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Abstract. Extending previous results, we construct two further versions of d =11 super-
gravity. The transformation laws are given in a form where the SO(1, 10) local Lorentz
group is replaced by SO(1, 4) x USp(8) and SO(1, 5) x [SO(5) x SO(5)], respectively. The
spinless fields are assigned to the corresponding representations of Eq .4, and Es..s).

1. Introduction

It has been known for some time that maximally extended supergravities in D
dimensions obtained from d =11 supergravity [1] are manifestly invariant under an
internal symmetry group SL(11—D)gopa X SO(11—=D),5cq [2, 3]. This symmetry can
be enlarged to the product of a non-compact global group G;,_p and a compact local
group H,,_,. Assuming that the scalar sector in these theories is governed by a
non-linear ¢ model based on the coset G,,_p/H;;-p, one can deduce the relevant
groups by equating the number of scalars obtained in the dimensional reduction with
the dimension of this coset space. In this way, one gets [2, 3] the results presented in
table 17.

In [4] it was shown that some of these hidden symmetries are actually present in
the d =11 supergravity itself: there exists a reformulation where the tangent space
group SO(1,3)xSO(7) is replaced by SO(1,3)xSU(8) and the spinless degrees of
freedom are assigned to a representation of E;.5. A crucial step in this construction

Table 1.

D Gi-o Hy_p

8 Es .3 = SL(3, R) X SL(2, R) SO(3) X SO(2)
7 Eaes)=SL(5, R) SO(5)

6 Eqgvs)=SO(5, 5) SO(5) x SO(5)
5 E¢i+e) USp(8)

4 Eser SU(®)

3 Eg(+s) SO(16)

t For D=9 the field A, np does not give any scalars in the reduction. Hence one retains only GL(2, R)g opa X
SO(2)4ca) after the Weyl rescaling for D =9.
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was the introduction of ‘composite’ gauge connections in the internal dimensions so
as to covariantise the theory with respect to SU(8) transformations depending on the
internal coordinates. Subsequently, the corresponding version of d = 11 supergravity
with tangent space group SO(1,2)xSO(16) was constructed in [5]. These results
suggest that, in fact, all of the hidden symmetries displayed in table 1 can be realised
in the full d = 11 theory. In this paper we show that this is indeed the case by presenting
explicit results for D=3 and D =6 (we have not considered D =7 since these cases
are less interesting and unlikely to furnish any new insights). This confirms the
conclusion that d = 11 supergravity is a multifaceted theory whose ultimate formulation
(and possible embedding into an ancestor dual model) remains to be found. It would,
of course, be even more interesting if one could extend the results now established for
3= D<=6to D=2 where one expects the emergence of infinite-dimensional groups.

We now briefly summarise our notation and conventions; more details can be found
in [4,5]. The only difference with [4,5] is that we use a metric with signature
(+,—,...,—). The Lagrangian of d =11 supergravity is given by 75

F=—-LER-HET M D Wy —kEF3nro
+ (1/\/5)[1/(12)3]5M"'XFMNPQFRSTUAVWX

+(v2/192) EFynpo (B g I MNPORSY  + 12§ MNP Q) (1.1)
where, of course,
{fA,fB}=2nAB fAl"‘All=_igAl"'A1|_ (1'2)

The transformation laws are
SEN = —4el ¥,
5AMNP:EI§ 25f[MNq’P] (1.3)
8W s = Dyge + 5551V 2(1 0 ORS — 88 1 %) e Fpops .-

Higher-order fermionic terms are neglected throughout.

2. Field redefinitions and transformation laws

The starting point is a D+ (11— D) coordinate split. The curved and flat d = 11 indices
M and A are decomposed into (u, m) and (a, a), respectively. Fixing the gauge

(23 B m a
Bee(% 2 @
0 €

reduces the local SO(1, 10) Lorentz group to SO(1, D—-1)xSO(11—~ D). The Weyl
rescaling

e, =A%~ A=dete,” s=1/(D-2) (2.2)

leads to the standard Einstein action in D dimensions (for D>2). The fermionic
fields are redefined as follows:

V= AT e, (W, +sT TW,) = e, W,
V=AY, (2.3)

e'=A""e.

+ For some recent results concerning maximally extended supergravity in two dimensions, see [6].
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As a general rule, quantities with index u are obtained from the flat ones via e, and
without the E,° contribution (so that we have a scalar under (11— D)-dimensional
general coordinate transformations ¢”(x*, y™)). In particular, we use [4, 5]

@, =e,3.=0,~B,"d,

. (2.4)
Wy AB = ie#a (Qape = Qpaa—Qons)
where
Qa5 =2E4"Ep~omENS.
The supersymmetry transformation of the spin-2 field is given by
el = 8,y (A%, ")+ E, Q4"
=-ligTw! . (2.5)
The compensating SO(1, 10) rotation
Q,, =%l v, Qg = isel .00, (2.6)
restores the gauge (2.1). The spin-1 fields transform into
8B," = —HATe,"[E W, + 8T (0 +sTT0)W} ). (2.7)

Variation of the spin-3 fields ¥/, (2.3) yields the lengthy expression
8V, =D, —UDpapl ™ + @ apl **) ~150,,BT e’
+ (4T T8 — el TN (—4A°QUpal + VAT Flpeal ) e’
~ A%, " T[0,, + Q) 0pl*? Ll =31+ s)(A_lamA)]fLs’
(= $)Q s el TP + EV2A e[~ $Fopea Lo T2 = 4F 0T
+ (85T, TP — 128 T ) Fy oq 0 + (35T, T#7 — 48T P ) Fy 5. 16" (2.8)

=wast25€,.€510,B7 . (2.9)

“
Wyap wla

3. Covariantisation for D =5

To establish local USp(8) covariance we give some notation and definitions for the
546 coordinate split. The d =11 y matrices are represented by

I*=y*@®r* [* =029 = {0 =i’
o (3.1
"=1Qr"
For v* (¢ =0,...,4) we use the conventions of [3]. I'* and () are real antisymmetric
8 X 8 matrices:
e, T} =279°"1 Q*=-1. (3.2)

Accordingly, the D =11 Dirac indices are split as (@, A) where ¢ is the D =5 index
and A is the ‘internal’ SO(6) spinor index. We will suppress the index ¢ in the
following. The SO(6) part of the local Lorentz group acting on Majorana spinors can
be extended to USp(8) with the 36 generators Q, '“®, iI'** satisfying

A+ =-A

3.3
(QA)T=QA. 33
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We can raise and lower USp(8) indices by means of the symplectic metric {}. Thus
\IIA=QAB\I,B (3.4)

transforms in the complex conjugate representation of ¥? by virtue of (3.3). It follows
that USp(8) is compatible with the d =11 Majorana condition which in turn is
equivalent to the D =35 pseudo-Majorana condition [3]

P = ’YSQAB(\I’B)*- (3.5)

The next step is to regroup the 48 spin-1 fields ¥,* into a representation of USp(8).
This is done as follows [2, 3]:

XABC = %\/EirfAB‘I’ ,C)a
:%‘/Ei{FEZAB"IHC]a '*'%Q[ABF?:]D‘I’ZD} (3-6)

where (. ..) denotes antisymmetric tensors which are traceless with respect to . xanc
satisfies the reality condition

X% = ys(xanc)*. (3.7)
We note the identity
)?ABC‘Y“ p.XABC=6iq’a(nab+%rarb)wap,\pb (3.8)

which renders the spin-3 kinetic term diagonal.
From (2.5) and (2.7) we obtain the USp(8) covariant transformation laws

te _1-A_«
66“0—28 Y \II/J,A

(3.9)
8B = —3ekp(£V, — 280y, x ")
where the generalised vielbein eip is defined as
ens=i0""%¢," T4z (3.10)

and thereby assigned to the 27 representation of USp(8). As explained in [4] one must
introduce a local USp(8) to avoid the emergence of new degrees of freedom; (3.10)
then corresponds to a special gauge choice. Raising indices gives e™*? = (eX5)*.

Using properties of the d =7 Clifford algebra [2, 4] the supersymmetry transforma-
tion of eZg can be cast into the form

Susy€n =322 apcpe™ P +2A 0T (3.11)
with

ZascD = g[AXBCD]+2_145ABC‘DEFGH§EXF6H (3.12)
and the USp(8) parameter

Ay = —H(ET W,)T* +36i(ET 0 V)T . (3.13)

S apco Is antisymmetric, traceless and pseudoreal: £4%P=(Z ,5cp)* and thus
transforms in the 42 representation of USp(8). Discarding the local USp(8) rotation
we arrive at a manifestly covariant transformation law for eZp. Furthermore the
right-hand side of (3.11) can be interpreted as a (local) E4 rotation in the fundamental
27 representation.
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We must then rewrite the fermionic variations. Just as in [4, 5], (2.8) can be
simplified by the introduction of further USp(8) covariant quantities. These are found
in exactly the same fashion as in [4, 5] and are given by (we omit all primes in the
following)

B 5= =10, N —12V20 7 €,  FapealU ks —25V28 72 €,% 80py5s F*7* Qg (3.14)
ﬂ“ ABCD =‘37.Q“ (ah)F?ABF}éD)—é‘/_z‘iAul/3ey.aFaachEzABrz‘cD]
—55V2A 7€, 6 apyse FP 7T yranl &) (3.15)
B’ = 364" O mem T 45— 75V 2100 Fapea T X5 (3.16)
Ay ABcD = %eanamenbr?ABFbcm _ﬁﬁiemaFabcdrfAsrch]- (3.17)

In addition we introduce the spin-1 field strength

G55 =5A" Qs T4 —8V2A TP Fopoa D8 + 95V 2iIA 7 P e g F 7, T 5. (3.18)
The USp(8) covariant ‘generalised vielbein postulate’ is

D, eap+39,BLenpt3, By engt %uC[Ae'I;l]C + A, apcpe™ P =0 (3.19)
ameZB_‘_‘%mC[AenB]C_‘-‘%mABCDenCD:O' (3.20)

With the help of the SO(1, 4) x USp(8) covariant derivatives

A_ A_1a aB_Algp A _B
D, e"=9,e" —3d,apv" " +3B, 5t

D,e* =0, +ieto e 7 e +38B,, " se® (3.21)
one finally obtains
8Xapc = %‘/iem\BDmé‘o _%ﬁyaﬁgaB(ABEC) _\/57’”&@ ABCDSD

~V2e" P el pecanecy = V2 apcoe™ P er (3.22)
8V, =[D, (&, B,)—50mB1e* +4(v*Py, —2€,°7") Yo" pe®

+3e" P Dy (v,88) T #(0m8un) ¥ e8] —8€ Lo A Py, 5. (3.23)

In the reduction to D =5 where the y dependence is dropped, these results agree with
those of [3].

4. Covariantisation for D =6
Since the procedure should be clear, we just quote the results for D =6 in this section.
According to the 6 +5 coordinate split the d =11 y matrices are represented by
f*a — ya ®1 ‘yaﬁyéeg — EaByésgl—v*
~ bed : abed (4.1)
FG=F*®FG I-'a(_e=_16a(2'

v® and T'? correspond to ['* and y“ of the last section with an additional factor of i
due to the metric n** =diag(+, —, ..., =), n°* =diag(—,..., ~).
In D =6 there exist Weyl spinors. The projectors are

I, =31 ®1. (4.2)
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We want to extend the internal SO(S5) Lorentz group (table 1) so we assign the chiral
spinor components (which are still (pseudo)-Majorana spinors) to representations of
SO(5)x SO(5):

ea=1Il.€' Voa=1¥,
ez=1Il_¢ V,oa=0_¥,.

A and A denote the spinor indices of the first and the second SO(5) in SO(5) x SO(5),
respectively; a and d are the corresponding vector indices. The original SO(5) is, of
course, embedded as the diagonal subgroup (just as for D=3 [5]).

We redefine the spin-3 fields

Xoa=3I1.T°T ¥}

(4.3)

(4.4)
Xaa=3I_T"T ¥}
and introduce the ‘16-bein’
e P=iAT"4e," T 5. A (4.5)

This yields SO(5) X SO(5) covariant expressions for the transformation laws (2.5) and
2.7):

Se, " = —Y(E Y W 4+ EY TV 5) (4.6)

fe3
8B," = —1e" P[E TV 5+ &y, ") Xosl + (A A a o ). (4.7)

Discarding a local SO(5) X SO(5) rotation we obtain for the supersymmetry transforma-
tion of e™,® the covariant result

8e" % = ~4i(8 Tac xsp = 8 Tie Pxap)([%"T) 4%, (4.8)
One can interpret (4.8) as a (local) Es..5,=SO(5, 5) rotation in the following way.
The spinor representation of SO(5,5) has 32 components. In the Weyl basis it is
sufficient to consider the 16 upper components. We use the explicit form

ab, _ ab_
I—‘ABC’ FACSBD 1—‘ABClﬁ_—FDB(SAC

(4.9)

FAB cD = FACFDE
Acting on e’"AE the generators 1'% and f“?f(I=AI§,...) give rise to the proper
SO(5) x SO(5) transformationt. The introduction of Es.. s, valued fields (%, «f) leads
to SO(5) x SO(5) covariant expressions for the fermionic transformation laws. With

the abbreviation

Foo= EabcdeFaCde F,= sabcderCde
one finds
93# ab = —%wM apt (\/5/24)1‘1 ab

By a5 = =30, ap— (vV2/24) Fap
&f ab = ZQ (ab) 4nabQ;uL+(\/—/24) ;_Lab '%p. ha
Bon ab = 3€1a" O mh1n — (vV2/192)epnra Fiy (4.10)

+ This representauon is in fact sixteen dimensional, because we can impose the SO(35, 5) Majorana condition

el =C, (el ), Canen=Cs acCihg. €" 5" =(e"4#)* transforms in the complex conjugate SO(S, 5) rep-

resentation. In the gauge (4.5): e";5=¢",%.
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B ab =1
‘%m ab :%e(anameh)n —%tnab(A_‘amA) - (\/Z/lgz)em[a Fh]

B 11 =By a0+ B ol Ay =5l 55 (B, A, analogous).

The ‘generalised vielbein postulate’ is
Del+39,B, eT +3,B, el + (3B, 1+ A, )] =0 (4.11)
Imel + (3B 17+ S 1) €5 =0. (4.12)

Furthermore, we obtain
Gopa® = —30Y3Q 0 TT* + (V2/8)iA T Fpap

+(V2/96)iA ™" e pgy5e FTH. (4.13)
In addition, there appears a three-index field strength

+ 1 1 &
afya = E(FaBya +65a5y66§F Ega)

- 1 1 86l (4.14)
FaB'y& zf(FaB‘ya _ESaBySEg‘F 4 a)'
Using SO(1, 5) x[SO(5) x SO(5)] covariant derivatives
D}LSA:[@M—%CZBM aﬁyaB]8A+%%p ab(rabE)A (415)

DmEA = [am +%(ea“ame,u[3)‘yaﬁ]£,4 +%%m ab(rabE)A

(and analogous ones for A<> A, a <> d) one arrives at manifestly covariant transforma-
tion rules for the fermionic fields:

8V, a=[D,(d, B,) ~43,B. ") eat v,y — e.°v%) Gupae 5

—4e" PT¥[ Dy (7,8 8) + (9,8, ) ¥ € 5]

+39,A,05(0°e"T?) e 5+ (v2/48)iy ™y, Flg,a(TT*e) 4 (4.16)
Byan=3¢"B(TaDye) 5+3YPGus BT T ) 5~ Amea(["e™) AT e 5

+4A e (L™ T AP (Dol e) 5= v* Apa(T%€) 4

+(V2/24)iy*P F 5,064 (4.17)
(Ao A, aoafor 6V 5 and Sx,4).

5. Concluding remarks

The H;,_p (and E,,_p) structure of d =11 supergravity has now been established for
D =3,4 5 6. After a coordinate split the various components of the d =11 graviton
and the three-index ‘photon’ are combined into irreducible representations of the group
H,;_.p. The key ingredient is the generalised vielbein field [4, 5]

em~Aem I (5.1)

which satisfies a ‘generalised vielbein postulate’ covariant under global E |, rotations.
The fermionic redefinitions coincide with those needed to diagonalise the Rarita-
Schwinger terms after dimensional reduction. One obtains H,;_, covariant expressions
for the supersymmetry transformation laws; the covariance of the equations of motion
follows by the usual arguments [4]. There is little doubt that the procedure can also
be carried out for the remaining values of D. For D =7 the necessary redefinitions
and field assignments can be read off directly from [7].
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The general coordinate transformations take a rather unusual form in the covarian-
tised versions of d =11 supergravity. For the elfbein E,* compensating SO(1, 10)
rotations are needed to preserve the gauge (2.1) and a transformation with parameter
&M =—B,"¢" is included [4]. For (5.1) one finds

By = (S, e +53,B e ta,Be )+ £73,e™ — 59,67 ~3,£Te". (5.2)

Comparing with (3.19) and (4.11) we see that (9, «/,) generate a D-dimensional
general coordinate transformation of e™. The (11 — D)-dimensional part of (5.2) can
also be expressed as a E,,_p, rotation, with parameter £"(38,, + ,,) (cf (3.20), (4.12))
and a corresponding term in which ¢"(e,"d,.e,) is replaced by e,”3,,£"ep,.
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