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Yield Condition and Propagation of Lùders' Lines in 
Tension—Torsion Experiments on Poly (vinyl Chloride) 

J . C. BAUWENS, Institut des Matériaux Université Libre de Bruxelles, 
Bruxelles, Belgique 

Synopsis 
1 We have derived from the Eyririg theory of non-Newtonian flow a yield condition 

which is valid for an arbitrary state of stress. Expérimental data obtained in simple 
axial compression tests show the influence of the hydrostatic stress on the yielding of 
poly(vinyl chloride). This fact confirms the proposed condition and disproves the von 
Mises criterion. Tension-torsion tests perfcjrmed on thin tubes lead to results which 
fit our condition fairly well. The pattern of Liiders' lines appearing on the surface of 
thin tubes subjected to .simple tension, simple shear, and tension-torsion are parallel to 
the direction where the value of the normal stress is equal to the hydrostatic stress. 

Introduction 

In a previous paper ' we have proposed a condition which defines the 
stress level at which significant plastic déformation starts . Our t rea tment 
was derived f rom the Eyring theory of non­Newtonian fiow^ where de­
formation is a rate process. The yield condition takes into account the 
influence of the hydrostat ic stress and consists in a generalization of the 
von IMises criterion. 

Expérimental da t a obtained in tensile and compressive tests fit the 
theory fairly well. ' I t is the purpose of this paper to s tudy the validity 
of our yield condition for combined tension and torsion tests and to ob­
serve the directions of the Lùders lines. 

Criterion 

In the case where an arbi trary s tate of stress is applied, plastic déforma­
tion s tar ts when W, a critical value of the energy, is reached. W dépends 
on température and strain ra te and mcans the mechanical energy a seg­
nent of maoromolecule needs to jump from one equilibrium position to 
nother. 

We have given previously ' the following expre.ssion for W: 

W = f o T o V r . / + r„,= + r^^ + Vop{Avo/vo) (1) 

• ^ vhere Vo is the volume of the segment of macromolecule, Avo is the volume 
ncrease occurring as a segment jump, 70 is the elementary strain, p is the 
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hydrostat ic stress, and r^y, Ty^, T^Z are the components of the deviator of 
the stress. 

We beheve tha t condition (1) is expressed even more simply by using 
Nadai ' s concept of the octahedral shearing stress m.' Equat ion (1) may 
therefore be expressed by writing: 

To + Ap= f(i, T) (2) 

where 4 is a constant , and T and i are température and strain rate, re-
spectively. At a given température and strain rate, plastic déformation 
starts when : 

Tu -\- Ap = constant (3) 

This condition is reduced to von Mises' criteriou when the hydrostatic 
stress vanishes. 

According to eq. (3), the yield stress in tensile tests «rt must differ from 
the yield stress in compressive tests <Jc'-

If the von Mises condition were valid for high polymers, t7, would equal 
Ce-

For a tension-torsion test at given température and strain rate, condi­
tion (3) must be wri t ten : 

1/3 V 6 r 2 + 2<y^ + Aia/'à) = C (5) 

where cr and T are the applied stresses and where : 

(Te + <Tt 

(6) 

3(<7. + a,) 

In this case, the components of the plastic strain may be evaluated if one 
calculâtes the maximum energy dissipation for a given value of the first 
strain invariant , according to our previous paper. ' If e and y are the ten­
sile and shear strain respectively, the first invariant of the strain is: 

h - —r~, h 7 + 3 
1 + e (7) 

~ 3«2 -I- 72 4- 3 

The energy dissipation per unit volume is : 

IFdis = <Te + ry (8) 

On taking uito account eq. (7), eq. (S) becomes: 

Wiu = ae + r V / i - 3 - 3*^ (9) 
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I t follows t ha t Wdis is maximum when : 

a/3t = T /T (10) 

From condition (10) we may dérive the relationship between the apphed 
stresses <T and T, and the elongation rate i and the shear r a t e y a t the yield 
limit : 

a y / 3 = Té (11) 

The yield value dépends on the strain rate. Two différent rates of 
strain ti and r2 can be compared if one considers the t ime t necessary to 
produce a plastic strain related to a given value of h. I t follows f rom eq. 
(7) t h a t : 

/ = V / i - S /VT^ + Sé' (12) 

thus : 

ti/h = Wh 

Expérimental 

To détermine whether our relationship (3) is valid, we have chosen 
poly(vinyl chloride) (Solvic 227, f rom Solvay et Cie) because this glassy 
polymer possesses a s t ress-s t rain curve with a well definite yield point 
and exhibits fine Lûders ' lines. 

We carried out our tests with thin tubes. The shape and dimensions 
of the test pièces used in simple tension and in tension-torsion tests are 
shown in Figure 1. 

Compression tests were made on hollow cylindrical spécimens 2 m m high, 
which were eut f rom the central pa r t of the test pièces shown in Figure 1. 

Tensile and compression curves were obtained with an Instron test ing 
machine at room température . Both tests were made at the same rate of 
strain, t = 10%/min . (This value was calculated f rom the crosshead 
speed because at the yield point thc rate of change of stress is zéro al though 
the strain is increasing at a cons tant rate.) The imposed strain was parallel 
to the axis of the spécimens. 

Tension-torsion stress-strain curves were obtained with an Ins t ron 
testing machine combined wi th a classical torsion appara tus (see Fig. 2). 
The imposed elongation was parallel to the axis of the spécimen, t h e elonga­
tion rate é was chosen equal to 10%/min . The apphed shearing stress 
T produced by hanging weights was normal to the axis of the spécimen. 
The shear ra te y dependiiig on T was measured by using an Instron marker 
control. Whenever the angle of torsion varied from a constant value, a 
"p ip" appeared on the s t ress-s t ra in curve. 
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Fig. 1. The test pièce used in simple tension and in tension-torsion tests. Unit; 1 mm. 

An example of a stress-strain curve is given in Figure 3; the di.stance 
between two ad jacent pips corresponds to a var iat ion of shear strain A7 = 
4.4 X l O - l 

Results and Discussion 

Tensile and compression tests performed a t the same tempéra ture 
(23 ° C) and the same ra te of strain ( 10%/min ) give the f ollo wing value : 

(Tc/a-t = 1.30 (14) 

(Te as well as ct corresponds to the average of four expérimental values. 
T h e fac t t h a t o-c differs f rom proves the influence of the hydrosta t ic stress 
and gives some confidence in the validity of our t r ea tmen t . 

According to eqs. (5); (6), aud (14), yiclding hi a tube subjected to 
tension-torsion should s ta r t when 

2 . 3 V 3 r 2 + + 0.8 <7 = 2.6 (7t (15) 

On plo t t ing c and T as rectangular coordinates, the expression above gives 
an ellipse. This ellipse is shown in Figure 4; the ellipse corresponding to 
the von Mises criterion is also given for comparison. 
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Tensile load 

Fig. 3. Example of stress-strain curve obtained in a tension-torsion test. The "pips" 
on the curve alJow évaluation of the shear rate y. 
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T, ( kg/mm^ ) 

Fig. 4. Plot of T vs. (T at the yield lirait for tension-torsion tests. Expérimental data are 
compared to the ellipse corresponding to eq. (15) and to the von Mises ellipse. 

Fig. 5. Flot of T£ vs. <r y/3. Expérimental data are compared to the straight line 
corresponding to eq. (11). 

Our tests were made a t room tempéra ture , which varied between 22 .1°C 
and 23.9°C. As in our equ ipment t he shear stress was imposed, y de-
pended on T. In order to compare our tests points with the elHpses shown 
on Figure 4, the measured values of a and T have to be corrected to t ake 
into account the changes in t empéra tu re and shear rate. 

We have studied previously^ the var iat ion of the yield stress of poly-
(vinyl chloride) with t empéra tu re and strain rate. F r o m thèse results 
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we know tha t the stress is 1.5% higher when température is lowered from 
1°C and 3 % higher when strain ra te is doubled. We have reduced our 
da ta to a constant température (23 °C). 

From eq. (13) we may compare strain rates in order to correct the values 
of (T and T. Ail the da ta have been reduced to the strain rate of the tensile 
test i = 10%/min. This correction is significant for high shear loads; 
it exceeds 11% in the présent case and may not be neglected. 

Tests points are plotted in Figure 4; they follow very closely the upper 
ellipse corresponding to eq. (15), dLsproving von Mises' criterion. 

On plotting ri versus a-y/B, eq. (11) gives a straight line which is drawn 
in Figure 5. The expérimental points lie about 10% abovc the theoretical 
s traight line, but it is not possible to draw conclusions because the accuracy 
of our measurements of j at the yield point is also about 10%. 

Luders' Lines 

Several théories based on différent concepts have been proposed^'^"' to 
explain the inclination of the Lûders ' lines observed on thin spécimens of 
high polymers or metals strained in tensile tests. 

Mi 
%m \ 
r u 
% 

1 

Fig. 6. Lûders' lines appearing on the surface of a spécimen subjected to simple tension <r. 

According to thèse théories, Liiders' lines must make with the direction 
of the tensile stress an angle 6 defined by : 

cose = ^ (16) 

In the direction which fits condition (16) the normal stress has the value 
of the hydrostatic stress. 

In the case of simple tensile tests, Liiders' bands inclined at an angle of 
55° with respect to the tensile stress appear on our test pièces; this value 
fits eq. (16) fairly well (see Fig. 6). 
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In the case of plane stresses, as in tension-torsion tests, the direction 
where the normal stress has the value of the hydrostatic stress makes with 
the direction of the major stress ai an angle d defined by : 

cos^ d =(ci - 2<7.)/[3(tri - (7,)] (17) 

where 0-2 is the minor stress. 
We have compared the values of 6 obtained from eq. (17) with the in­

clination of Lùders' lines appearirig on the thin tubes subjected to tension-
torsion. In this case, eq. (17) may be writ ten : 

1 mm 

Fig. 7. Liiders' lines pattern on a spécimen subjected to simple shear stress. The two 
sets of lines are, respectively, parallel and perpendicular to the direction of T. 

Fig. 8. Lûders'lines pattern on a spécimen subjected to tension-torsion (<r/2T = 0.968). 
The direction where the normal stress has the value of the hydrostatic stress is given on the 
micrograph. 
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In simple shoar, Lûders ' lines are two sets of s traight lines parallel and 
normal, respectively, to the applied shear stress (see Fig. 7). Thèse direc­
tions fit the values of 6 calculated from eq. (18) in this spécial case. 

In Figure 8 we give an example of Lûders ' lines appear ing on the surface 
of a test pièce subjected to tension-torsion. T h e angle calculated f rom 
eq. (18) is S = 52°. T h e two sets of Lûders ' lines must form an angle 2 0; 
the value measured on the micrograph is 26 = 105° ± 2 ° . According to 
our results, Lûders ' lines seem to form in the direction defined by eq. (18). 

Conclusions 

The yield stress corresponding to simple tension tests differs from the 
yield stress corresponding to simple compression tests. This expéri­
menta l fact shows the influence of the hydrosta t ic stress on the yielding of 
high polymers and is in agreement wi th the proposed yield condition. 

T h e yield stress measured in tension-torsion tests fit our yield condition 
fairly well, disproving the von Mises criterion. 

The observed inclination of the Lûders ' lines appear ing on thin tubes sub­
jected to simple tension, simple shear, and tension-torsion, are parallel 
to the direction where the normal stress has the value of the hydrosta t ic 
component of t he stress. 

Our yield condit ion implies t h a t plastic déformation is a ra te process. 
This condition consists in a generalization of the von Mises criterion and is 
based on a physical concept. 

This work has been carried out at the Institut des Matériaux de l'Université Libre 
de Bruxelles. The author expresses his thanks to Professer Georges Hom(>s, Director 
of the Institute, for helpful discussions and for assistance in the préparation of the paper. 
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