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31 show that fluctuations can contribute significantly to the properties of the system. Notably

32 they lead to a desorption phenomenon regardless of the sign of the interaction. As a conse-

33 quence, non monotonous density profile at the wall and adsorption curves as a function of
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48 interest. The simplicity of the potential allows for a description of thermodynamics
49 and structure of the Yukawa fluid. For hard spheres interacting with a Yukawa
50 . . . C . . . .
51 tail analytical solutions exist in the mean spherical approximation [1]. Any finite
52 range interaction potential between point particles can be decomposed to a sum of
gi Yukawa potentials with arbitrary accuracy. Such decompositions have been used
55 for interaction potentials in simple liquids [2], colloid [3, 4] and other systems [5].
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1
2 The study on non-uniform systems of particles interacting with the Yukawa
3 potential remains well behind the research carried out on spatially uniform sys-
4 tems. One of the popular techniques of description of fluids near the surface is
5
6 the Henderson-Abraham-Barker approach [6]. In this approach the description of
; a fluid near a surface reduces to that of a mixture of a fluid and of hard spheres
9 considered in the limit of infinite dilution and infinite hard sphere size. As a con-
10 sequence, the calculation of the fluid density profile reduces to the solution of the
11 . R . . . C . .

Ornstein-Zernike integral equation for the fluid particle — wall distribution function
12 p
13 calculated from the known fluid particle distribution function in the bulk. Applica-
E’ tion of this approach gave the possibility to evaluate the contribution of short-range
16 interactions to study the structural properties of spatially confined fluids. However
ig this approach in the simplest approximations like the mean spherical approxima-

tion does not take into account the contribution from the long range part of the
19 g g
20 interactions. A better approach in this perspective is the use of inhomogeneous
g; integral equations which include in the convolution the density profile of fluid par-
23 ticles. For example, the application of a simple expression for the profile in the
gg form of step function provides the correct description of ionic fluids near a sur-
26 face. These results make use of the collective variables approach [7-9] to construct
gg cluster expansions for the pair and singlet distribution functions for a system of
29 point ions confined by a hard wall. In parallel, for the description of ionic systems
30 confined by wall, a density field theory has been developed [10-13] which also gave
31 the correct results for the description of the influence of ionic systems near a hard
32 Y
33 wall.
gg These works, as well as computer simulations and numerical calculations of in-
36 tegral equations [14], have largely extended our understanding of surface effects
37 in systems confined by a hard wall and particularly in presence of electrostatic
38 Y
39 interaction. The results for spatially non-uniform systems should satisfy certain
40 known exact relationships - sum rules. An important example is the so-called con-
j; tact theorem [15, 16]. It states for the neutral wall that the contact value of the
43 point particle density near a hard wall is determined by the pressure of the liquid
jg in the bulk volume. For a system of ions and charged wall there is an additional
46 contribution from the Maxwell pressure due to the force acting between charged
47 plates. The expressions found in the random phase approximation for the point
jg ion density profile, for instance, meet the requirements of the contact theorem [17].
50 They can be modified for non point ions by a simple change of the inverse Debye-
g; Hiickel screening parameter x to a new screening parameter I' obtained in the
53 mean spherical description of homogeneous ionic systems [18]. Recently [19] the
2‘51 collective variables technique was applied for the description of spatially confined
56 fluids with Yukawa potential of interaction. The principal difference between such
57 fluid with Yukawa interaction and an ionic fluid is connected with the electoneu-
gg trality condition for ionic systems which exludes some terms like Van der Waals
60
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contributions in the case of ions. Such contributions can play an important role in
the case of nonionic fluid. In [19], the contribution of such terms were taken into
account by construction in a simplified form.

In this paper, we extend our previous work [20, 21] concerning the density field
theory description of a Yukawa fluid to the case of such a fluid near a hard wall.
The present work focuses on the analytical research of thermodynamic and struc-
tural properties of a spatially non-uniform one-component system of particles with
the Yukawa potential of interaction. We obtain expressions for the Helmholtz free
energy, pair correlation function and density distribution for such a system. It will
be shown that for the latter, the contact theorem is valid. The results obtained in
this paper, similar to [19], are presented for point particles with Yukawa interac-
tions. We hope in the future to modify them for non point particles with Yukawa
interactions using the mean spherical approximation result for homogeneous fluids

[1, 22] in a similar way as it was done for non point ionic systems [23].

2. Model. Field theory formalism

We consider a fluid of particles interacting via a Yukawa potential given by

—Qar
e 12

U(I‘lg) = A (1)

712

We denote ris the vector between point 1 and point 2 and its length 5. A is
the amplitude of the interaction, and « is the inverse range. We are interested in
the behaviour of such a fluid in the vicinity of a hard wall. For this purpose we
study this system in a finite slab of volume V. The slab surface is & parallel to
the wall and the slab width is L. One wall is situated at z = 0 and the other wall
z = L where z is the coordinate perpendicular to the wall. Then we consider the
infinite width limit L — oo. In this limit, we do not make a distinction between
the average density in the system p; = N/V and the bulk density p;, that is far
from the interfaces, and use the latter when needed. For convenience, we use the
subscript b to denote the bulk value of the corresponding quantity.

In a series of papers on ionic fluids [10-13, 24], we show that it is possible to
describe these systems using a field theoretical approach. The Hamiltonian of the

system is given by

—Qar
e 12

BH |p| = /p(rl) (In [p(r1)A®] — 1) dry + %/ (r1)p(r2)dridrs  (2)

p
r12

where p(r) is the density and § = 1/(kpT) is the inverse temperature. We adopt
the canonical ensemble approach. We fix the number of particles. Thus we have

the condition: [ p(r)dr = N. To verify this condition in a formally unconstrained

URL: http://mc.manuscriptcentral.com/tandf/tmph
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1
2 calculus we introduce the Lagrange multiplier A such that
3
4 0BH
6 Plo
7
8 It introduces the overall constraint on the number of particles. The partition func-
9 tion is
10
11
12 = — /Dp e~ PHIp] (4)
13
14
ig where [Dp is the functional integral over all possible density distributions such
17 that the total number of particles is N. The logarithm of the partition function
18 gives the Helmholtz free energy
19
20
21 BF =—InZ. (5)
22
23
24 For convenience we also introduce dimensionless quantities. We define the inverse
25 length
26 5
27

28 B = /A5 Alp, (6)

32 Note that the amplitude of potential can be positive or negative thus we take the
gé absolute value of it. We will see further that for the negative attractive potentials
34 there is a condition as shown in [19] to assure the stability of the system. From
35 now on we introduce dimensionless lengths noted with a tilde ~ using B~! as a unit
g? of length. For instance a length 7 is defined # = Br. The inverse range of Yukawa
38 potential in these units is &@ = o/ B and the dimensionless density p = p/B3. For
ig convenience it is also practical to introduce density normalised with respect to its
41 bulk value p = p/pp. The length 1/B plays the role of the inverse Debye length,
jé which in our previous papers has been used to define dimensionless quantities in
44 the case of charged systems [10-13, 24]. This way we can use analogies between
45 the present calculations for the Yukawa potential and the charged systems. This
jg would not be possible if we adopted the alternative choice taken in [19] where the
48 range of the potential 1/« was used to define reduced quantities. This quantity is
gg obviously diverging in the Coulomb systems because the interaction is long ranged
51 ( — 0). In the formalism of statistical field theory we show [25, 26] that the
52 entropic logarithmic term in the Hamiltonian does play an important role. The
gj ionic density is selected as the field rather than a fictitious imaginary fluctuating
22 potential [27-32]. In dimensionless quantities the Hamiltonian is

o8 BH[p| = / (1) (1n [p(rl)A ] - 1) A+ g | )RR (7
60
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3. Mean field approximation.

3.1. Mean field equations

To obtain the thermodynamic properties of the system we need to calculate the
partition function. The lowest order approximation of the partition function eq. (4)
is the saddle point approximation for the functional integral which is also a mean
field approximation MFA from the physical point of view. In the canonical for-
malism, it corresponds to fixing the Lagrange paramater A such that the following

relation is true for the average bulk particle density:

ooH

=\ 8
5 |, (8)

The MFA quantities will be indexed MF. In reduced units eq. (8) reads

In[p(F1)] + V(F1) — V=0 (9)

where focusing on the inhomogeneous quantities we have substracted the bulk value
and introduced the MFA potential V defined as

V() = — / A (10)

47 T12

where e denotes the sign of the interaction (i.e. ¢ = 1 if A > 0 and ¢ = —1

otherwise). The bulk value of this quantity is

~ €
Taking the gradient of eq. (9), we have
) B —o, (12

where V is the gradient operator in terms of dimensionless distances and where we

define an equivalent of the electric field by

Owing to the properties of the Yukawa potential we have
(A =)V (F1) = —ep(Fr)- (19)

Using the translational invariance parallel to the wall, the functions depend only

on Z; and replacing eq. (14) in eq. (12) we finally obtain

4 A(z)—sEEQ(z)Hd—QV?(z) =0 (15)
FER P71 5 1 5 1) =L

URL: http:/mc.manuscriptcentral.com/tandf/tmph
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1
2 To simplify results we give expressions of the inhomogeneous quantities with respect
3 to the first wall situated at Z = 0. We are not interested in the second wall at Z = L
g in the large L limit. However, when needed the dependence over the entire slab
6 is detailed, for instance when applying the periodic boundary conditions we need
7 . . .
8 to write the functions for the whole slab. Also we present final results in terms of
9 both dimensionless and dimensioned quantities.
10
11
12 3.2. Pressure invariant of MFA equations
13
14 Eq. (15) tells us that the quantity in brackets is constant and therefore it can be
ig evaluated for instance in the bulk as
17 ~2
a’ ~ €
18 l+e—V =1+, (16)
19 2 2
20 . . ~ . . o
21 where we use the fact that in the bulk p is 1 and E vanishes. This quantity is the
22 pressure within MFA:
23
24 £ 27TﬁApb
25 ﬁP:Pb(l"i‘QTQ):Pb(l‘i'ig . (17)
26 / “
;g This expression is the mean field approximation which corresponds to the Van
29 der Waals contribution. Outside the system, where there are no particles, we have
32 another invariant which is simply (1/2)E?(2) — (&2/2)V2(%), its value far from the
32 interface is zero and therefore also at the interface. From the continuity of the
33 potential and of its derivative due to eq. (14), we have that this is also true just at
34 . ~
35 the wall inside the system z = 04 thus
36 e 3
37 p0+) = 5 (B2(04) = a2V2(04)) = 5(04). (18)
39 . o .
40 As this quantity is constant we obtain the so-called contact theorem
41
42 /BP N
— = p(04). 19
42 = j(0) (19)
44
45 We should like to emphasize two aspects. First, it is worth noting that in this
jg approximation we obtain the contact theorem as a consequence of the existence of
48 an invariant of the differential equations which corresponds to the pressure. The
49 approximation in [19] also verifies the contact theorem, but it is somehow by con-
50 . . . . c 1
51 struction. Indeed, the profile is written as the integral of the potential in the system.
52 At the wall, we only have half the integral of the potential which corresponds im-
gj mediately to the Van der Waals approximation. However, this approximation of
55 the profile is as we shall see a rather crude approximation. The second aspect we
gs note is that the validity of the contact theorem can by linearity be generalized to
58 a sum of Yukawa type potentials and thus be applied to a variety of potentials
59 which can be presented as a superposition of Yukawa potentials. Thus in the mean
60
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field approximation systems of particles interacting with these potentials verify the

contact theorem.

3.3. Density profiles

From equations (12) - (14), we obtain a set of differential equations

P i) (20
ov(z) .

O b (21)
agf) _cp(2) — @2V (). (22)

These relations are first order differential equations which have been solved starting
from the linear solution in the bulk, back integrating towards the wall [33-35]. The
boundary condition is set from the fact that the final point is obtained when we have
the contact theorem. To start the integration process we feed the solver starting

far from the wall with the linear equations solution derived from

P9~ ) (2
agf):—E@) (24)
agg) = ep(3) — a2V (2), (25)

where we use pp = 1. Deriving the third equation and introducing the first one, we
find

E"(2) = (e + &%) E(2) (26)

which can be solved with the boundary condition that E vanishes in the bulk.

Setting the contact value of the density to be the pressure, we find that the solutions

are
p(Z) =1+ 2% —Vartez
a
~ - € ReTos
V() =V~ oo VT @)
E(3) = —sidQ :Ee*mz
24

We can verify that for the linear solution we have, as expected, the condition
required by the contact theorem that (1/2)E2(04) — (42/2)V2(04) = 0. As men-
tionned earlier, we only give the expressions related to the first wall at z = 0 similar
expressions can be derived for Z = L.

Here, we also see that we have solutions only if &% + ¢ > 0. This is always true for

URL: http://mc.manuscriptcentral.com/tandf/tmph
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:2L repulsive potentials, whereas for attractive potentials we must have & > 1. Using
3 the reduced quantities used in [19], where the reduced density is p* = p/a® and
g the reduced temperature 7% = kT /aA, we have
6
7 T+
g a = Ty (28)
12 We will now present a series of results for different values of p* and T™. For
12 the sake of comparison we take the values used in [19]. They include both small
ﬁ, and large values of &. We compare the approximation in [19] and denote it by [0
15 subscript
16
1 puo(@z) =14 g . (29)
19
20 The linear mean field approximation eq. (27) denoted with subscript 1
21
5;2; pu(az) =1+ %6_‘/5‘2—%5. (30)
24
25 And finally the MFA denoted pprra is computed numerically. Thus, the results for
g? the approximation given in [19], the linearised equations (27) and the exact solution
28 of the mean field equations (20)-(22) are shown in Figures 1-2. We note that for
29 repulsive potential between particles (T* > 0 or £ > 0) we obtain an effective at-
32 traction of the particles with the surface and vice versa for the attractive potential
32 we have an effective repulsion with the surface. These trends are expected owing
gi to the contact theorem. Also due to the fact that the solutions are monotonous,
35 the adsorption coefficient is positive in the first case and negative in the second
g? case. Analysing more in detail the results, for p* = 0.0005 and |T*| = 0.1, param-
38 eters taken from [19], we observe that there is no notable difference between the
39 linearised profiles equations (29), (30) and the mean field equations (20)-(22). We
40 . . .
a1 choose not to show the corresponding profiles which are featureless. In this case,
42 the parameter & = 3.99 and we have that &* > 1. This condition is the reason
ji why all approximations predict similar profiles. On the contrary, for values of & of
45 the order of 1, Figure 1, the linearised solution appears more accurate than the one
jg given in [19]. In Figure 2, we present two other cases with & smaller or of the order
48 of one. For repulsive potentials we have a small value of &. The linear approxima-
49 tion and the approximation of ref. [19] are different from the mean field equations.
22 In the other case when the potential is negative, the value of & close to one is bound
52 by the condition & > 1 and we have taken a value of the temperature so that & is
gj close to its limiting value. Again the linear approximation and the approximation
55 of ref. [19] are different from the mean field equations. However, in all cases, the
56 linearised equations represent a simple and better approximation, although in the
g; first case they over estimate the solution of MFA whereas they underestimate in
2(9) the other. From eq. (28), we can note that the limit of large & corresponds to large

URL: http://mc.manuscriptcentral.com/tandf/tmph
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‘8‘ ‘10“‘12

Figure 1. Mean field profiles in three different approximations for p* = 0.005, 7" = 0.1 on the left and
T* = —0.1 on the right. The parameter & = 1.26. In full line (black), we have the numerical solution of
eq. (20)-(22), in dotted line (red), the linearised equations (27) and in dashed line (green), the approxima-
tion used in [19] eq. (29).

Figure 2. Identical quantities as shown in Figure 1 for p* = 0.005, T* = 0.01 on the left and T* = —1/15
on the right with & = 0.399 and & = 1.03 respectively.

temperature or small density limits and in this regime all approximations are accu-
rate. On the contrary, the linear approximation and the simple approximations of
ref. [19] part from the mean field solution when the reduced temperature becomes
small or the reduced density large. In these cases, it is worth solving the exact
equations. As shown next in these domains the fluctuations also start becoming

important.

4. Fluctuation and correlation effects on density profiles at the wall

In the previous Section, we have considered the mean field equations, where fluc-
tuations are neglected. Here, we take them into account and therefore we have to

expand the Hamiltonian.

4.1. Expansion of the Hamiltonian

Let us expand the Hamiltonian with respect to the bulk density of the system
p(r) = pp+ dp(r). However, as the density fluctuates around the bulk density,

URL: http://mc.manuscriptcentral.com/tandf/tmph
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it is convenient to introduce the normalised density fluctuation dp(r) = dp(r)/pp.

The expansion of the Hamiltonian is

BH[p) = BH[ps) + / spin) —H

5o |, (31

Pb

©CoO~NOUTA,WNPE

1 o §*BH

o +3 / 0P ) S N6 |,
1 SRy g o pH

ﬁ + 5/(5/)(1‘1)5p(lf'2)‘Sp(r?’) 6(0p(r1))6(0p(r2))6(0p(T3)) |,

dridry

dridrodrs + - - - .

16 In the canonical formalism fluctuations preserve the number of particles. There-
18 fore [ 6p(F)dr = 0. The first term is simply the Hamiltonian functional from equa-

19 tion (2) for the bulk density in dimensionless units:

V

23 BH|ps] = Vi, [(ln[ﬁb]\?’] - 1) 5] (32)

27 The linear term is

29 §BH

30 STFPvaREY
6(p(r)) |,

32 _eda

= 33
33 e (33)

= In(ppA?) / Sp(ry)diy + V(z1) -V

36 where we have used the fact that the integral of the density fluctuations vanishes
38 in the canonical formalism and the mean potential eq. (10) in the vicinity of the
39 wall is

42 V()= % (2 — ). (34)

The quadratic term is

49 g / Sp(F1)dp(F2) [S(fl — 1) + dit1 ds. (35)

The first term comes from the expansion of the logarithmic term in the Hamil-
54 tonian. More generally, we have shown in [26] that these terms coming from the

55 logarithm can be written for n > 2

gg (=1)" o _!2)! / op" (F1)dTy. (36)

n

URL: http://mc.manuscriptcentral.com/tandf/tmph
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1
2 Finally, we summarize the first terms in the expansion of the Hamiltonian
3
4 ~ 3
5 ol = | V(oA ~ 1+ ) + 5 [ 66 @i (37)
6
7 1 675[1:12
: 45 [ B0t dp(ea)di s
9 12
10
11 /(5/)1'1 Vb——/(5p I'1d1‘1+
12
13
14 Note that we perform the expansion around a constant density p, and not the
ig mean field profile which is inhomogeneous and known numerically only. In the
17 Hamiltonian, the quadratic term is used to calculate the gaussian integrals and the
ig linear and higher than quadratic terms are treated as coupling terms which are
20 calculated perturbatively expanding the exponential. It is the linear term, in the
g; expansion of the exponential treated as a perturbation, which allows to include the
23 interaction with the wall in a non trivial way with terms of higher levels than a
24 linear approximation.
25
26
27 . . 4 . .
28 4.2. The diagonal basis for the quadratic Hamiltonian operator
29
30 To calculate the functional integral using the gaussian integrals, it is necessary
31 to have the quadratic term in a diagonal form. In the slab we expand the func-
gé tions in the bases of eigenfunctions of the Yukawa potential operator, see [10] and
34 appendix A
35
36 =~ iKR, z
37 op(F1) = Y Mg (2)pg s (38)
38 K,i>0
39
32 where R, is vector component of ¥, parallel to the wall, K and [ are the wave
42 vectors in the directions parallel and orthogonal to the wall and the functions ¢
43 given in appendix A are
44
45 1 = —
46 b p(7) = ——e (Va2 + K2 +ip)e - (Va2 + K2 = ip)e” )
47 VL@ + K2+ i2)
48
49 (39)
50
g; As shown in appendix B, the Hamiltonian in this basis is
53
54 o~ o ~X3 '17(] 1 _ ~
55 BH = py|V <1H(PA )—1+ §> + Z < W) PR Pk (40)
56 a
57

58 /5p r1)( Up)dry — —/5p rp)dry + -

URL: http://mc.manuscriptcentral.com/tandf/tmph
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where 0p(T1) is given by eq. (38).

5. Helmholtz free energy.

The free energy can be computed calculating

57F =—1In [/ Dp eﬁH[”]} . (41)
The free energy is
T = ()~ 1)+ 2% <£:;2 [ [1“ <1 e io?) — &2}
= pp(In(ppA®) — 1) + prVb + 8% [Ed - g [(e +a?)3% — aﬂ] B? (42)
We calculate the pressure using
—BPY = BF — BN (43)

where {1 here is the chemical potential, its value is given by

. OBF/V
o= 2201 (44)
Py
~ 1
= In(ppA%) + Vi + — [607 —evert @2} (45)
TPy
so that we obtain for the pressure
B* B3 5
P = gt Ve A - Va e - a). 4
154 pb+pb2d2+127r aVe+a 2\/(1 +e—& (46)

This expression is identical to that derived in [19]. As noted there, the second term
ppB%/(2&2%) is absent for ionic systems due to electroneutrality and in the infinite

range limit o — 0 the pressure is the Debye limiting law

B3
P=p,— — 47
ﬂ Po 247'(" ( )

where B plays the role of Kp the inverse Debye length used for ionic systems.
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6. Correlation functions and density profile

6.1. Correlation functions

The expression of the correlation function is

(Gp(F1)0p(F2)) = Y FRiog o(21) D KTgl, (5) < pg poge e 48)

K,i>0 K',i'>0

where T stands for the complex conjugate quantity. The gaussian averages are

simple to calculate as in the diagonal basis they are

52 1+ K2 4 2
a” + +u > (49>

1
S PRAPR 7= EdKKﬁﬁ’ﬁ/ (1 +a2+ K2 + ji2

where the J, , are Kronecker symbols. The correlation function is then

(p(e1)Splr)) = g [ AR S 07 ) 6 (22) KO

>0
32 4 K2 42
( a” + +u (50>

1 +&2 + KQ +/~ﬁ2
Finally we obtain

(6p(T1)dp(T2)) = i (5(f'12) BT a—— (51)

1 e—\/ 1+5[2F12
Pb

—Nl dejo(f%élg) — O:é+(~]() s (f%) €_d+(R)(§1+£2)
" & ()65 (R) + 6 ()

(52)

where Jy is a Bessel function of the first kind [36], &4 (K) = Ve + a2 + K2 and
a_(K) = Va2 + K2, the details of the calculation are given in Appendix C. The
first term is the contribution from the bulk correlation function whereas the second

term is purely inhomogeneous. With dimensions we have

(p(r1)p(r2)) = pi (5p(F1)dp(F2)) (53)
e*\/@ﬁz
= Pb (5(1'12) - ﬁAPT>

B ay (K) —a_(K) e+ (K)(21422)
ﬂAp/KdKJO(KRlQ)a+(K)(a+(K)+a_(K)) )

The expression is identical to that of ref. [19] where in this work the correlation
function was calculated from the inhomogeneous integral equation theory in which

direct correlation function is equal to —fv(r) and the profile is considered as a step
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1
2 function. This integral equation is equivalent to the differential equation considered
3 in this paper and this is why results in both cases are the same.
4
5
6
7
8 6.2. Density profile
9
10 The inhomogeneous profile in the canonical framework is given by two contributions
E which correspond to one particle irreducible diagrams in field theory [37-39]. Thus
13 the profile is
14
15
16 P Db - - 85 1~
17 < (5[)(1‘1) >= 252 / < 5/)(1‘1)5/)(1‘2) > e Y72 dry
18
19 1 . . 1 . -

o < Sp(E1)Sp(E1) > — 5 < Sp(E1)dp(F1) > (54)
20 2 2 b
21
22
gi where calculating the inhomogeneous profile we have substracted the homogeneous
25 bulk part.
26 The first contribution is related to the linear term in eq. (33), that is the interac-
27
28 tion with the wall which is seen here as an external potential acting on the density
29 via the correlation function. Its expression is
30
31
32 b . 1 e Veta'z:
33 — / < Ip(f1)dp(fa) > e *2drg = = ——F——— 55
34 262 (F1)p(x2) a1 +./1+¢/a? (55)
35
36 _ AmpAp  emVEPTTOH (56)
37 a? 14./1+eB%/a?
38
39
32 Refer to appendix C.1 for the details of calculation. In field theory, this term is
42 a zero loop level contribution and is therefore comparable with a mean field term
43 contribution. Thus, we note that it is similar to the expression in [19] in the limit
44
45 & >> 1 in this case
46
47 ~
48 P [ < Sp(1)p(Er) > e 0%diy v e85 = TP e (57
4 s [ < oplEdntin) > iy~ e L (57)
50
51
52 Unfortunately the approximation does not satisfy the contact theorem as its value
gi at the wall is 1/(&%(1 + V1 +ea2)) instead of 1/(242). The contact theorem is
55 reached only asymptotically when & >> 1. For this reason, in the following, we
g? will replace this approximate mean field like approximation with the exact mean
58 field result derived in Section 3.3.
59 The second contribution to the profile is the one loop irreducible diagram written
60

URL: http://mc.manuscriptcentral.com/tandf/tmph



November 29, 2010
Page 15 of 24

©CoO~NOUTA,WNPE

16:18 Molecular Physics papercor .
Molecular Physics

Yukawa 15

as

)(ay(K) + a-(K))
_p4

_ (Oz+(K) — a_ (K))e’2a+(K)Zl
=/ @ () + a ()

(58)

(A E) — a (K))e—2a+(K)z
%<(5p(r1)5p(r1)>—%<5p(r1)5p(r1)> ——/KdK( 5;(52 (K))e?

b

Note that the constant in front of the first form of the expression is n = 1/(8wpp) =
B3/(8mp) which similar to what is obtained in the case of the Coulomb for the
first loop density profile correction. In terms of the reduced parameters we have
n = /ap*/(T*)3/?, we thus see that the corrections due to fluctuations become
significant when p* increases or 7™ is small. These are also the limits where & is not
much greater than 1 and the approximation in [19] and the linear approximation are
no longer accurate. We therefore present results for the profiles where we substitute
the linear type approximation of the mean field eq. (55) with the more accurate

solution of the mean field equations presented in Section 3.3.

092[- g 088 g
09 T 5 C— 5 s 0865 T ) 5 s
az oz
Figure 3. Density profiles for p* = 0.0005, T* = 0.1 on the left and T = —0.1 on the right with

& = 3.99. The curve in dashed line (green) is the mean field solution pprr 4, in dotted line (red) we have

the contribution from the fluctuations pfiyc¢ and in full line (black) the combination of the two piotqr-

14} g

12f -

PMFA 7

p /}w-u
------ Pfluct

------ Pfluct

—— Protal B

—— Protal

06l .

04 -

02wwwwlwwwwlwwwwlwwwwlwwwwlwwww n 1 n 1 n 1 n 1

Figure 4. Identical quantities as shown in Figure 1 for p* = 0.005, T* = 0.1 on the left and 7% = —0.1
on the right with & = 1.26.
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1
2
3 T T T 1F
4 ]
5 of
6 ]
7
8 ave A _17: Pyira

...... Prluct ;. N covees Pfluct

9 —— Ptotal i y —— Dtotal
10 1 2 ]
11 301 ]
2 o s . s L T e e
14
15 Figure 5. Identical quantities as shown in Figure 1 for p* = 0.005, T* = 0.01 on the left and T* = —1/15
16 on the right with & = 0.399 and & = 1.03.
17
18
19
20 In Figures 3-5, we present the density profiles for different values of reduced
g; parameters of density and temperature as used in [19]. We give the mean field
23 density profile pyra, the contribution from fluctuations p .+ and the combination
24 of the two pPiorqr- In the figures, we observe that the mean field profile departs from
gg one with a sign which depends on the sign of the interaction. Whereas the density
27 profile associated to the fluctuations is always smaller than the bulk value. As a
gg result for repulsive potentials we can have a non monotonous profile. In this event
30 we can foresee that the sign of the adsorption it is not easy to assume the sign
31 of the adsorption. The contribution from the fluctuations is proportional to 1 and
32 . o
33 becomes important when the reduced density is large and the reduced temperature
34 small. This is the case for the values of the parameters p* and T™ presented. It is
gg interesting to note that the term from the fluctuations can dominate even for
37 relatively small densities as long as the reduced temperature is small. In real units,
gg this corresponds to rather low temperature or rather high the amplitude of the
40 interaction. This effect amounts to a depletion of the density profile from the wall.
41 It has already been pointed out for ionic systems and shown to be the origin of
jé the anomalous behaviour of the electric capacitance with the temperature. In this
44 context, numerical simulations and the field theoretical approach [40, 41] have
32 shown that the anomalous capacitance behaviour can be seen for low value of the
47 reduced density.
48
49
50
51 6.3. Adsorption
52
53 We can also calculate the reduced adsorption defined
54
55 r 1
56 == a6 - ) (59)
58
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according to the different approximations of the density profile. We first start with
the mean field like contributions presented in Section 3.3. The approximation from

reference [19] gives

Lo P
— . 61
a2~ “2a2 (61)
The linearised equations give
I'n P 1 1 (62)
— — &—5 .
o @2\ 1+e/a2 ) \1+/1+¢/a2

The mean field contribution can only be determined numerically.
From the contribution to the density profile from the fluctuations eq. (58), we

calculate the corresponding adsorption contribution

Ffluct o —1 o
vaZ+e

a2 32742

[5(21112— 1) —2¢eln <1+

> +2a(Va2+e— a)] (63)

The expression is identical to that given in ref. [19]. Note that this contribution is

always negative, irrespective of the sign of the interaction.

— Twota
0I5 |- —- Taa

T fruct

0.1

-0.04- -1

|
0.0001 0.001 o* 0.01 01 0.0001 0.001 o* 0.01 0.1

Figure 6. Adsorption as a function of reduced density p* for different values of T* = +1 on the left and
T* = —1 on the right.

In Figures 6-8, we present the adsorption as the sum of the mean field contri-
bution and of the contribution from fluctuations as a function of p* for different
values of 7. In Figure 6, we can observe that for not too small values of T* of the
order of one or even larger, the mean field solution dominates. However, the contri-
bution from fluctuations becomes increasingly important when T* becomes small.
Clearly both contributions from the mean field and the fluctuations have the same
sign and add to each other when the potential is attractive. But the case when the
potential is repulsive is of interest because we have competition between the two
contributions. This is seen in Figure 7 and 8 for 7% = 0.1 and 7™ = 1/20. In the

first example, we have a monotonous behaviour of the adsorption with the density,
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Figure 7. Adsorption as a function of reduced density p* for different values of 7* = 0.1 on the left and
T* = —0.1 on the right.
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0.004

0.002

-0.002f E
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! 1
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Figure 8. Adsorption as a function of reduced density p* for T* = 1/20.

in the second case we can see that the adsorption changes sign. The two contri-
butions mostly compensate each other, however for the 7" = 1/20, the remaining

part can have positive or negative sign.

7. Conclusion

In this paper, we study the behaviour of a fluid with Yukawa interactions in the
vicinity of a wall. We calculate the pressure and Helmholtz free energy and present
expressions for the correlation function, the density profile and for the adsorption.
We compare different simple analytical expressions with the numerical estimation
of the MFA equations. For the MFA equations we find an invariant correspond-
ing to the pressure. We can demonstrate the validity of the contact theorem for
this approximation. One interesting aspect is that the mean field solution and the
contact theorem proof presented can be generalized to potentials which can be
expanded as sums of Yukawa potentials. We also present results beyond the mean
field approximation studying the effects of the fluctuations. The results beyond the
MFA show that the fluctuations decrease the density profile whatever the character

of the interaction - repulsive or attractive. This effect for the ionic density profiles
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is just the depletion from a neutral wall responsible for the anomalous capacity
behaviour as a function of the temperature [40, 41]. Here we have the opportunity
to show that it exists for both attractive and repulsive interactions. We are able to
study systems with a competition between the intuitive mean field effects and the
correction due to fluctuations. As a consequence certain systems can have negative
or positive adsorption depending on the value of the density for a given value of

the potential.
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1
2 Appendix A. Density distribution in the eigen functions of the Yukawa
3 potential
4
2 In a similar way to what has been presented in [42] for the Coulomb potential, due
7 to the translational invariance parallel to the wall, we expand the fluctuations of
g the density as follows
10 o
~ KR ~
1;’ 6p(t1) = pr(,ﬁ e 1¢[}'ﬂa('zl)v (A1)
13 K,
14
15 where the pg 5 are the amplitudes and the functions ¢ are eigenfunctions of the
i? Yukawa potential such that
18 s
19 e—ar o ~
20 / - op(T)dr = A 20p(T). (A2)
21
22 .
23 Owing to the properties of the Yukawa potential, we have Az , = 1/(a?+ K%+ %)
gg and eigenvalues which verify
26 ~ R _
; (D)o ()R
28 an —_— = — = — an an — — po; 5
29 2 a2 + K2 2 1%
30
31 with i > 0. Using the fact that outside the slab we must have decaying functions,
gé the function should be written
34
gg ApeVEFTEZ if 3 <,
37 O p(2) = A€ 4 Age™ 2 if 0 <z <L, (A4)
38 Age V@R 4 55 ]
39
40
41 From the continuity of the functions at the walls and using periodic boundary
jé conditions, we finally obtain inside the slab
44

P O p(?) = 1 (Va2 + K2 + i)™ — (Va2 + K2 ip)e )
i \/i(dQ + K2 4 ji2)
48 (45

51 where we have used periodic boundary conditions and normalised the function in

53 the slab according to

m

L
56 /0 bi ﬂ(2)¢k’~(2)d,§ =1. (A6)

59 These functions represent a complete set of orthonormal functions.
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Appendix B. Diagonal terms

The quadratic terms can be written

1 2%\ 7= = KR, s —iK'R, 5
5/5p (rl)drl :/drl Z € ¢[}'7ﬁ(21)pf{,ﬁ Z € ¢T~/,ﬁ/(21)p}</7ﬁ/

K,i>0 K’,ji’ >0

=5 pK,ﬁp}{',g" (B1)

K,i>0

where S is the dimensionless surface parallel to the walls and we have used the
normalisation condition eq. (A6).

The interaction quadratic term

1 e~ 02 KR, —iK'R e~ 02

_— 1) f‘l = 19 f‘g df'ldf‘g = df‘ldf‘g 62 1=t 2~—

47r/ pEL) 12 piE2) - Z 12
K,i>0,K’ i’ >0

i (21)0k, o (22)pg ook, o, (B2)
We can change variables using dR1dR2 and integrating over R, we obtain due
to the orthogonality of e’®R: the Kronecker symbol 0k k- Which can then be

summed over K’. We can integrate over Ry and we obtain an integral of the form

L e~ VK2 +a2|5 % 1
» (B)dE = ———— o= (5), B3
/0 Wi k= e k) 3)

where we have used the properties of the ¢ i functions which are eigenfunctions

of the Yukawa potential. Finally we have

1 B e—dfm B o 1 t
5/50(1'1) 1o dp(T2)dr 1 drs :KZ mpk,ﬂﬂk,ﬂf (B4)
”EL>O

Appendix C. Correlation function

From eq. (50), we introduce the following notations & (K) = Ve + a2 + K2 and

a_(K) = Va2 + K? so that

-~ &2 %
(30(E1)30(F2)) = 75 / TR b 216} ) <R (%) |
>
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We need to compute

P [RE) ) 1 [a(K) + @
ZQbK“u ¢K' ~,( )(&i([%)+~2 _ZE ~1(K)+/12 (02)

>0

©CoO~NOUTA,WNPE

20 We introduce the continuous integral in the L — oo limit where Zﬁ>0 —

21 L/(4m) [*°_ dfi where we have extended the integral over all reals, the contribution

23 from i = 0 vanishes as it is of zero measure and non singular for z; # Z5. The

24 first two terms in the brackets depend on Z; — Z5 and give the known homogeneous
contribution

—V €+O( T12
- 7) , (C4)

28 1
29 6(F12) — ———
Pb At T2

where we have separated (a2 (K) + i2)/(a%(K) + i) =1 — /(a2 (K) + i), the

35 term related to 1 giving the Dirac distribution. The inhomogeneous contribution
36 is

. —1
du

40 (dp(T1)dp(T2))

P [( K) +ip)*eGi=2) 4 (6 (K) — ifi)?e - ZZ)]
44 Ai? + 63 (K)

. (C5)

For the integration over [i, we have two poles at iid+(K ), we can perform contour
49 integrations with the semi-circles in the upper plane and the lower plane and we
30 obtain

o 1 [ (@4 (R) = G (R))e (R
54 (0p(F1)0p(F2)) = ﬁb/KdKJO(KR12) o (K (an () 1 o (K0 (C6)

58 where Jy is a Bessel function of the first kind [36], the result is identical to the one
59 obtained in [19].
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C.1. Density profile

23

To calculate the first term in the density profile, it is convenient to expand all

terms in the eiRR, ¢ (%) basis. We first decompose e~ % on this basis

4z,uoz KR b /=
Z K,0 (a2 + )3/2 ¢ (bK,ﬁ(Z)’
K,u>0

Introducing this expression, we have

2[:5?2 < Op(F1)dp(E2) > e diy =

dRodzs Z Z bg (21

K,i>0K',i'>0

2a2

~ N iR(R— il &
¢}w<zQ>¢*~,ﬁﬁ,<zQ> KR :

Z dijic &%+ i?
a2 (&2 + a2)3/2 e+ a2+ p2

K',0 (d2—i—[/2)3/26

(C7)

C8)

—iK'R,

(C9)

Taking the limit L — oo, we can go from discrete summation to continous integral

Zﬁ>0 — L/(4m) f dfi. Performing contour integration in the upper and lower

complex plane according to the poles, we obtain

P [ sp(e)0p(ia) > Tz = =
p ry ro € 2= 5 T/
267 prEnop 214 /1+e/a2
47T/8AP e~ VeB?+a?z
- a® 1+/1+eB%/a?
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