+2k); ky=Fk+Vhk+dchk(20 k). (72)
Here, according to (59),

a=%(1 ""’ kL ) b—ﬂ 5. . (73)

whereas the value of ¢ and more correct expressions for ¢ and
b could only have been obtained by means of still more tedious
calculations, which we have not executed.

If we confine ourselves to that degree of approximation for
which all the calculations have been effected, we may write
for the equation of the wave-surface :—

n=[1— 7‘" ]m+ N (0
m=hent i1~ 5(""‘)) \/3(“". ()

M=(1‘§z)\/%' v

For the solitary wave, when £=0, we have *

3k 3
n= Ll 1l m+4lm oL (7D

5/
7, =h sech? (1 L) %ﬁf . . (78)
January 1895.

* Another close approximation of the surface-equation of this wave has
been deduced by McCowan, Phil. Mag. [5] vol. xxxii. (1891), p. 48,



