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YAMABE SOLITONS AND 7-QUASI YAMABE GRADIENT
SOLITONS ON RIEMANNIAN MANIFOLDS ADMITTING
CONCURRENT-RECURRENT VECTOR FIELDS

DEVARAJA MALLESHA NAIK* — GHODRATALLAH FASIHI-RAMANDI** €
— H. ARUNA KUMARA*** — VENKATESHA VENKATESHA****

(Communicated by Julius Korbas)

ABSTRACT. We consider a Riemannian manifold (M, g) admitting a concurrent-recurrent vector field
for which the metric g is a Yamabe soliton or a 7-quasi Yamabe gradient soliton. We show that if the
metric of a Riemannian three-manifold (M, g) admitting a concurrent-recurrent vector field is a Yamabe
soliton, then M is of constant negative curvature —a2. In this case, we see that the potential vector
field is Killing. Next, we show that if the metric of a Riemannian manifold M admitting concurrent-
recurrent vector field is a non-trivial 7-quasi Yamabe gradient soliton with potential function f, then M
has constant scalar curvature and is equal to —n(n—1)a?. Finally, an illustrative example is presented.
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1. Introduction

Let (M, g) be a compact Riemannian manifold with s as its scalar curvature. Then, the Yamabe
problem concerns the existence of a Riemannian metric ¢’ conformal to g, for which the scalar
curvature s’ of the metric ¢’ is constant. As an effort to solve the Yamabe problem, Hamilton
in [4] came up with the concept of Yamabe flow. Given a conformal class of Riemannian metrics,
Yamabe flow can be used for constructing metrics whose scalar curvature s is constant. The
Yamabe flow is an evolving metric family (g(t)) satisfying

D g() = ~s(0)g(1) (11)
with the initial data g(0) = g. Geometric flows like Yamabe flows, Ricci flows, mean and the
inverse mean curvature flows, and Kaehler-Ricci flows have been applied to a variety of topological,
geometric, and physical problems. It is interesting to note that in dimension two the Yamabe flow
and Ricci flow are equivalent, but in higher dimension they are non-identical.

The Yamabe solitons are special solutions of the Yamabe flows, that is, there exist scalars o(t)
and diffeomorphisms ¢; in such manner that g(¢t) = o(¢)@; (go) is the solution of the Yamabe flow
, with 0(0) = 1 and ¢p = I. In other words, a Riemannian metric g is called a Yamabe soliton
if there exist a smooth vector field V € X(M) (called a potential vector field) and a scalar A € R
such that

5Lvg = (5= N (12)
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where V' stands for the Lie derivative operator along V. In the case which V is Killing, we say
that the Yamabe soliton is trivial. In particular, if the potential vector field V' = D f, where D is
the gradient operator and f is a smooth scalar function, then we say that the metric g is Yamabe
gradient soliton and in this case (1.2]) turns into

Hess; = (s — \)g.
where Hessy is Hessian of f. If f is constant, then the above soliton called trivial Yamabe gradient
soliton.

It is interesting to notice that there is a nice connection between warped product structure
and Yamabe soliton. In [6], Ma and Cheng showed that a non-compact complete Riemannian
manifold admitting a Yamabe gradient soliton has a warped product structure. In [10], Tokura et
al. studied Yamabe gradient soliton on warped product manifold with compact Riemannian base
and in that case it has been shown that the soliton is trivial. Yamabe solitons have been studied by
many geometers in many different contexts (see [1H31/8,/9,/11,/13]). Recently, in [7], the first author
introduced a special vector field v which satisfies the relation

Vxv=a{X — 1" (X)v}, (1.3)

where a € R and ¢’ is the 1-form equivalent to v in a Reimannian manifold (M,g). A unit
non-parallel (i.e., a # 0) vector field v satisfying the preceding equation is called a concurrent-
recurrent vector field. It is shown that an n-dimensional connected Riemannian manifold (M, g)
admits concurrent-recurrent vector field v, if and only if, (M, g) is the warped product I x ) F,
where I is an open interval and f(t) = e®' (see [7; Theorem 3]|). In this paper, we consider a
Yamabe soliton on a Riemannian manifold admitting concurrent-recurrent vector field and prove:

THEOREM 1.1. Let (M,g) be Riemannian three-manifold admitting concurrent-recurrent vector
field. If the metric g is a Yamabe soliton with potential vector field V, then the manifold is of
constant negative curvature —a? and V is Killing.

Due to the Theorem 3 of 7], we have:

COROLLARY 1.1.1. Let M = I X () F with the warping function f(t) = e**, where a € R, I is
an open interval in R and F is a Riemannian 2-manifold. If the metric of M is a Yamabe soliton,

then the manifold is of constant negative curvature —o?.

In [5], Huang and Li introduced the notion of a 7-quasi Yamabe gradient soliton which naturally
extends the concept of Yamabe gradient soliton. According to Huang and Li [5], a 7-quasi Yamabe
gradient soliton is a Riemannian metric g satisfying

Hessy = %df ®@ddf + (s — N)g, (1.4)

where f is a smooth scalar function and 7 > 0 is a constant. Notice that a Yamabe gradient
soliton is nothing but an oo-quasi Yamabe gradient soliton. For A < 0 the Yamabe soliton (or
T-quasi Yamabe gradient soliton) is said to be shrinking, for A > 0 is said to be expanding, and
for A = 0 is said to be steady. In [12], Wang showed that a non-compact complete Riemannian
manifold admitting a 7-quasi Yamabe gradient soliton has warped product structure. In this
direction, we consider a 7-quasi Yamabe gradient soliton on a Riemannian manifold admitting
concurrent-recurrent vector field and prove the following theorem.

THEOREM 1.2. Let M be Riemannian manifold admitting concurrent-recurrent vector field. If
the metric of M is non-trivial T-quasi Yamabe gradient soliton with potential function f, then the
scalar curvature of M is constant and is equal to —n(n — 1)a?.

From Theorem 3 of 7], we immediately have the following.
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COROLLARY 1.2.1. Let M = I X g4y F with the warping function f(t) = e*, where a € R, I is an
open interval in R and F' is a Riemannian n-manifold. If the metric of M is a non-trivial T-quasi
Yamabe gradient soliton, then the scalar curvature of M is constant and is equal to —n(n — 1)a?.

2. Background and key lemmas

A unit vector field v on a Reimannian manifold (M, g) is said to be a concurrent-recurrent vector
field if it satisfies
Vxv =a{X —"(X)v}, (2.1)
where V is the Levi-Civita connection of g and « is a non-zero constant. In [7], the author
constructed certain examples of n-dimensional Riemannian manifolds admitting such vector fields.
An interesting property of this vector field is that it is an eigenvector of the Ricci operator of the
Riemannian manifold (M, ¢g) on which this vector field is defined. Moreover, the defining equation
dictates that integral curves of v are geodesics. The following result has been proved in [7].

THEOREM 2.1. A Riemannian n-manifold admitting a concurrent-recurrent vector field is locally
isometric to the warped product I X ¢y F', where I C R is an open interval and F is a Riemannian
(n — 1)-manifold. Conversely, the warped product I X y;y F with the warping function f(t) = e**
admits a concurrent-recurrent vector field.

2.1. Key lemmas

In this subsection, we give some lemmas that are needed to prove our main results.

LEMMA 2.1. A Riemannian manifold equipped with a concurrent-recurrent vector field v satisfies

v(s) = —2a(s +n(n — 1)a?). (2.2)
Proof. Using in the definition of Riemann curvature tensor, we obtain
R(X,Y)v = —*{"(Y)X - (X)Y}. (2.3)
Contracting the above equation gives
Ric(X,v) = —(n — 1)a?’(X), (2.4)

which yields Qv = —(n — 1)a?v, where @Q is Ricci operator defined by g(QX,Y) = Ric(X,Y).
Differentiating Qv = —(n — 1)a?v along X implies that

(VxQ)v = —(n—1)a’X — aQX. (2.5)
Taking the g-trace of the above equation gives (2.2)). O

Let (M, g) be a Riemannian manifold. If there exists p € C°°(M), called the potential function,
such that
Lvg =2pg
then we say that the vector field V' is a conformal vector field (see Yano [14]). Moreover, V is

homothetic when p is constant, whereas Killing when p = 0. Now, we recall the following result
from Yano [14].

LEMMA 2.2. A conformal vector field V on a Riemannian n-manifold (M™, g) satisfies
(£v Ric)(X,Y) = —(n — 2)g(Vx Dp,Y) - (Ap)g(¥, X),
£vs=—2ps—2(n—1)Ap,
where A = div D is the Laplacian operator of g.
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LEMMA 2.3. If the metric of Riemannian three-manifold M equipped with a concurrent-recurrent
vector field is a Yamabe soliton, then the scalar curvature of M is harmonic and the Yamabe soliton
is shrinking with A\ = —6a?2.

Proof. First, we take Lie-derivative to g(v,v) = 1 along V, and employ the equations (|1.2)) and

(L.3) to get

(Lyv")v = —1°(Lyv) = (5 — N). (2.6)
Now, taking n = 3 and p = s — A in Lemma [2.2] we find
(‘CV RiC)(X, Y) = 79(VXDSﬂY) - (AS)g(X, Y)a (27)

Lys=—2s(s — A) —4As.
In Riemannian three-manifolds, the curvature tensor is given by
R(X,Y)Z = g(Z,Y)QX —g(Z, X)QY +9(Z,QY)X — g(Z,QX)Y
- S{9(2.Y)X —g(2,X)Y}. (2.9)
Taking Z = v in the above equation and using , we easily deduce
Rie(X,Y) = (5 +0a?) g(¥, X) = (302 + 2 ) v (X) (V). (2.10)
Lie-differentiating of along V' and employing the equations and , we find
(Ly Ric)(X,Y) = (202(s — \) — 2A8)g(X,Y) + (s(s — A) 4+ 2As)° (X )" (V)
— (5 +302) {(Lyr") (O (V) + v (X)(Ly ") (V) -
Comparing the above equation with , we obtain
9(VxDs,Y) = (As —2a7%(s — \)g(X,Y) — (s(s — \) + 2As)1" (X)*(Y)
+ (5 4+302) {(Lv) (XD (V) + 07 (X) Ly ") (V). (2.11)
Replacing X and Y in the above equation by v and utilizing , we see that
v(vs) = —As +4a?(s — \).
Now, we use in the above equation in order to obtain
As = —4a? (X + 6a?). (2.12)
We replace Y by v in and use the equations and to deduce
9(VxDs,v) = (da*(A+6a%) + (a2 = 2)s = NV (X) + (5 + 3a®) Ly ") X.
On the other hand, differentiating along X and utilizing we obtain
g(VxDs,v) = —3a(Xs) — 202(s + 602)1°(X).
Using the preceding equation in , we get
(% v 3a2) (Ly")(X) = {(s — A)(% —a?) — 20%(s + 6a?)
— 4%\ + 602)}1°(X) — 3a(X ).
Substituting the above equation in and using , we find
g(VxDs,Y) = —=2a2(A+ s +1202)g(X,Y) + 2a%(\ — 3s — 120°)1° (X )" (Y)
—3a(Xs) (V) — 3a(Ys)”(X),
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which further leads to
VxDs = —2a%(\+ s + 1203 X + 202(X — 3s — 12020 (X )v
— 3a(Xs)v — 30" (X)Ds. (2.13)
Replacing X in the previous equation by v and applying , we get
V,Ds = —20a*(s + 6a°)v — 3aDs.
Operating the above equation by Vx gives us
VxV,Ds = —20*(Xs)v — 3aV x Ds — 2a°(s + 602)V xv. (2.14)
On the other hand, differentiating along v, we get
V,VxDs=—20%s)X —20*(A\ + s +120*)V, X — 60> (vs)’ (X)v
+20%(\ — 35 — 120°)1°(V, X )v — 3av(Xs)v
—3a’(V,X)Ds — 3ar’(X)V, Ds.
Again from we immediately get
VixyDs = —20*(A + s+ 120°)(Vxv — V, X) = 3ag(Vxv — V, X, Ds)v
+ 202 (X — 35 — 120%)° (Vxv — V, X)v — 3ar’(Vxv — V, X)Ds. (2.15)
Now, employing the equations 7, one can easily get
R(X,v)Ds = —2a*(Xs)v — 3aVx Ds — 2a°(s + 6a%)Vxv + 202 (vs) X
+202(A + s + 120%)V, X + 602 (vs)” (X )v + 300’ (X)V,, Ds
—2a%(\ = 35 — 120°)°(V, X )v + 3av(X s)v + 3ar’(V, X)Ds
+20% (A + 5 +120%)(Vxv — V,X) + 3ag(Vxv — V, X, Ds)v
+ 30’ (Vxv — V, X)Ds — 20%(\ — 3s — 12020 (Vxv — V, X ).
Contracting the above equation, we find
Ric(v, Ds) = 1002 (vs) — 3aAs — 4a3(s + 6a?) + 6av(vs) + 4o (A + s + 1207).
Making use of together with in the preceding equation, we obtain
Ric(v, Ds) = 4a3(3\ + s + 3002).

Now, we employ (2.4) and (2.2) in the above equation to deduce the value of soliton constant
A = —6a2, which means Yamabe soliton is expanding. Using this in (2.12)), we have As = 0, that
is, the scalar curvature is harmonic. O

3. Proof of the main results

Proof of Theorem First, differentiate (1.2)) along Z to achieve
(VzLvg) =2(Zs)g(X,Y). (3.1)
In [14], Yano reveals the following relation:

(LvVxg—-VxLvg—Vx19)Y,2)
= —g((ﬁvV)(X, Z)v Y) - g((ﬁVv)(Xv Y)7 Z)
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Due to Vg = 0, it appears from the preceding equation that
(VxLyg)(X,Y) = g((LyV)(X, 2),Y) + g((Ly V)(X,Y), Z).
Utilizing the symmetric property of Ly V, the foregoing equation brings into view
29((LvV)(X,Y),Z) = (VyLvg)(Z, X) + (VxLvg)(Y,Z) = (VzLvg)(X,Y).
Utilizing in the previous equation, we find
(LyV)(X,)Y)=(Xs)Y + (Ys)X — g(Y, X)Ds. (3.2)

Taking differentiation of covariantly along Z yields

(VZzLV)(X,Y) =g(VzDs, X)Y +¢g(VzDs,Y)X — g(Y,X)VzDs.
Applying the above relation on the following well known formula

(LvR)(X,Y)Z = (VxLyV)(Y,Z) = (VyLyV)(X, Z),
appears that
(LvR)(X,Y)Z =g(VxDs,2)Y — g(Z,Y)VxDs — g(VyDs, Z)X + g(X, Z)Vy Ds.

Replacing Z in the previous equation by v and calling back A = —6a? and the equation (2.13)), we
infer

(LvR)(X,Y)r =(4a%(s + 62)°(Y) + 3a(Y5)) X — 3a(Ys)v (X)v
— (402 (5 + 60%)°(X) 4 30(X5))Y 4 3a(X5) (V). (3.3)
At this point, we differentiate and apply to ensure
(LyR)(X,Y)w =— a?{(g(Y, Lyv) + 2(5 4+ 60 (YV)) X
—(9(X, Lyv) +2(s + 6a2)°(X))Y} — R(X,Y)Lyv. (3.4)
Subtracting from , we see that
R(X,Y)Lyv = (602(s + 6a%)°(X) + 3a(Xs) + ag(Lyv, X))Y + 3a(Ys)’ (X)v
—(602(s +6a2)°(Y) + 3a(Y's) + o2g(Y, Lyv)) X — 3a(Xs)’ (V).
Contracting the above equation, we may obtain that
Ric(Y, Lyv) = —6a%(s + 602) — 3a(Ys) — 2a2g(Y, Ly v).
By the support of and (2.6), the above equation shows that
(s +6a2)Lyv = —(s5 + 18a2)(s + 6a?)v — 6aDs. (3.5)

If possible, we suppose that on an open subset @ of M there holds s # —6a?. Then it appears
from equation (3.5)) that

— 2 a
Lyv=—(s+18a*)v — ST 602 Ds. (3.6)
Replacing Y with v in the well-known formula (see [14]):
(LyV)(X,)Y)=LyVxY —VxLyY — Viv.x1Y,
and then utilizing A\ = —6a?2, (1.3)) and (3.6 we obtain the following equality
~ 6a? 1202
(LyV)(X,v) = — als + 302 (X)v + %(Xs)u - 0D
6a
2
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On the other hand, replacing Y in (3.2]) by v and using (2.2]) we have
(LyV)(X,v) = (Xs)v — 2a(s + 602) X — 1°(X)Ds. (3.8)
Comparing (3.7) with (3.8]) implies that

s — 6a? 9 1202 b
(1 — S—|—W) (XS)V — 30&(8 + (i1e" )X + (S—FW) 14 (X)DS
6a
2\, b —
Finally, replacing X by v in (3.9) and applying (2.2]) we get
Ds = —2a(s + 6a°)v. (3.10)

Using the previous equation in (3.6)) gives us Lyv = —(s+6a?)v. This relation together with ((1.2)

gives

(Ly ) (X) = (Lvg)(X,v) + g(X, Lyv) = (5 + 6% (X). (3.11)
With the help of Lemma one can easily derived from (2.8) that
Lys = —25(s + 6a?). (3.12)

Now we write as: ds = —2a(s + 6a?)1”. Now, we take Lie derivative to this equation in
order to deduce

Lyds = —20z(£vs)1/b —2a(s + 6a2)£vyb.
From , the preceding equation transforms into

Lyds = 4as(s + 602" — 2a(s + 602) Ly 1/ . (3.13)
Operating the equation (3.12) by d and using ds = —2a(s + 6a2)v", we have
Lyds = 4o(s 4 602)20° + das(s + 6a2)0/, (3.14)

where used the fact that Lie-derivative commutes with the exterior derivative. Now, comparing
(3.13) with (3.14]), leads us to the following formula

(s 4+ 6a2){ Ly + 2(s + 6a%) )" = 0.
As we know s # —6a? on O, we must have
Ly1® = —2(s +6a%)1”.

Comparing the previous equation with ([3.11)) shows that the scalar curvature s = —6a2 on O and
this is a contradiction. So, we must have s = —6a? on M. Substituting this in (2.10]) we see that
Ric = (1 —n)a?g which along with (2.9) shows that the manifold is of constant negative curvature

—a?, and consequently, V is Killing. This concludes the proof of the theorem.

Proof of Theorem We may write the equation (1.4]) as

1
VxDf = ;g(X,Df)Df—k(s—)\)Df. (3.15)
Using the previous equation in the definition of curvature tensor, we find
- A
R(X,Y)Df = (s . ){(Yf)X —(XHY}+ (Xs)Y — (Ys)X. (3.16)

Replacing X by v in the previous equation and comparing the obtained equation with R(v, X)Df =
—a?{g(X,Df)v — (vf)X} (which follows from (2.3)), we have

S—A(Yf)y_s—/\

— (Y v+ (vf)Y = WY + (vs)Y — (Ys)v. (3.17)
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On the other hand, we contract the equation (3.16)) over X to find the expression of Ricci tensor

as
Ric(Y, Df) = W(Yﬁ — (n—1)(Ys). (3.18)
Replacing Y in the above equation by v and utilizing imply
(vs) — a(vf) = “=2(w ), (3.19)

T

which is a relation involving the scalar curvature and the potential function of the 7-quasi Yamabe

gradient soliton. Feeding (3.19)) in (3.17]), we obtain

TDs = (s — A+ 1a?)Df. (3.20)
Differentiating ([3.20)) with respect to X and using (3.15]), we reach at
TVxDs = (Xs)Df + (X f)Df + (s — A+ 7a?) (s — ) X. (3.21)

Taking scalar product of (3.16) with Df, we have (Xs)Df = (X f)Ds. Employing this in (3.21)),
we find

7VxDs =2g(X,Df)Ds+ (s — A+ 1a%)(s — ) X. (3.22)
At this stage, we use in in order to ensure
QDf = —a*(n—1)Df.
Differentiating the previous equation with respect to X and calling back give
(VxQ)Df + (s = NQX +a*(n—1)(s — \)X = 0. (3.23)
On the other hand, from second Bianchi identity one can find
trace, {X — (VxQ)Y} = (div Q)(Y) = %Y(s).
Now, we contract over X and utilize the above identity to deduce
g(Ds,Df) +2(s — \)(s +na’(n—2)) =0. (3.24)

Combining the equations (3.15)), (3.20) and (3.22)) one can easily find
(s = A+7a?)(s — )\)g
T

%g(X, Df)g(Ds,Df) +2 (X,Df)

_—t

25 — 2\ + 1a?)(s — A —|—7'(12)g
T

(X,Df) =0.

Setting X = Df in the above equation and using the fact that |Df| # 0 (as the soliton is non-

trivial), we have
(s = A+71a?)(s—\) 25 — 2\ + 1a?)(s — A + Ta?)

T

1o =0.

3
;g(Ds, Df)y+2
Now, we employ ([3.24) in the preceding equation to deduce
(s = A+ 7a%)(3s — 3\ +7a?) — 3(s — \)(s + na*(n — 1)) = 0.

The above equation shows that s is constant. So that we have v(s) = 0, which together tracing of
[2.5) gives that s = —na?(n — 1). This completes the proof.
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4. Example

In this section, we construct a Riemannian manifold (M, g) admitting a concurrent-recurrent
vector field for which the metric g is a Yamabe soliton.
Consider a manifold M = {(u,v,w) € R3 : v > 0,w # 0} with a coordinate system (u,v,w).
Let us define a Riemannian metric on M as
2,2 2,2

9 9 5 QW a“w 9 1 9
g = 2w (du)” + (du® dv + dv ® du) + 102 (dv)* + 22 (dw)=,
where a(# 0) € R. From Koszul’s formula, one can easily compute
O 440 9 o*w? 9 o 10
Vaon~ 2w Véa T 2 ow Viiow~ wou’
0 otw® 0 0 190 o*w? 0 0 19
Véogn~ a0 ow  VEow v &P ow  VHEow wow
0 10 0 10 0 10
Visou~ wou Vaae ~ wov Visow ~ wow

Let us take v = aw%. Then, from above we can verify that

Vx,v=o{X; - I/b(Xi)I/},
for all 1 <4 < 3, where X; = 6@“, Xy = % and X3 = %. Thus, the vector field v = aw% is
concurrent-recurrent vector field. Now we use Levi-Civita connection to find the non-zero compo-
nents of curvature tensor as given below

0 0,0 atw? 9 4 20 9 0.0 «oa'w?d
Gua)au ™ 20 au T B B 5w)a0 = 17 auw
(E i)i __ 19 R(g i)g _ a4w2i
ou' dw dw w2 du’ ou' dw’ v 2 Ow’
(ﬂ Q)Q _o'w® 9 _ a4w2£ R(g i)i __ 19
ou' v’ v v v 402 Ou’ v’ dw’ dw w2 v’
9 0,0 4 5,0 888_&411)26
R 0l au =2 ur G aw)au = 20 aw’
From the curvature tensor we find the scalar curvature as s = —6a%. Also, it is not hard to verify

that
R(Xi, X)Xy, = —o®(9(X;, Xp) X; — g(Xi, X2) X;),
for all 1 <4,7,k < 3. This shows that (M, g) is of constant curvature —a?2.
Now we shall show that the metric g is a Yamabe soliton on M. Let
_In(v) 0 0 0

5 2u(ln(v) + 2u)% + o

be a vector field on M. It is not hard to see that Ly, g = 0, and so V is Killing. Thus, we see that
Lyg=(s=Ayg
In(v) 9

for A = —6a?. Hence, g is a Yamabe soliton having the potential vector field V = 5 5y
2v(In(v) —|—2u)% —|—w% and the soliton constant A = —6a?. Also, we see that this example verifies
our Theorem [.11

v
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