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DISCLAIMER 

Abstract , . 

The zero-point (Casimir) energy of f r e e  vector (gluon) 

f i e l d s  confined t o  a spher ical  cavi ty  (bag) is  computed. 

With a su i t ab l e  renormalization the r e s u l t  f o r  e igh t  gluons 

This r e s u l t  i s  subs tan t ia l ly  l a rger  than t h a t  f o r  a spher- 

i c a l  s h e l l  (where boeh i n t e r i o r  and ex t e r io r  modes a r e  pre- 

sen t ) ,  and s o  a f f e c t s  Johnson's model of the QCD vacuum. 

It i s  a l s o  smaller than, and of opposite s ign t o  the value 

used i n  bag model phenomenology, s o  i t  w i l l  have important 

implications there. 

* On leave from Department of Physics, University of California,  
Los Angeles, CA 90024. 
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I. Int roduct ion  . . 
. . . . 

3 ' . . . . .  . . .  

Quantum chromodynamics (QCD) may wel l  be the  appropr ia te  theory of hadronic 
' 

. . , .  ' 

matter .  However, the theory i s  not a t  a l l  wel l  understood. It may tu rn  out  

t h a t  color  confinement i s  roughly approximated by the  phenomenologically suc- 
. . . . 

c e s s f u l  bag model . [ l ,2] .  I n  t h i s  model, the  normal vacuum i s  a p e r f e c t  co lo r  

magnetic conductor, t h a t  is, the  co lo r  magnetic permeabi l i ty  p - i s  in£  i n i t e  , 

while the vacuum.in the  i n t e r i o r  of the  bag i s  charac ter ized  by p = 1 .  This 

implies t h a t  the  color  e l e c t r i c  and magnetic f i e l d s  a r e  confined t o  the 

i n t e r i o r  of the  bag, and t h a t  'they s a t i s f y  the  following boundary condi t ions  

on i t s  su r face  S:  

.where 5 i s  normal t o  S.  Now, even i n  an  "empty" ,bag ( i  . e . ,  one containing 

no quarks) the re  w i l l  be non-zero f i e l d s  present  because of quantum f luc tua-  

t ions .  This g ives  rise t o  a zero-point  o r  Casimir energy ['3,4]: It would 

be an t i c ipa ted  t h a t  t h i s  energy would have the  form - ~ / a ,  where a i s  the  

radius  of a ( spher i ca l )  bag and Z i s  some pure number. Indeed, such a term 

has been put  i n  bag model c a l c u l a t i o n s ,  and a good f i t  has been obtained f o r  

Z=1.84 [1 ,2] .  It i s  my purpose here  t o  i n s i s t  t h a t  the  Casimir energy must 

be determined by the  underlying dynamics, presurnablyQCD. I w i l l  c a l c u l a t e  
I 

Z i n  the  approxima(ion t h a t  the  gluons a r e  f r e e  i n s i d e  the  bag (which i s  

roughly j u s t i f i e d  by asymptotic freedom), with a r e s u l t  t h a t  appears t o  

be q u i t e  incompatible with the  phenomenological value. 

A r e l a t e d ,  bu t  somewhat d i f f e r e n t  motivation f o r  t h i s  work comes from 

- Johnson's r ecen t  model f o r  the  QCD ground s t a t e  wave function [5]. Effec t ive ly ,  
, 

he supposes t h a t  space i s  f i l l e d  wit11 bags, the boundaries sf which confine 



c o l o r  t o  small ,  asymptot ica l ly  f r e e ,  regions.  He uses the  c l a s s i c  r e s u l t  o f .  . , 

Boyer [6], a s  subsequently improved [ 7 , 8 ] ,  f o r  the electrodynamic. Cas imir , .  

energy of a  p e r f e c t l y  conducting spher ica l  s h e l l ,  together  with var ious  guesses 
. . . . .  - . .  . . 

f o r  the  higher-order. 'ef f e c t s ,  t o  est imate the  of the  b a g  model. 
. . .  . .. . . . 

. ... 
But the  QED c a l c u l a t i o n s  cannot be properly ext rapola ted  t o  t h i s  s i t u a t i o n ,  

. . .  . . . ' . . ... - 

f o r  they r e f e r  t o  a s i n g l e  s h e l l  i n  otherwise empty space. There i s  a 
. . 

d e l i c a t e  balance. between i n t e r i o r  and e x t e r i o r  energy con t r ibu t ions ,  s o  
. . .  

t h a t  only the  sum i s  cu to f f  independent. The c l o s e l y  packed bags i n  ~ o h n s o n ' s  

model p resen t  a  q u i t e  d i f f e r e n t  s i t u a t i o n .  I n  f a c t ,  the  energy dens i ty  Johnson 

requ i res  w i l l  be provided by the  r e s u l t  of the  c a l c u l a t i o n  presented here,  

s i n c e  the  energy of space f i l l e d  with contiguous bags i s  simply the  sum of 

the  f i e l d  energies  contained wi th in  each bag. 



I .  - ... ,. , ' .  
I .  - 4 

< 

11. C a l c u l a t i o n  of Zero-Point Energy 

, . 

Our d i s c u s s i o n  fo l lows  c l o s e l y  on t h e  formalism developed i n  [ 8 ] ,  a s  

extended t o  t h e  cases of  d i e l e c t r i c  arid conduct ing b a l l s  i n  [9 ] .' For e l e c t r o -  

dynamics t he  s i t u a t i o n  w e  cons ide r  i s  a s  shown i n  F ig .  l a .  D u a l i t y  

+ +  + 
(E-H,H ---E) t hen  a l lows  us  t o  extend the  r e s u l t  t o  t h e  QCD c a s e ,  Fig.  l b ,  

. . . . . .  

where one a l s o  must a l low.  f o r  t h e  f a c t  t h a t  t h e r e  are 8  v e c t o r  gluon f i e l d s ' .  . 

. . There a r e  s e v e r a l  methods o f  proceeding. One can  compute t h e  energy 

(o r  t he  stress on t h e  s u r f a c e )  when t h e  d i e l e c t r i c  ' cons tan t  c i s  f i n i t e  i n  

t he  e x t e r i o r  r eg ion ,  l e t t i n g  e -a a t  t h e  end of t h e  c a l c u l a t i o n .  This  f s . 

t h e  procedure followed i n  [9 ]  . . A l t e r n a t i v e l y  one can  c a l c u l a t e  t h e  r e s u l t  

d i r e c t l y  f o r  a s p h e r i c a l  c a v i t y  i n  an  i n f i n i t e  conductor .  S ince  a l l  methods 

ag ree ,  we'simply de r ive  h e r e  t h e  exp re s s ion  f o r  t h e  zero-poin t  energy i n  
. . 

t h e  latter case .  It may be ob ta ined  from the  i n t e r i o r  c o n t r i b u t i o n  o f  
b 

Eq.(3.9) o f  [ 8 ] :  , . . . .  . 

We should emphasize :hat t h e  c u t o f f  7-0 emerges n a t u r a l l y  from the  ove r l ap  

I 
of  f i e l d  p o i n t s ,  wi$h no r e f e r e n c e  t o  t h e  p r o p e r t i e s  of t h e  shel l . . ' .  H e r e  

I 

k =  I w l ,  and F" and G" are t h e  t r a n s v e r s e  e l e c t r i c  and magnetic   re en's func- '. a a 
Llul ls  frorti which thc vaouum par to have hcen ' removed : 

= '-A i k  j (k r )  j ( k r ' ) ,  
F,G a a 



where 

AG = [ka h i l ) ( k a ) ]  ' /[ka ja(ka)]  ' . (4  ) 

I n  the  s p h e r i c a l  s h e l l  c a l c u l a t i o n  of [8]  the re  were both i n t e r i o r  and e x t e r i o r  

con t r ibu t ions  t o  the  energy, and a s  a consequence the  su r face  term [ t h e  second 
. . 

term i n  (2 ) ]  vanished. This  is  not  the  case  here:  i n  f a c t ,  the  surface  term 

cance l s  a por t ion  of the  f i r s t  term i n  (2 ) ,  leaving us with 
. .. 

. . . . 
where we have performed a Euclidean r o t a t i o n ' [ 8 ] ;  . . .  

: (6) : w - i k 4 ,  k - i l k 4 ! ,  T - i ( x 4 - x i ) ,  . . " ,  . . . . . . . . . .  . 
. . . .  . 

. . :. , 
. . 

, , . . 
and l e t  1 : 

.. . .  . . 

The Bessel funct ions  of imaginary argument here  a r e -  



'< 
~ x ~ r e s s i o n  (5) 'is neAr ly ,  but  not  ' ,qui te ,  the  same a s  t h a t  found by ''Bender 

' 

and Hays [ l o ] .  Apart from an o v e r a l l  s ign ,  t h e i r  formula has an e x t r a  term 

; which a r i s e s  p rec i se ly  from the  neglec t  of the  surface  term i n  (2) .  
. . 

. . 
The r e s u l t  (5) i s  exac t ly  what one would a n t i c i p a t e  from the  e a r l i e r  

work in"  [8]  and [ 91 . The term' propor t ional  'to 

i s  j u s t  the i n s i d e  p a r t  of the  s p h e r i c a l  she1.l r e s u l t ,  Eq.(3.15) of [ 8 ] ,  while 

the  remaining term i s  j u s t  the corresponding "contact  term, " Eq. (31) of [9]  , 
. . 

which cancels  f o r  a s h e l l .  [ I t .  i s  the  negative of what one would ob ta in  from 

use of the f r e e  space   re en's funct ion  i n  (2 ) . ]  What we have here  is  simply 

-1 
t he  "mirror image" of the  e x t e r i o r  r e s u l t  of [ 9 ] ,  Eq.(51). That means we , 

can with no l abor  ob ta in  a numerical r e s u l t ,  s ince  

*Ow E s h e l l  
i s  cutoff  ( 6 )  independent, and has been numerically evaluated 

t o  4 s i g n i t i c a n t  t i g u r e s  (Eq.(>.2L) of [ a ] ) :  

On the  o ther  hand, Fexterior has a term depending on 6 ;  when the  f i n i t e  p a r t  
I 
I w a s  ex t rac ted  using; uniform asymptotic expansions i t  was found t h a t  . (c f . .Eqs . (55)  

and (56) of [9]  , but  here  included a r e  0 ( ( ~  + tenns i n  t h e  expansion of the 

c u r l y  bracket  of (5) a s  wel l )  



For consistency we should use the  same, very good, approximation f o r  E 
. . s h e l l  

( see  Eq. (5.17). of [8].) : 
. , . , .  . . . . 

. . . . 

(Note t h a t  h a l f  t h i s  value appears a s  the  second t e r n .  i n  (11) .) Then the  

zero-point  energy of a s i n g l e ,  f r e e ,  vector  f i e l d  confined by a spher i ca l  

c a v i t y  of r ad ius  a i s  

Note t h a t  the cutoff-dependent term i n  (13) has the  form, but not, the s ign ,  
. I 

predic ted  by Balian and Bloch [ l l ] .  (The discrepancy may l i e  i n  our "volume" 

energy sub t r a c t i o n ,  see  [ 81 and [ 91 . ) 
. . .  * .  



. . . .  . , : S . '  . , .. . 

The cutoff-dependent term i n  (13)' r e f l e c t s '  our  continuing ignorance about " 

. . . . _ ,., . '  
f i e l d  theory. ~ e n o r m a l i z a t i o n '  remains  a r ec ipe  £or deal ing  with d i f f i c u l t  

. . .  . . . . .  . 

physics t h a t  we  do not r e a l l y  understand.' However, l e t  us suppose t h a t  the  . . 

constant  force  term ( r e c a l l  6 = ~ / i a )  involving 6 can be absorbed by a s u i t a b l e  

counterterm [2 ] .  One i s  l e f t  then with 

The QCD bag value  i s  e i g h t  times l a r g e r :  

Ren , QCD 1 1 6 + 3  = 0.51.  
E i n t e r i o r  ~ i G i ( 7  a . 

We can now make various comments. 

( i )  The numericalvalue i n  (15) i s  s u b s t a n t i a l l y  smaller  thah, and of 
. .  . 

opposite  s i g n  to,-Z used i n  bag model parameterizat ions.  (A t y p i c a l  value the re  

i s  Z = 1 . %  [1 ,2 ] .  However, p a r t  of t h i s  i s  a cen te r  of mass e f f e c t  [12] ,  s o  

the appropr ia te  number t o  compare wi th  ours i s  Z ' -1.) The f o r c e ' h e r e ,  l i k e  

f o r  the  s h e l l ,  i s  repuls ive , '  cont rary  t o  one ' s  naive expecta t ions .  

( i i )  The value here  presented i s  of the  same s ign ,  but  ... 40 .percent  

l a r g e r  than t h a t  appropriated by Johnson i n  h i s  model of the  vacuum [5]. '  

This may have s i g n i f i c a n t  numerical impl ica t ions  f o r  the  phenomenological 

app l i ca t ions ;  however, s ince  h i s  parameter b ( represent ing  higher order  e f f e c t s )  

remains uncomputed, no dec i s ive  statement can y e t -  be made. 

( i i i )  The presence of the cutoff-dependent term i n  the  zero-point energy 

( a f t e r  a l l  s tandard volume energy sub t rac t ions  have been performed) i s  a se r ious  

ma t t e r  which must be understood, and may prove t o  be q u i t e  important. The 

v a 1 i d j . t ~  of the asymptotic expansion used i n  obta in ing these . r e s u l t s  might 

-4 ' ' a l s o  be questioned. I n  p a r t i c u l a r ,  i t  is d i s tu rb ing  t o  note t h a t  the  ~ ( ( j  +$)- ) 



, 
terms appears to  introduce an additional ,  logarithmic dependence on 6 .  [ I t  

appears fortuitous that the s h e l l  r e s u l t  . ( l o )  i s  independent of 6.1 

( i v )  I am presen,fly ,recomputing the Casimir energy due t o  massless quarks 

i n  t h i s  model. (The previous calculation i s  i n  [ l o ] . )  The resu l t s  w i l l  
. . 

be presented elsewhere. ( .  
. . 



+:.i* 
4 

References . , -  

. .  . : . 

1. A. Chodos, R. L. J a f f e ,  K. Johnson,  C. B. Thorn, and  V. Weisskopf,. Phys. . . . . 
, ., . . . . 

Rev. D 9 ,  3471 (1974); A. Chodos, R; L. J a f f e ,  K. Johnson, and C. B. Thorn, 

~ h y s .  Rev. D 2, 2599 (1974); T. deGrand, R. L. J a f f e ,  K. Johnson, and' 

. J . . K i s k i s ,  Phys. Rev. D 12, 2060 (1975); K. ~ o h n s o n ;  Acfa Phys. Polonica 

B6, 865 (1975). - 
2. For a review s e e  P. Hasenfra tz  and J. Ku t i ,  Phys. Reports 40, 75 (1978). 

3. H. B. G. C a s i m i r ,  Proc. Koninkl. Ned. Akad. wetenschap. 2, 793 (1948) ; 

Physica 2, 846 (1956). 

4. For a review s e e  T. H. Boyer, Ann. Phys. (N.Y.) - 56, 474 (1970). 

. 5. K. Johnson, "A s i m p l e  Model of t he  Ground S t a t e  i n  Quantum Chr~modynamics ,~~  

.6 .  T. H. Boyer, Phys. Rev. - 174, 1764 (1968).. 

7. R. Ba l i an  and B. Duplant ie r ,  Ann. Phys. (N.Y.) - 112, 165 (1978). 

8. K. A. Mil ton,  L .  L. DeRaad, Jr., and J. Schwinger, Ann. Phys. (N.Y.) 115, 

388 (1978). 

9. . K. A. Mil ton,  "Semiclassical  E l e c t r o n  Models: Casimir S e l f - s t r e s s  i n  

D i e l e c t r i c  and Conducting Ba l l s , "  U C L A / ~ ~ / T E P / ~ ~  (1979), t o  be publ ished 

i n  Annals of  Physics .  

10. C. M. Bender and P. Hays, Phys. Rev. D - 14,  2622 (1976). 

11. R. Ba l i an  and C. Bloch, AM. Phys. (N.Y.) - 64, 271 (1971). 

12: J. F.. Donoghue and K. Johnson, "The Pion and-an  Improved S t a t i c  Bag Model," 



Figure Caption 

(a) The geometry of a spherical cavity imbedded i n : a  perfect conductor. 

(b) The dual geometry of the bag model. 


