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Introduction

Let ^ be a Dirichlet character and L (s, y) the associated Dirichlet L-function. We
are interested in the zeroes of L (s, j) in the critical strip 0 < Re (s) < 1. In the past,
most attention has focussed on this question near s==l. We shall be particularly
interested in the situation near ^=1/2.

It follows from classical results of Landau, Page and others (see Davenport [D] for
example) that the number of real characters ^ of conductor ^ x for which L (^, 7) has a
real zero in the region 1—(I/log X)^CT^ 1 is 0 (log log x). On the other hand, the
situation near s= 1/2 is more delicate and not as well understood.

(1) Research partially supported by a grant from NSERC.
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568 R. BALASUBRAMANIAN AND K. MURTY

Several authors have studied the frequency with which L (1/2, 50) ̂  0. In [B] it is shown
that there are at least c^/(log q)1000 characters 5c(mod q) with L(l/2, x)^0. (Here, and
elsewhere, c is a positive constant, though not necessarily the same constant at different
occurrences.) In another direction, we can allow both % and q to vary while we fix the
order of %. A result of Jutila [J] implies that there are at least cx/(log x) real characters /,
of conductor at most x, for which L(l/2, %) ̂ 0.

In both of these works, the method is to study the moments

siLo^x)!'.

For example, by the Cauchy-Schwarz inequality,

^-^G-H-I^-
From this, we see that it would suffice to have a lower bound for ^|L(1/2, ^)[ and an
upper bound for ̂  | L (1/2, x) | S | L (1/2, x) |2.

There are general conjectures which predict, in particular, the asymptotic growth of
the above moments. However, even assuming these conjectures, it does not seem possible
to use the Cauchy-Schwarz inequality to deduce that L (1/2, x)^0 for a positive proportion
of the characters % to a given modulus, or that L(l/2, %)^0 for a positive proportion of
real characters ^. This result may be viewed as a (partial) ^-analogue of theorems of
Levinson-Selberg type.

On the other hand, no example is known of a character ^ for which
L(l/2, x)=0. However, Siegel [S] has shown the fundamental result that any point on
the line cr= 1/2 is a limit point of zeroes of the L(s, ^) as % ranges over all Dirichlet
characters.

In this paper, we take a different approach from [B] and [J]. We consider characters
to a prime modulus q. Our first main result is the following.

THEOREM. - Let q be a sufficiently large prime. Then, for a positive proportion of the
characters ^(mod q}, we have L(l/2, 50)7^0.

Our proof shows that the proportion is ^ .04. (Using the explicit formula. Ram Murty
[RM] has shown that this proportion can be improved to ^.5 if we assume the Riemann
Hypothesis.) Our method actually produces a more general result (Theorem 11.1)
which applies to any point l/2^a< 1.

Our second main result (Theorem 12.1) gives a non-vanishing theorem which is
uniform on a line segment.

THEOREM. — Let q be a sufficiently large prime. For a positive proportion of the
% (mod q), there are no real zeroes ofL(s, ̂ ) in the region (1/2) + (c/log q) ̂  a < 1. Here,
c>0 is an absolute constant.

In proving our results, our new idea is to count the desired characters directly, without
the intermediary of moments of L-functions. Let / be a non-trivial character. Using
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ZEROS OF DIRTCHLET L-FUNCTTONS 569

weights { ^ (n) ] first defined by Barban and Vehov [BV], we consider a mollifier polyno-
mial

M^x)- S M")X(^-5

n^Z

where Z=^ l /2. The 'k(n) (which are closely related to Selberg's sieve) will be chosen
with the property that if we set

a(n)= ̂  \{d\
d\n

then ^(1)==1 and a(n)=Q for !</!<Y for some 1^Y<Z. It turns out that to prove
our non-vanishing result at a fixed point, the particular choice of Y is not so crucial
and we could take Y= 1 if we wished. In the proof of the non-vanishing result on an
interval, however, we need to take Y to be a power of q. We choose Y^q114. Then,
we consider the integral

1

2?u
L(^+w, x)M(.y+w, i)XW^(w)dw

f(2)

where we choose X=^. On the one hand it is equal to

s^E0^^n

and on the other, it is

L(5,x)M(5,x)+-^- f L(s+w^)M(s+w^)XW^(w)dw
271 J(-,)

where 'q>0 is chosen appropriately. Now if x is a primitive character, we can apply
the functional equation to transform the integral into

—— L(\-s-w,J)M(s^-w,f)()J(s+w,f)()XW^(w)dw
27CU(-^)

where y(^, x) is an appropriate quotient of r-functions. Now if we have T|>«J, we can
expand L ( l — 5 — w , x ) a s a Dirichlet series. Splitting it into a Dirichlet polynomial of
length Z and a tail, we get two integrals l(s, /) and J(^, x). Thus our basic equation is

S(s, x)=L(^, x)M(^, x)+I(^ X)+J(^, X).

If L(5-o, x)^ then S(^o, %) is equal to I(^o, x)"^^ X)« We show that this cannot
happen too often by comparing mean-square estimates of S(^o, ^), I(^o, ^) and
J(5'o,x). Thus, we obtain a lower bound for the numer of ^(mod q) with
L(^ch X)^0- We then extend this to a lower bound for the number of 5c(mod q) for
which L(s, x)^0 m a circle of radius (log q)~1 about SQ. Equivalently, we obtain an

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



570 R. BALASUBRAMANIAN AND K. MURTY

upper bound for the number of ^ (mod q) for which L (s, j) does vanish in this
circle. This bound decreases exponentially with (9^o)—(l/2). Choosing the point
5'o==(l/2)+7(log q)~1 and summing over j produces our non-vanishing result on an
interval.

The estimates for S and J are given in § 3 and § 4. The mean square of I is determined
in § 10, after preparations in § 5-§ 9. The main results are proved in § 11 and § 12. For
an exposition of some of the results and techniques of this paper, the reader may consult
[KM].

It is a pleasure to thank J. Friedlander, M. Jutila, and R. Murty for encouraging and
helpful discussions. We would also like to thank the referee for a careful reading of
the manuscript.

NOTATION. — ^ denotes a sum over characters mod q. We denote by d(n) the
X (mod q)

number of positive divisors of n and for r e R, a,, (n) denotes the sum ^ d1'.
d \ n

1. THE BARBAN-VEHOV WEIGHTS. — Let l^Zi^z^ . Following Barban and Vehov [BV],
we introduce the functions

Mn)=
[i (n) log (zjn) if n ̂  z^

0 if n>z,,

for ;'== 1, 2. We also define

K(n)=

(1.1)

\^(n)-\,(n)

log (z,/zi)

^(n)

^log(z^)

log (Z2/Zi)

0

l^/2^Zi

z^n^z^

n>z^.

Let us define

a(n)=^ X(rf).
d\n

Graham [Gr] has found asymptotic estimates for the mean square of the a(n). We
recall his main result.

PROPOSITION (1.1). — We have

i

£ l^)!2-
n ^ N

N k

log

log

og (N/zQ
2 (^i)

N +
(^i)

+(

°(

3f ^
Vog^/z

^ N

^log^/zi),

,)

)

^

'/

Z I < N < Z ^

Z^^N.
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ZEROS OF DIRICHLET L-FUNCTIONS 571

Applying the Cauchy-Schwarz inequality and Proposition (1.1), we deduce the

following.

PROPOSITION (1.2). - Let r^N and (b, r)==1. We have

N
E a(n)\<

n.N ' ' (pW^OogZ./zO1/2

n = b(mod r)

We next obtain an estimate for a shifted convolution.

PROPOSITION (1.3). — Let l^keZ, teR and A:^M<N. Then we have

v ^ . ^( n V^ fe ^ N+zj ,^,^N r^logz,)4

^ ^(^)^(^-fc) —- <——[ -,———^2p(r)4'-7i——~^~
M < « ^ N \^-^/ (P(^) \(log Z^/Zi)2 (log Z^/ZQ2

where P (Q ^ fl polynomial in t {depending on k) mth complex bounded coefficients and of

degree ^4.

The proof will require two preliminary results. We begin by recalling a result from

Graham [Gr, Lemma 2].

LEMMA (1.4). — For any integer r, and any c>0,

Z ^(!z)logfQ)=^+oc(a-l/2Wlog~c(2Q))•s ^("W^ '
n^Q n,^Q n \n ) (p(r)

(n,r)=l

LEMMA (1.5). - We have for \^d^ d^z^ and r^ r^ 1 that

^(dj^)\^{dj^)z
l ^J l^z i /d i , 1^72^Z2/d2 7l72

(J1,72)=(J1.»-1)=(J2> »-2)=1

^f-^+CT-^(^/"l))f-^+CT-l/2?'"2))•\(p(rfiri) A(P(^2''2) /
I V I \ -L/Z v 1 17 I I / I \

\(p(^ri) A(P(^2)

77!̂  ^^w^ estimate holds even if we drop the condition that (j^j-z)^ 1.

Proof. — The sum in question is

A,(^7\)A2(^7'2) y ^^ y ^^ y A! (^i^A^ (^2) ^

J 1 J 2 e | ( j i , j - 2 ) e^zi/di 7l72

the inner sum ranging over 71,72 satisfying

1^7^Z^, 1^72 ̂ 2/^2

7\72 = 0 (mod 6?), (A rO = (72. ^2) = 1 •

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



572 R. BALASUBRAMANIAN AND K. MURTY

Let us set r^r^r^ and d= d^ d^ Then the sum is seen to be

V ^(e) v ^i(d,el,)A^(d^el^
Li 2 2^ ————r",————

e^zi/di e l l ^ z i / d i e , l 2 ^ Z 2 / d 2 e l\ <2

(e,r)=l (h .» - i )=( f2 , r2 )= l

=nW^) £ "N £ ^/l)log(zl/rflg/l)'
e^zi/dl ^ (. 4 ̂ 2i/di e l\

(e,dr)=l ( f i , d i e r i ) = l

U(/2)10g(Z2/^e/2)'z
l l S z ^ / d ^ e /2

(l2,<<2er2)=l

-HWH^) Z ^nf-^+O/a.^^^log-f^
k—— -^n / rr (^ ^\ l^rr-c/ z ̂

^^l/di ^ k=l l(P(^^fc) \ \dki

(e, dr) = 1

using Lemma (1.4).

The main terms contribute an amount

H W\j,(d^)dr ^ \ji(e) dr
^ - ^ \i '(p (d^r^)^(d^ r^) e^,/d, ^(e)2 ^(d^r^)^(d^r^

(e,dr)=l

The product of the 0-terms contributes an amount

^ £^CT-1/2(^1'•1)^1/2 (^2'•2)^-1/2 (^)2^^-1/2 ?'•1)^1/2 (^2'•2)-

The cross-terms contribute an amount

< £ i{-^.0-,2 (^2)108-^)
-Szi/rfi e2 (.(p(rfieri) \rf2^7
(<•,*•)=!

+4^•a-^^^lo^f^)}^?^2) Wi^ / j

^{co^^172^'2^-^^1/2^1^}C<P(^i) ^?''2) J

since the series ^o-l/2(e)/e^(e) converges. This proves the first statement. The
second statement is easy to verify since there is now no condition relating^ and 77. We
argue as above setting ^=1.

Now we are ready to prove the estimate of the shifted convolution.

4° SERIE - TOME 25 - 1992 - N° 5



ZEROS OF DIRICHLET L-FUNCTIONS 573

Proof of Proposition 1.3.- Again, we consider the sum

d.2) s (SA,W)( z ^(^(—T
M<n^N d|n e | w - k \'1 /v/

and we find that it is equal to

(1.3) ZA,WA,(.) E (——V .
d,e M < n ^ N \^ /c/

n=0(modd)

n-=k (mod e)

We see that the inner sum is zero unless (d, e) \ k. Consider the identity

f-'L-Y^d^yYi—^fi—LW.
\n-k) \ 1+A:\ n - k ) )

We have an expansion

A

f-"-Y=(l+fe)it E w^-kr^o^t^)
\n-k} j^o

where P.(0 is a polynomial in t of degree ^3 with complex coefficients which are
absolutely bounded and depend on k. Using this, we see that

4 / \

d.4) Z f-^T=(i+^ S P.(O S (^-fe)-J+oy< |^|4 S i\
M < n ^ N \n-k) j=0 M < n ^ N I M < n ^ N I

n=0(mod<i) n=0(modd) \ n=0(modd) '

n=k(mode) n=k(mode) \ ^k(mode)

Inserting this into (1.3), we get a main term of

(1.5) (1+^ Z P,(0 S A,(rf)A^) i: (^-fe)-^.
j=0 d,e M < n ^ N

nsO(modd)
n s k(mod e)

If y=0, the innermost sum is

N-M

[d,e]
+0(1)

and if 7=1, it is

log((N-fc)/(M-^))+0(l)

[d.e\

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



574 R. BALASUBRAMANIAN AND K. MURTY

For j ̂ 2 it is 0(1). Thus, (1.5) is

(1 .6) (l+^fPo(0(N-M)+P,(01ogfN^)) E ^W^
\ \M-kj} d,e [d, e\

(d, e) | k

+0((H+1)3 ^ |A^)A^)|)
d , e

(d, e) | fc

The 0-term is easily seen to be

<^z,(|r |+l)3 .

To evaluate the main term, we see that the sum over d, e is

(1.7) Z A^)A^) ^ ̂
d, e M^ m | d

(d, e)| fc m | e

This is seen to be equal to

y ^P(^) y \(mdo)A^(meo)
~^ 2 L^ j

m\k ^ do,eo a0e0

Here, the inner sum, ranges over pairs do, CQ satisfying

l^o^-^ 1^^^-
m m

(d^ m)=(eo, m)=\.

Also note that in the outer sum m must be squarefree for otherwise

A^(mdo)=A^(meo)=0. Thus, invoking Lemma (1.5), we find that the main term in
(1.7)is

^ a2 (m) (p (m) ( m \2

< L —————2———— ————,+^-1/2(^0
m\k m2 \cp(w) /

k
<

(P(^)

Hence the main term in (1.6) is

^——(|Po(0 |N+|P , (0 | logN) .

Summarizing, the main term of (1.4) contributes to (1.3) an amount

^-^( |Po(0 |N+|Pi(0 | logN)+z,Z2( |^ |+l) 3 .
(p \K)

4eSERIE - TOME 25 - 1992 - N° 5



ZEROS OF DIRICHLET L-FUNCTIONS 575

The error term in (1.4) contributes to (1.3) an amount

<.NM. s I^^+M4^.
d, e \d, C\

(d, e) | k

The first term above is estimated by

^ IA.MA M| ^ ^ .PM^^-^J_V^1^^\

d, e K ^ m | k 1^ \ do UQ HI do / \ ̂  Co W6?o /

(d, e) | k

^^o^W/^y/^y
m|k W \ W / \ ^/

^-^-(logz^Oogz,)2.
(p(^)

Summarizing, the error term in (1.4) contributes to (1.3) an amount

^ —— | f |4 N (log z,)2 (log z,)2 + z, z, | ^ |4.

The Proposition follows.

2. THE MOLLIFIER POLYNOMIAL. - We shall now introduce the following para-
meters. Let us set

Y=(log^)

Z=q112

Corresponding to the choices z^ =Y and z^ =Z, we have from § 1 the weights

^(n)-^(n)

log (Z/Y)

We define the Dirichlet polynomial

M^E"^
n^Z ^

where ^ is a Dirichlet character. Then, we have

^w(s,^ia(nnw

n = l ^s

where

^(^z)= ^ ?i(rf)
d I n

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



576 R. BALASUBRAMANIAN AND K. MURTY

satisfies

^(1)=1

a(n)=0 for l</z^Y.

We record the following estimate.

LEMMA (2.1). — For | CT [ < 1/2, and a bounded away from 1/2, we have

y |M(^,x)i 2^ to+z) Y^172-0.—1—+Y1-2<^\
xA,)1 v /c/l (l-2a) V (log^)2 ;

Proof. — We use the large sieve inequality [D] to get

y |M(,,x)|^(Z+^)S p^12

%(modr) n^Z ^

^(.+zJy ±+ y ( ̂  z^ Y 1 I
^w 'liv"2- v^zMogz/Y;-^}

C ' y l — 2 o r 71—20 l

<^+Z)^———+
1-2<T l-2o (logZ/Y)2.

The result follows from our choices of Y and Z.

3. THE BASIC EQUATION. — Let us define

s(.,x)=s(..x,,)=£'(^^.
n=l T

Let s € C with 1 > a = Re (s) ̂  1/2. Using the well-known identity

-1- f X^rOiQrfw^-1^,
27U'J(2)

we find that for a character 5c,

S(^X)=-1- f L(s+w^)M(s+w,J()qw^(w)dw.
2niJ^)

Moving the line of integration to the left, we find that

(3.1) S ( ^ x ) = L C y , 5 C ) M G ? , 5 c ) + 1 f L(^+w, x)M(^+w, ̂ q^T^dw
2^J(-,)

where <J<T|< 1.

4° SERIE - TOME 25 - 1992 - N° 5



ZEROS OF DIRICHLET L-FUNCTIONS 577

We can decompose the integral along the line — T| into two parts as follows. Suppose
that ^ is non-trivial. We apply the functional equation

L(^ X)==Y(^ X)L(1-^, ^)

where

rfv) /2\112/InV'^1^ /7t \

^-^{^ (^) .-(I(^))ro-.).

[Here T(^) is the Gauss sum, a=0, 1 and ̂ (- !)==(- 1)°.] Then we truncate the Dirichlet
series expansion of L(l —s— w, ^) at Z. Let us set

Hs^)=1 [ y(^,x){ Z ^^iM^+^^^r^)^
2 K l J ( - ^ in<zn )

and

J(^x)=-L f y (^^x){ Z ^^IM^+^X)^^^)^
^^^(-n) I n^Z ^ J

1 — s — w
J(-il) I n^Z ^

Thus, we get

(3.2) S(s, x)=L(^ X)M^, x)+I(^ x)+J(^ X).

If L (s, %) = 0, then S (s, y) and I (s, ̂ ) + J (^, ^) are equal. We will therefore try to
show that, in general, they are not equal and for this purpose we study their mean
values. We begin with J (s, ^) which is the easiest of the three to estimate.

PROPOSITION (3.1). — For [ Im s \ < 1, and 0 ̂  a ̂  1, we have

,/3/2)-o

Z I-K^K^—.
l^X(modq) loS V

Proof. — From Stirling's formula, we know that

y^xX^H+i))^"0.

Using this and the definition, we find that

Z IJ^x)!^1^-1^-11 Z
1 ̂  X (mod q) X (mod q)

f (H+i)<1^-0^ ^^l^||M(.+w,x)||r(w)||rfw
J(-TI) n^z^

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



578 R. BALASUBRAMANIAN AND K. MURTY

which by a double application of the Cauchy-Schwarz inequality is

^i/2)-o ^ ff^+i)1-2^^-^2!^)!!^
n>z nX (mod q)

^/2

|M(^+w, X ^ l r O i Q l l ^ w l
.1/2

/ F v ( n } 2 Y12

^(1/2)-(T( Z Kl^+1)1-2^ Z Jc^ |r(HO||^|)
\ x (mod qf) J n ̂  Z ^ /

/ r \ i /2
x ^ |M(.+w,x)|2 |^(w)| |^ | .

\X (mod q) J /\X (mod q)

Using the large sieve inequality and Lemma (2.1), we find that

)1/2( W2

^ IJ^x)!^1^-^ Z (^+^)^(<T-^-1^
(mod ») (. n S Z J1^7(mod q)

f (0+Zt //,(l/2)-a+n \ - )

X J vg / (^_______+Yl-2«'- l)) l

[l-2(a-Ti) V (log^)2 7J

1 I1/2

^(i/2)-<,y-njy +
[Z |2((T-T1)-1 CT-1l |J

\ (q+Z-)112 ^i/2«i/2)-a+n)^

''[^(CT '̂rO'Tp2 l o g ^ J '

Now, let us choose r| so that it satisfies

1 , , 1 , ,
- > | T| - o [ > ^ (say)

if(j<3/4.

We would then have

(3.3)
,,(3/2)-c

S IJ^x))!^^.——
1 -t- x (mod 4) lOg <7

which proves the result.

4. THE MEAN AND MEAN SQUARE OF S (s, 7).

PROPOSITION (4.1). — For any e>0, we have

^ S^^CP^+O^1-^8).
/ (mod q)

Moreover, the same estimate holds if we sum only over non-trivial characters.

4eSERIE - TOME 25 - 1992 - N° 5



579ZEROS OF DIRICHLET L-FUNCTIONS

Proof. — By definition, we have that

Z s(.,x)= Z ^e-^ E x(«)
X (mod q) n = 1 ^ x (mod q)

=CP(.) S ^e-^
n=i n

ns1 (mod q)

Using the bound \a{n)\<^d(n)<^^n^, we find that the sum is

~i/'+o/^L S ^-"expC-oV
\^ (=1 /

The 0-term is

^-^

It thus follows that

^ S^.^-cp^+O,^-^6).
X (mod qf)

Finally,

^.-^^i-^ ^-n/^^1
s(^ i)= E.=1 w

as before. This proves the result.

PROPOSITION (4.2). — We have

^ s^+^x^^^^+orti+I^D^Oog^-^+od^l^Oog^2).
X(mod^) \2 / 2

For l /2<a^l , we have

E |s^.,.x)l•-^)-4•p(!)^-^41pte)Y'::^ 2V(<)<"2'(l-l^Oog^)2 (log^O-lo)2 (log ^) (1-2(7)/ (mod q)

+o, (p^)^-0 Vpf(p(g)g1-2^
, ( log^)2(l-2CT), log^

^^^^-(log,)-1^^^^^^^^^

V 1-a

where for a= 1, w^ interpret ( I—a)" 1 /o ̂  log q.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



580 R. BALASUBRAMANIAN AND K. MURTY

Proof. — We see that the sum is equal to

Z floil)fl^("2Ytexp(-(«^^) E ^)x("3)
ni,n2=l ^1^2) V^l / X(mod^)

which is seen to be

(4.i) <P(.) r '^^f^
»l,n2=l (^l^) \ ^1 /

where the inner sum ranges over pairs (n^ n^) satisfying

^i=^(mod q\ (Mi, q)=(n^ ^)==1.

We split the double sum into three pieces I^+Z^^s- I11 ^i we have n^<n^ in £3
we have n^>n^, and in ^3 we have n^==n^. The estimation of S^ and £3 is the same,
so we only consider £1. We have

(42) £ = V a(nl)exP(~nll(3) y ^(^)exp(-^/^) ̂ 2^

ni=l ^ n2=l ^ V"!/

("1>4)=1 "2s"! (mod 4)

n2>"l

We begin by considering the sum over n^ We must necessarily have n^>q for if
n^^q, then n^q also and so the congruence n^=.n^ (mod ^7) would force n^=n^ We

split EI into three subsums S^, £12 and ^13 where

in £^ we have n^^q log ^

in £12 we have q^n^<q log ^ and n^<n^<q log ^

in £13 we have n^<q and q<n^<q log ^.

In £n, we see, by partial summation, that the sum over n^ is

-1 f°° { ^ ^(n^u-e-^du.<q-1 ^ \a(n)\\u
Jq log 9 \ n^u

H = W I ( m o d q)

Jo logo \ n^u )

We have from Proposition (1.2) that

Z |^)|<^
(p^^dog^)1/2

n^u

n =; n i (mod 4)

Thus, we find that the integral is

i /•oo
<^_______ ul~<fe~u/qdu

^(log^Lo,"
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and this is

^q^-^iogq)-112 [00 ^^e-^v
J log q

^-"(log^)-1/2-0.

Inserting this into the Mi-sum, using Proposition (1.1), the Cauchy-Schwarz inequality

and partial summation, we have

q1-0 (log^2-0

" ( l -^dog^) 1 / 2 ^2+CT

^-^(logg)-"

1-CT

Now we consider the contribution of £12- This is

a(n,)e-^19 a^e-"^ / ̂ V

q^ni<qlosq nl ni<n2<qlogq n2 \nl /

(ni,q)=l ri2^ni(modq)

We split the n^ sum into 0(log log q) sums of the form

a^e-^ a(n^e-^ /^y

Z^ .,0 ^J M0 V M /
U < n i ^ 2 U ^l n i < n 2 < g l o g q "2 V"!/

(ni,^)^! n2="l(mod4)

Let us write n^=n^ +jq. The above double sum may therefore be written as

.43^ V ,-. V ,-2n,q^^^(nl^\t

v ' / ,A, U<n^2U ^("1+^)0 \ ^1 /

(ni^)=l

If we drop the condition (n^, q)== 1, then we introduce an additional sum

.44) y ,-. y ^ ̂ a^^ (k+^'
v ' ,A, u<^2u (kqr((k+j)qr \ k }

Observe that as q is prime, and \(n)=0 for n>Z= q
1/2, we have

a(^)= ^ Mrf)=E ?.W=a(A:).
d I k« d I t

Therefore, we have the estimate

[fl(^)|^d(A:)<^.
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A similar estimate hols for a ((k +j) q). Using this in (4.4), we see that it is

e-2"
^-2CT Z e-' ^

J^c~t• n^-i-iV^""6

j<logq \J<qk^2U K y ^ ' J )

and this is

<q~20.

The sum in (4.3) may thus be replaced by

(4.5) ^ ^ ^ ^-2n./, l̂M l̂+^) /^l+^Y

j<log<? U<m^2U ^(^1+7^ \ ^1 /

Let us set

G(^)= ^ ^^O^^+^f'21^)'.
U<ni^u \ n! /

By Proposition (1.3), we see that for U<^,

G("K—— ('^^"^^"l t(.̂ )|,M,,,A
(P(7) \ (log^)2 )

The sum over w^ in (4.5) can be estimated using partial summation. We find that it is
equal to

G(^-^F /^F2U / -lulu \

-\ G(u)d(—————.
Ju {u^u+jqy}u^u+jqr v Ju VK^M+^r,

Using the estimate for G(«) quoted above, we see that for o^l, this is

,-2u/._7 ^y0 l J ( l o g ^ ) - 2 ( | P ( Q | + ( | ^ | l o g ^ ) 4 )
(p(/) U0 ^(l-o)

If 0= 1, then we can suppress the term (1 —o)"1. Note that though the coefficients of
P(0 depend on j and q, they are absolutely bounded. Thus,

|P(0|<i+H)4.

Incorporating these estimates into the sum over 7, we find that (4.5) is for a 1=-1

< Z ^^f"^1"0 e-^dogq)-2 __^(|P(Q|+(|, |log^)4)
7<iog^ ^(1-cr) (p(/)
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which is

< ^~\e2vlq,^^^\^^ z ^—(u+^)l-o

^(l-cj)(log ^)2 j< iogq <P(7)

^-(log^)-1-0 -U1:CT- ^^(iPwi+cHlog^4).
^(1-a)

Now summing this over U, we find it is

^^-^(log^-^^i-^-^ipcoi+d^log^)4).
For a= 1, we can suppress the term (1 — a)~1.

Now we discuss the contribution of 2:13. By the Cauchy-Schwarz inequality, we see

that

|,^S°^"P(-^))(£ S aw^'^}
\ni<^ n2v A"l^ ^<n2«?l"g<? ^2 /

n^=-n\ (mod ^)

The first factor above is 0(1) as can be seen from our discussion of 2:3 below. As for

the second factor, we see that it is equal to

a^e-^ a^e-^ / n,Y

,<^<^ ^2 W W

n2=r i2 (moq q)

Again, we split this sum into three sums according as n^<n'^ n^=n'^ and n^>n'^
The third is the same as the first. Also, we note that the first sum is just 2:12 which

we have estimated above as being (for a^ 1)

«^-2 C T(log^)- ( I- l(l-a)- l( |P(0|+(|^|log^)4).

If a= 1, then as before, we may suppress the (1 - a)-1 term. As for the second, we see

that it is equal to

a^e-2^

^ T120

q-^n^<q\o?,q "2

Using Proposition (1.1) and partial summation, this is

\̂ogq

Inserting this into the above, we deduce that

2:13 ̂ /^(log ̂ -^^(IPWi+dd log ̂ 4)l/2.
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Finally, we discuss the estimation of S^, namely the terms with n^=n^. Thus,

00 / \2

(4.6) 2:3= ^ ^-exp(-2^)= ^ + ^ + ^ .
n=l ^ n^Y Y<n^q n>g

(n,q)=l

Since a(^z)=0 for 1 <»^Y, we have

(4.7) S - { 1 if r-'
n^Y [ ̂  otherwise.

Also, by partial summation and Proposition (1.1), we find that

_ n1-20

(4.8) ^ ^ q

n>q 10g(Z2/Zi)

Thus, we see from (4.6)-(4.8) that

^^ S ^exp(-2^).
Y<n^g ^

(n,q)=l

Let us denote the sum on the right by S. We find that

s= s a(n)2s= s a-(€(^o(n-}\
Y<^» "2C V \ q ) )
^ ^2(T

Now, the 0-tenn is

1 a(nf

^ — M2^-!q y<n^q ^
(n,q)=l

^ 1 i!̂
^ log (Zz/^l) (1-^)

(l-a)log^

The main term is equal to

y a(n)2

——t M20 '
Y<n<q ^

Finally, using Proposition (1.1),

V a(1i)l - V 4- V -^ V a(n)2

L 20 2. ' Z. ' Z^ "^a"'
n<^ ^ l^n^Y Y<n^Z Z<n<q ^
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The first sum is equal to 1 since a(n)=0 for 1</2^Y. Using Proposition (1.1) and
partial summation, we see that the second sum is

(log H/Y) JL+of——1——).
Y<^Z (log Z/Y)2 ' n2

" \ log Z/Y )

If <j=l/2 this is

1+of-L'
2 \log^

and if<7>l/2, this is

_2Z^_^ ____2^ , p / 1 \ \ , 4Y1-2<T

(l-2a)(log^)\ (l-2a)(logg') \logq}} (1-2CT)2(log ^)2

Similarly, the third sum is

E -^-l-+o(-l-
z<"« log Z/Y n20 \logq,

which is

l+of-L-'l if a-
Vog^/ 2

—'—.^—(^-^-Z^^fl+of-1-)) if CT> 1

l-2o ( log^) ' ^ \log?7/ 2

Putting these together we deduce that

S^^fi+of-L-'
^ n 2\ \\osq.

and for a>\/2

V ^(K)2.^ ^Z1-2'1 ^ 4Y1-20

„", n20 (log^)2(l-2CT)2 (log^)2(l-2CT)2

^ 2^2g ^of z:"2g

(log 9) (1-2 a) \ (log (?)2 (1-2 a),

This completes the proof of the proposition.

In the next sections, we shall study the mean square of the integral I (s, x).
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5. THE INTEGRAL R^ (s, 7). — The purpose of the next few sections is to obtain an
asymptotic formula for the mean square of l(s, 7). Recall that for ̂  1, we have

i^x)--^ f y ( ^ + ^ x ) { Z -|^lM(^+w,/)^r(w)^
27T;J(-^ [ ^ < z /^ s "J

Thus

^.. .. . V t(n)lL(m)\(m) (lK\-^(l\l1 r(x) ^ ^ 2^\
(5 .1) I(^,x)= ), — — — ^ ^ - — — — - ^-^^ ^——

m , n < z w5^1 s \ q ) Y T T / z0^1 7 2 \ m )

where

1 (* / \
(5.2) R.(^^)=—— ^s in ( 7 l (^+w+^) )^ ( l -^ -w)^(w)^ .

27lfJ(5) \2 /

Here ^=0, 1, z(-l)=(-l)0 and -!<8<0is arbitrary, y > 0 and 0<Re(^)< 1. Notice
that

(5.3) R,(^)=R,(^).

The integrand has simple poles at w=—k and w=l—s-^-k where O^eZ. Since
l/2^Re(^)< 1, these are distinct points. We have the expansion

00 / __ ^ ̂  / \

Ra(^)= E {—^y-ksm(n(s-k-^a))^(\-s+k) for y^\.
k=i k\ \1 )

Indeed, this is just the sum of the residues at the points w=—k,0^keZ. The condition
y^\ ensures that it converges. Indeed, we have the following asymptotic expansion.

LEMMA (5.1). - For s=a-^-it with l /2^a<l , and |^|<cr/10, .y^l, andO^KeZ, we
have

^ / 1 \k / \

R.(^)= Z {—±y~ksm^n(s-k^a))^(\-s+k)
k=i k\ \2 )

+0( /K^5I^ (1~8-K~' ) ^ (1+8+K)I)

forany6e(-K-l, -K).

Proof. — We need only estimate the integral defining R^ along a line
-K-1<8<-K. We write w= -K-T|, 0<Re(r|)< 1. Write s=cs-^-it Wr|=(3+;y.
Then,

K

| r ( i-^-w)r(w)|= n 1--^ . |r( i+ri-^)r(-Ti) | .
j=l 7+T1
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Now,

C7 . t

1-—— < 1-
7+^1 I 7 + ^ 1 1 I/'+TI

and

1-
(7

7+^

^j+p) v. ^y2
+

a+P)2+y27 b'+ri|4

I f7+P>2y , we see that

7+^1

a 4 a \2 a2

+
5a+p)7 4|y+p|2

Therefore,

^1_ 4a ^ ( l / 2 ) c r + | ^ |1—
7+Tll~ 50+P) 7+P

which simplifies to

i__^_ ^i .^^/1 0-!^!
7+P7+n

Let us set

^=^(n)=max([2y-P] ,0)+l

where [x] denotes the greatest integer ^ x. We deduce that

n i.—^nfi-'^'^^W")""0"""
". ;+n "^-.v, y+p y w

Moreover

7+-n
^i+^Y^.
"V 57^

Note that the sine term in the integrand is bounded as a function of k.

There is a similar expression and estimate when y ̂  1.
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LEMMA (5.2). - For s^a-^-it mth 1/2^<7<1, |^|<a/10, 0<>^1, O^KeZ and any

5e(l-a+K, 2-a+K), we have

R^y)=-sm(^(s^a)\r(l-s)

^ / 1 \k / \

- E '—y /-.^' l-s+ksm^j(a+A;+l)j^(l-5+A;)

+0(/K-< ' /5|^(2-5-8+K)^(8-K)|).

In both cases, we see that for s as above (that is, s=a+it, and 1/2^(T<1 and
|f|<o/10),

R«(5,J'Xcl-

Finally, we define

(5.4) (»t=a)^)=^^sm("(a+A:+l))r(l-5+A:).
K . \ L )

The argument of Lemma (5.1) shows that for s = a +^, with l/2^(j< 1, we have

(5.5) co^)^-^1^.

6. AN EXPRESSION FOR THE MEAN SQUARE OF I (s, ^). — From (5.1) and (5.3), we see

that for a fixed a=0 or 1, and an s, we have

E IK,,^-2)'2'1)2- s '̂̂ i
l^X(mod4) 7l \ (

! ) m i , m 2 , n i . n 2 < Z ^1 ̂ 2 ̂ l "2

X(- l )=( - l ) ° (mi, 4)= ... = ( n 2 > 4 ) = l

xR^^R^2 '1"2) S x(m,n,)x(«7^)
\ Wi / \ m^ ) l^^modq

X^D^-l)"
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Notice that we can drop the condition (m^q)=... ={n^q)= 1 since 1 ^Wi, . . .,n^Z<q.
Observe that for (mn, q)== 1, and q odd, we have

E H(m)W)=- E H(m)W^-A-W E t{-m)W)
f (mod a} L l^Y J" 1 ^Xl ^ Xl^XOnodq)

^-l)^-!)0

==- S £fl S X(^)X(^
2 e= ±1 l^x

- ^ (^)— 1 ^ m=±n and a = 0

— 1 if w ̂  db ̂  and a == 0

- (p (^) if m=n and ^ = 1

— _ (p (^r) if m=—n and <2 = 1

0 otherwise.

Applying this to the innermost sum, we see that this is

-RJ^ ^^^R/^27^-W-^(q)q1-1^^ E
K

HwOH^)
mi w.'—' ——— »M5 M/I5 M 1 " 5 ^ 1 " 5

e mi,m2.ni.n2<Z ^l^2nl n^

Wln2=8nlw2(mod4)

minus

6(a) 2 (2n)——^- E M^)^)_^/^ 2nnA ̂  ̂  2^'
m i , m 2 , n i , n 2 < z m\m^n\ s n\ s \ m^ W-,

(mi m2 MI n2'4)=l

Here, 6(a)=\-a. If we designate the second quantity as |I(^, 1)|2, then setting a==0, 1

and adding, we deduce that

(6.1) E |I(5,x)|2=-(27t)2•'-l(p(^^-2'T(S+(^^+S-(^^)
/'» -.\2o - 1 „ /,,\ „! - 2s /c + ,

X (mod q)

where

^(m^(m^)
s^,^)- Z ,1-s^l-s

mi,m2,ni,n2<Z wlw^} s^-

wi y^^ ±"1 ^'2 (mod^)

rr, ( 2Knl\^> ( - 2 " " 2 ^ , o ^ 2TC«i ' \_ /. 27tn2\~|

RO ^———1 RO -?.———^ ±R! 5'———- PIP.————x Rj,,——i Ro .-.-——2 ±Ri .,——— Ri i,
L \ Wi 7 \ W2 / \ Wi / \ Wa )\
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Note that if 5'= 1/2, this can be rewritten as

'1 \ ^ 'k(m^'k(m^)v^ '^\"i-\j i^\ii^j

^•"r mi, m2, HI , n2 <Z (^i ̂  ̂  y^)172

(mi »2' ^)=(^2 "1' 4) = 1

TR ^ ^^R ( 1 2nn2

I 0 ^ ——— ° ^ ? ———L \2 Wi ) \2 m^
|±RI

1 271^

m.

( \ 2nn^
-Ki | — , ————

V 2 ' w,

and

(6.2) s .(U'-^K^W (',,)).
^od^) \2 / n \ \2 ) \2 ) )/ (mod q)

Let us also define, for a == 0, I

S±(s,q',a)= s 'k(m^)^(m^
^s^i-s^-s a

mi, m2, "i, »2<Z TH^TTt^Tl^ sYl^

ml n2 = ^"l m2 (mod q)

-MS,

Inn^

m,

_ / Inn^
R. ^——'

\ ^2 .

so that

S±^q)=S±^q,0)±S±(s,q,\).

Our estimations are complicated by the unusual way in which the four indices of
summation m^, m^ n^ n^ are interlaced. Our goal in the next sections will be to show
that the main contribution comes from those terms where m^n^=n^m^ and
^(1/2 n)m^n^(l/2n)m^

7. ESTIMATE OF THE NON-DIAGONAL TERMS. — We wish to show that the terms in
S~ (s, q; a) contribute a negligible amount to the right hand side of (6.1). Since m^ m^
n^, n^<Z and m^n^== —n^m^(mod q), this means than m^n^=q—m^n^.) (Notice that
for the same reason, the indices in S'^ (s, q ; a) statisfy m^n^=m^n^).

LEMMA (7.1). - For l /2^a<l , we have

1 q°
S ~ ( s , q ; a ) ^

(l-^Qog^)2 (l-a)log^

Proof. — We wish to estimate the sum

^ |MO||M^2) ^/ 27^1^R/^ l_KnA

i2,ni,n2<Z ^ ̂  n\~a n\~<s \ ? Ul^ ) \ ? Ul^ )l ^ m i , m 2 , n i , n 2 < Z m! ml n! n2

mi n2=q-m2 MI

Without loss, we may suppose that m^n^<(l/2)q. A consequence of this is that
m^ n^ > (1/2) q and so

-rL<m^n^<rL.
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We may also suppose that m^, m^, ^i, n^ are squarefree. Notice that we must have

(wi, m^)== 1. We consider two cases.

Case 1. — m^<n^.

In this case, we must have n^=m^q(modm^) where m^ denotes the inverse of m^
modulo m^. Moreover,

ij.,271"2^"2.
^ 2 / 1 n!

Thus, we can rewrite our sum as

|M^2)| Y m^i)| y 1 fq-m^n^-^m^zz-1 ——CT L^ ^CS L^ - , 1 - C T \ ^ I y,

i2<Z mZ ( l /2)Z<mi<Z w! yi2=^i (modwi) ^2 \ m2 / n2

"2-^2

( l / 2 ) Z < n 2 < Z

^y-2 ^ |M^)| ^ IMOI ^/ 1_\(^l)l V./ 1 V-1

m2<Z WJ0"2 ( l /2)Z<mi<Z ^ n\q-^^)

.y-2 y |M^2)| y | M ^ i ) | / ^ i Z Y
<^ 2. 2a-l 2. ...1+a [

q ~^~ }
W 2 < Z ^2 ( l / 2 ) Z < m i < Z ^1 \ z /

^^20-2 y 1^(^2)1 y 1^(^1)1

m 2 < Z ^2 ( l / 2 ) Z < m i < Z w!

^ z^—^fl0^ + z^^i\_j_
logZ/Y\2-2o (2-2CT)27logZ/Y

^,^. -———,)—.
,a-l (log^)(l-cr)2 /log^'

C^e 2. — m^n^.

In this case, we write the congruence condition as m^==qn^(modm^). Since
(l/2)Z<mi<Z, this implies that there are at most two possible values for m^. Thus,
we see that our sum is

|M^)| y _L y IM^)!/ ^ Y-0

( l /2)Z<m2<Z ^5 n2^W2 ^2 ty ( l /2)Z<wi<Z ^ \ci~m\n^)

( l /2)Z<n2<Z mi^gn'2 (modw2)

|^(^)| 1 l l__l_
^ »^2CT-1 •" »,l-o 1,,,,7/V 7" ^—'7^,!( l /2)z<m2<z wj0-1 (i/2)z<»2<z "r" logZ/Y Z'1 (^-Zwa)1-''

^ 1 y iM îf"2 ^

Z^^lOgZ/Y) (l/2)Z<n,,<Z Wi0-1 J(l/2)z(Z-01-0
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1 y logZ/m^

'ZQogZ/Y) ( i /2)z~m2<z logZ/Y

1
^

(log^)2'

This proves the result.

Finally in this section, we shall show that |I(.y, 1)|2 is negligible.

LEMMA (7.2). - We have for 1/2 ̂  a < 1

^••'''̂ (^(i^fc)
If a = 1 H^ Aflt^

II^l^OogZ)2.

Proof. — By definition, we have

, np-2^-^-!^^ v ^1)^2) p / lKnl\T> (-, 2nn^
s, i ) --(27i) q ^ ——^~Zs~^KO{s9———j^ol^———l i e

7t mi,m2,ni,n2<Z ^1 ̂ 2 "1 ^ \ m\ ) \ m! .

(mi W2 HI W2 .4 )= l

The ^i and n^ sums are estimated as <^ Z^/CT. To estimate the sum over m^ and w^ we

observe that for cr^ 1,

|M^^log(Z/^)^/Y^\ 1 f^+iogz\
t- ^ -^log(Z/Y) w0 V(I-CT)^ (logZ/Y)(l-CT)Vl-o 0 /

Using this estimate, we see that

720 r i /Z1"0 \^ 2

|I(5, l ) ! 2 ^^" 2 0 —^————-————(-—+logZ)^
' " / 1 (^lOogZ/YKl-aAl-a 6 ^

and this simplifies to the stated expression, given our choices of Y and Z.

8. THE DIAGONAL TERMS. — We are now reduced to the study of the sum

(8.1) -'^Tr)20-1^)^-2'1

7C

x S M^)M^) / |^ /2^^P^/2^VY
mi.m2,m,n2<z m\m^n\ s n\ s\\ \ Wi /| \ Wi / /

(mi n2 .^)=l

w i » i 2 = W 2 n i -
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Let us define

f8 ^ D (s)- Y M^Mm,) R / 2^\ 2

(8.2) iW- L ^m8^-8^-5 ' [ m )
m i m 2 , n i , n 2 < Z ^1^2^ s "1 s I \ ^1

mi n2 = m2 HI

m i W 2 , n i , n 2 < Z n/l^^2nl n2 \ ml /

For future reference let us denote by s the set of quadruples (m^ m^ n^ n^) included in
the above sum. Then, the sum in (8.1) can be written as

l(2^-î M(Do(.)+D,(.)).

We define a splitting

IW=M^)+E^)

where in M^), we range over those quadruples (m^m^n^n^) in (8.2) which in

addition satisfy n^(\12n)m^. (Note that as n 1/^1=^2/^2. we wm then also have

n^ ̂ (1/2 TT) W2.)

We shall henceforth assume that l/2^a^ 1. The case o= 1 can also be handled, but
it will not be necessary for us. Moreover, we suppose that [ t \ is sufficiently small in

the strong sense that

\t\<——•
logq

We begin our study M^(s) by replacing R^, (2 nn^m^) with the Taylor expansion of

Lemma (5.2). We find that

(8.3) M -̂E-̂ ? -̂ s.n(j(»+«))r(.-.)+ Z (̂ ''l)l-"""».
m\m\n\ ^2 \^ / fc=A w! ^

4-off27c 'z lYK-o^(2-5+K-a)^(5-K))|
\\ Wi / / I

where we recall (from (5.4)) that

(Ofc= (^^sinf7 l(a+fc+l))^(l-^+A:)
fe! \2 /

and O^KeZ and l -a+K<8<2-CT+K. Expanding, we find that M^(s) splits into
a main term and an 0-term. We shall now analyze the 0-term with the help of the

following lemma.

LEMMA (8.1). - For any P>0 we have

iMOHMOl (n,V 1 ___L__(iogZ)3

ml,m2,nl.n2«(^1^2)o(^^) l-o \^l/ (2 0 + ? - 1) • (2 Tt)2^ P-1
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Proof. — We use the fact that

m^ n^=m^n^

n^—m^ n^—m^
In In

and

)i(w)|^l for all m.

Note that 2 a+13> 1. Then, denoting m^ n^ by 7, we see that the sum is bounded by

(8 4) V 1——— y,2<r+p-2
( m m }2a+^-l ^

wi,W2 ^ml"t2^ J

where the inner sum ranges over integers j satisfying

1^7^— m^m^
2n

7=0mod[wi, m^\.

Let us set

;=(wi, w^).

Then [m^, m^\ == w^ m^i and (8.4) is

K,^]2^-2/ 1 m,^ y-^-1 __1_

(^i^)2'^"1^^ K,mjy ' 2 a + P -

^ 1 1 -̂̂ .
2 a + p - l (27l)2tT+p- l ^WiW2

Moreover,

E

This proves the lemma.
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Now, the 0-term in (8.3) is, for any 0 ̂  K e Z and any l - a+K<5<2-a+K,

mm,)||M^)| f^YK-^ni-a-a+K^-K).
^(m.m^^n^-^ m, )

^n^V-0^,
sin -(.+<,) r(l-,)+E ——- COi,

, 2 - 7 k=l\ Wi

^/27tniY^_,/5^^_^_g^^^^_^\

\ Wl / /

Now using (5.5), we find that the above is

<iK-<T/5.(logZ)3. |^(2-CT-5+K)^(8-K.)|(2TC)8

^\W-(s+d)\T(\-s)
2(7+8-1 (2lI)2<^+6-l

1 1
+ Y |ooJ(2lI)l-<I+'c. -
^' "" ' a+S+k (2^t)<T+8+t

+|^(2-CT-8+K)^(8-K)|(2TC)8K -< ' / 5(2CT+25-1)-1(27I)1-2 ' ' -26^.

Choosing 8 = (3/2) - a + K, this is

^^-i-o/s^g^ILin^^+fl^ni-^) +Kl-CT/5+K-<I/5l.

Finally, choosing

K=(log<?)20

shows that the 0-term in (8.3) is

(8.5) <|r(l-^)|.(log(?)-1.

Now we analyze the main term of (8.3), namely

,̂ E-̂ )̂ L «n(j(,.«))r(,-,,. z (̂  )-""».
,1-s+k |2

m\m\n\ s^ \2 / k=i\ f^i )

For this purpose we utilise a more refined version of Lemma (8.1).

LEMMA (8.2). — We have for any w with P=Rew>0

MOMO / ^ V ^ T c ) 1 - 2 0 ^ is ^

mi,m2,ni,n2e^ ̂  W^^ v n\ a \W^ 1 — 2 ( 7 — P log (7
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Proof. — We see that the sum is

T^ V Mm,)^) / ^ Y _ y MmQM^) y.2o-2^
^.J^e^ ̂ m^-^-'V^J l^in^Z (̂  m,)2^ 1 +w ZJ7

where the inner sum ranges over integers j satisfying

7=0 (mod [m i, wj)

i^j^—m^m^
2n

Setting j =jo [m^ wj, and i={m^ m^) as before, we see that the sum is

T- V M^M^K^r^"2 v ,20-2^
1 ~ Z, / \2(r-l+w ' Z^i JO

l^mi,m2<Z V^l^l) l^jo^i/2n

Since [wi, m^]=m^ m^/i, this may be rewritten as

.0 ^ T- V ,2o-2+w V 1 V M l̂)M^2)
(8.7) T- ^ 70 L ^a-2+w ^ —,„—;——•

l ^JO^( l /2n)Z 2nJo^i^Z l l^m^m^^Z ml ml

(wi ,W2)=i

The innermost sum can be written

(,.8) ^W^U

! 7l72

where the sumation ranges over pairs (j^Ji) satisfying

l^/i^7, l^^7

! t

0'1,72)=1

We may suppose that y\, y'a are squarefree (else Myi)My2) wlu be zero). In particular,
this implies that (/\, ;')= 1 and (j^, ;')= 1. Applying Lemma (1.5) to (8.8), we find that

(8.9) S^f-^-+CT_l/20•2)) . — — 1 — — — — * .

\(PO-) / ) log^Z/Y) ;2
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Substituting this estimate into (8.7), we find that

1 - .^-i+ft ^ 1 1 / '
S y2'-2^ ET< - ——+a_^0-2)

lOg2 (Z/Y) • i ̂ (1/2,)Z 2^^Z ^-2+f> /2 \ CP (0

<& ^ V ;2o-2+p Y
^ /,„- ^2 L ^o L

(lOg?)2 lgM^(l/2)i)Z 2njo&i&Z I20'1'9

^———1———(27t)l-2•T-ll y ^
(l-2CT-P)(log^)2 lS,o§(l/2n)Z7o

597

<^
1 (2^t)l~2<'•p

log ̂  1 — 2 CT — P

Here, we have used the fact that

/ , \2

———+a_^(f2)
\<p0) /

is bounded on average. This proves the Lemma.

We now apply Lemma (8.2) to analyze (8.6). We find that it is equal to

z 'k(m 1)^(^2)

m^m^n^'3^'
smj^+^nro-.y)

^Tl^^1-^^
+2 V Re sm-(^+^).r(l-^).

f c = i \ 2 \ Wi
CO.

27C/2l\ l-(^+kl /iTC^^1-^^

^1 CO,

^,k2=iV w Wl
^2

• / 7 C / . ^r-/i ^ 2V M l̂)M^2)sm -(^+a) r(l-5) ^ — — — , _ , _
I ' " ) I —J »MS ,,.,5 .,1 -S »,! -S\2 / m^m^n^ n^

1 -2(T-(l-0+fc)1 (27t)1-
+0 Z 7oq7i<27c)l"<y+k sin -(.+^) r(l-.)

log^ l-2a-(l-a+fe)7fe0-^

1 p7C) l~2 < y~ ( 2~2 ( T + k l+ f c2 ) '

+o S .(iTO2-2^!^

\ogq l-2a-(2-2a+^+A:2)^^ ^ yy-M
.fci.fc2=i y^i^i)

By our assumption that \t\< (logq)~1 we may ignore 11\ in the estimations below. We
observe that the sum over k in the first error term is

^i(2^

^ k" (k+a)
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Since a ̂ (1/2), the double sum over k^ k^ is

(log K) alwaysw1-2CT

z <
^=1 (^i^r (^i+^+l) l(2a-l)-1 if a>(l/2)

We also note that if a is close to 1/2, it is sometimes more convenient to use the first
estimate. Recalling that K==(log^)20, we deduce that

(8.10) M^)= ^
MmOM )̂ ^/; V
,s ,̂s ^i -s ^,1 -s ' 2 /(mi,w2,»ii,w2)6^ m^m^n^ sn^

ni^( l /27 t )mi

+0(——l——').of-L
\(2(j-l)logq'/ \logg'

sin(7 ^(5+a))^(l-5)

where 2 a - 1 is to be interpreted as (log log q) ~l when a = 1 /2. By an entirely analogous
argument, it can be shown that

(8.11) E^)=0 f__l——)+of-L
\(2a-l)log^/ \log^

smC^^s^-a^r^-s)

with the same interpretation of 2 a— 1 as above.

To summarize, we deduce from (6.1), Lemma (7.1), Lemma (7.2), (8.1), (8.9) and
(8.10), (8.11) that

Z |i(^x)|2

1 ̂  / (mod q)

-W.-^(^)2

''•(,+i)y')|r(i-,)|2 s M'"•)>•("2)
+ sin

7 / / ' ~ ^M S ^M S M 1 - S M 1 - S

.z / / ( m i , m 2 , n i , n 2 ) e ^ m^m^n^ n^

ni ^(l/27i) mi

+0^^ minf——^ loglog^+of^^l^^^l^of ^"g )
^20-llog^ \(2o-l)' o v } } \ ^-^logq) ) V(l-o)logJ

+o(^-Vo(^L l \
\(l-o)2} \q2"-1 (\-^(\ogq)2)

9. ANALYSIS OF THE MAIN TERM. — We shall now analyze the sum in the main term,
namely,

N^ty ^^2)
m^w^i-5^-5
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where the sum ranges over quadruples (m^, m^ n^ n^) satisfying

1 ̂ m^m^n^n^<Z

m^n^==m^n^

n^—m,.
271

We note that N(a) is well defined since the relation m^n^=m^n^ makes the right hand

side independent of the imaginary part of s.

As before, we set j=m^ =m^n^ i=(m^ m^). Note that given m^ m^ and 7, n^

and n^ are uniquely determined. We may thus rewrite N (a) as

N(a)= Z M-̂ .̂-.
lgmi.m2<Z (Wi^)2"

where the inner sum ranges over integers j satisfying

l^j^—m^m^
In

7=0 (mod [/Mi, wj).

We can rewrite N(a) as in (8.7). Thus, setting j=jo[m^, wj and i=(m^, m^), we

get

(9.1) N(a)= E ^-^T^^
1^JO^(1 /2" )Z i JlJl

where the sum over / ranges over

Injo^i^Z

and the inner sum ranges over pairs ( j i ^ J ' i ) satisfying

(9.2) l^'i^7, 1^2^-

(7'i, 72) =1-

Notice that we can also stipulate that

(9.3) ^min(mi, m^^Z

and that

C/i, 0=(/2. 0= L
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We write the innermost sum of (9.1) as

.9 4) y^O;/i)M(/2) y n^)=y ̂  y ^del^del^)
./1./2 c|7i e ^2 Ii,^ h1!

e\h

where on the right, e ranges over

l^^7

;

and /i, /2 range over

l^^ i^ 7 , l^^^ 7

^ ^

(^,0=(^,0=l.

Writing

. ̂ — Al>O^A^(w)
A(w)-—..^^—'(logZ/Y)

we find that (9.4) breaks up into four subsums of the form

ro ^ __L_v^)Jv ^(^Uv ^(^2)1
( ) (iogz/Y^^l1- "T.-R^ ~ir\

w h e r e ^ , A e { l , 2 } , Z i = Y , Z 2 = Z .

LEMMA (9.1). - Define

Y _V^^Jv ^V^Uv ^(^2)1^h-L—r^L—,—n2.—,—(
e Ul /! J U2 ^ J

and let z = min (Zy z^). Then,

X=0 ^ i>z.

Ifi^z, then

(9.6) X=E^H(^.f^-Y+0/ a-^ ^O/ a-^^2 \
- e2 \ (p (^); c \ (p (0 (log (2 Z/OV / Y (log (2 Z/Q)20 /

Proof. - The first assertion is obvious from the definition of \g and A,,. Therefore,
suppose that

l^^7.
;'
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We have

x.,.-£^{ E TM^U S '̂o^)}
e Ui^/if /! \ l e l l / ) ih^hfie h \^2/J

^^HM'f E ^^f^-^H S ^^f^)}.
^ [h^/ie ll \ielJ\ [l^/ie /2 \ ̂ 2 7 J

^V^/ ^ ^ ^^fel . , j f ) 2Li , ^^tol . ,

e2 Ih^/ie ll \ielJ\ [l^Hfie /2 V^2

(^ l , i e )= l (l2,ic)=l

Using Lemma (1.4), we have for any c>0,

X^=S^H(^{4-+0/a-^(.)log-Y22))}2.
e2 (.(p(M') V \ i e } / }

There are two error terms <?i, S^ (say). The first is

^i <E1 -^-.CT-^o^iog-^^Si+z^
e- (p (;e) \ ie /

where in 2i, e < / z / i and in £2' ^ / z l l ' ^ e < z|i• We have

S, ̂ E-^-a-^O-) 1 g-l/2(e)

^(p(0 1/2 (log(2z/0y e^(e)

^ v - 1 1 2 ( 1 ) 1

^(0(^(22/0)'

Also,

^<cE—o.^a). CT^)

(pO) (p(e)e

^c<^-l/2(0——— "=

<p0) ̂

^ g-l/20')»

'(p (0(108(22/0)'

for any c>0. The second error term is

^cE^-i^log-2^)

^-i^S-^-i^.log-2^2')
e2 \ie j

^(^2Z\~2C

^cCT-l^O^l log——
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for any c>0. The last estimate is obtained by proceeding as with \̂. This proves the
lemma.

Now, notice that if ;^Y, then

Y _9x +Y - V ^N^2^ ^ Y^u ^^i^1^^- L —r-l^w . .
Y/i<e^z/i €2 \(P(^)/

^/^^(O__YO/^.(OL\
V (p (0 (log (2 Y/Or / ^ (log (2 Y/Oy ;

The contribution of such terms to N (o) is

^ l y -2.-2 y f-2a( i3 + ^-1/2(0?' ^ g-l/2(02 \

(logZ/Y)2 i^z/2. 0 2n,ot^Y ^(O'Y (p(^•)(log(2Y/0)c (log(2Y/0)c/

and this is

^ logz , if a=l/2
(logZ/Y)2

<—————1———— if cy>l/2.
(logZ/Y)2(2o-l)

On the other hand, if ;>Y, then Xi j =Xi 2=0. Since

N(o)=—1— V y20-2 y r^Xii^Xia+x;;;;)
1^>(T2^7/VtlOg ^/I^ ia^oS(l /2n)Z 2itjoSi§Z,

we deduce that

(9.7) N(o)=—^— y 720-2 y r20 y ^u^f-^-Y
1 2/''"7 /'\.7'\ ——( —^ ^-^ 2 I / • \ I

lOg (Z/Y) l^o^(l/2n)Z 2njo^i^z l^e^Z/i ^ \ (p (ie) )

i > Y

+of——1——{—!^—orlogzl^
^ log2 (Z/Y) [1-2 a \)

+0^ 1 y ,2a-2y^-2j ^-1/2(0 ^ I \ ^-1/2^ \

Viog^Z/Y) i^o^i/2.)z ^ 1(^(2^))- (p(OJ(log(2Z/0)c/

The first 0-term is

<^ ————————— if a > -
|l-2a|(log^)2 2

and

^-]- if 0=1.

(log^) 2
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Let us simplify the second 0-term. If a>l /2 , we interchange the ;' and the Jo sums

and we find that this 0-term is

.Er^flog27^ E ^-2
<

\ I ) ISj'o^iOog<7)

1
<T(log^y 2(7-1

If G= 1/2, then the 0-term is

^(log2Zy'

(The value of c is not the same at each occurrence.) Summarizing, we have proved that

(9.8) N(o)=
u(e)

log (Z/Y) l^ jo^( l /2 i )Z tnjo&i&z ISe^Z/i 6

E ^-2 S r20 1: a0e)2 ^

\ (P (̂ ) .

OY

+

of-L) if a= 1

vog^y 2

0-1
^(log^)2 20-1

Note that in the above sum, we may suppose that e and ;' are squarefree.

10. THE MAIN TERM: CONTINUED. — Let us define the constant

2 ^ /. 2 \ „ / 1n f i +
P>2 \

n(>-
p>2 \

.45.C,=
^ 3^(2) ̂ \ (p-2)(p+\)};>\\ (^-l)2.

The main result of this section is the following.

PROPOSITION (10.1). — We have

^ \l(s^)\2=c^q^(q)^^(a).
1^/(mod q}

Here,

c[-^it,q\=-1 T[--it\\ (coshTiQ
\ 2 / 7i \ 2

and for l>a>l/2,

if o>-.
2

l-2o

c(a+^,^)=2^2 —1—|^(l-a-^0|2(cosh7^0^
7i 2a-l \ogq
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/ l \ o ( l o g l o g o )

\2/ log<?

and

a 2 ' 2 " ( 1 \
<?(CT)<^-——min -——.loglogo

logo \(2a-l) /

;/ 111 «7 ̂  3/4 (50}'), W/U'fe

^(CT^O^aOgo)2

!/• 3/4^ a <1-(I/logo).

Proo/. - We saw in (6.1), § 7, and § 8 that

(10.1) ^ |I(^,X)|2

l^X(niod«)

=i(27t)2tT- l |^(l-5)|2N(CT)(p(o)o l-2<Tf smf"^ |+ sin^Cy+l)
2

+0^-minf——^. loglog^+of̂ iÎ M)
o2-1-1^ V(2a-l)' e^ ^ ^^(logo) /

+0 —-——min
\ /,2c-l

f ^g ^of^^^of^
Y(l-CT)logO/ \(1-CT)2; Yo20-1

+0
Jl-CT)logO/ \(1-CT)2; ^2CT-1 (l-^Oogo)2,

We shall now study the main term ofN(<r). From (9.8), we see that it is

(10 2) = 1 V ,20-2 y ''"^P')2 y ^00
^(Z/Y) i^.o^l/2n)Z 2^t^Z <P(02 eJili <P(e)2

i>Y (e.i")=l

Z2-20^;)2

z yr2 i:. 2 . ? ,
(logo)2 '2,§>§Z <P(02 ll^o§./2n esz/> <p(e)2.

(e,0=li>y

p^)

We note that

E
l^JO^/2n

,2(r-2 ,
7o ""

/ • \

^ l

l2^

\2o-l

logf

i

-L rfc ^2c
' 2a-

(
\

-^
27T;

1 ' v'v

+0(1)

-2)

if

if c

0=1/2.
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We easily check that the contribution of the 0-terms is

1
<

(log^)

which is negligible.

If we replace in (10.2) the sum over e with

00 . .

y ^(e)

e^l CPOO2 '
( e , i )= l

we introduce an error of

<————-L- if a^
(log^)2 2o-l 2

and of

<,-1- if a= 1 .
log^ 2

In any case, it is negligible.

Notice that

y ^ ) ( n( l - /——i) if '• is even

h (P^"" ^ i v (p- ) /

0 if ;' is old.(<•.«)= i

We see that for o>l/2,

H^)- i 1 4 n f i - 1 ^ y ^l(o^ n fi- 1 Y
W5-1 20-1 (lOg^)2 pVA (P- I)2 / .even tP (O2 p I (.72) \ (^-l)2/

+of-L)+of-l-,-^\
\log^/ \(log9)2 20-1^

On the other hand, for the case CT= 1/2 we have

(io.3) NfiWi-—)-4-^ ^logf-^) n f i -—)1

\2} ^A (P-^hlosq)2!^ <P(02 ^TC/pi^A (P-^2)

+of-l-\
\log^/

Here, the sum over ;' has range

max (Y, 2 n) ̂  i ̂  Z, ;' even.
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Also, note that as i may be assumed squarefree, i / 2 is odd. We observe that

^(O p ^_ 1 Y1-^) 1-r ^2 (7^ I)2 _^ ^(0

(P(02 'p |o72)\ (^-l)2^ ^ 'phim (^-l)2'^-!)2-!) (Pi0y2)'

where (pi (n) is defined by

<P(^)=E (Pi(^).
d | n

Thus, the sum over ; is

-v ^(0 , / i \ .. 12^ l o g — if a=-
-(p^^) °V27r/ 2

2E-^^ if o > 1 .
(Pi072) 2

This sum can be estimated as follows. We first observe that for Re (s) > 1

£^ i =^f-+ " ^,=i (pi(Qf ;>A (^-2)^,
i odd

Now,

/l.^^W.-^V.-iVY>+ 2

( p - ^ p 8 } \ ^A ^/ \ (^-2)(^+1)^

Thus,

E ^'-C,x+0(^)
^x (Pl(0l^

i odd

where

n f i +
P>2 \

r -
 2 - ̂  • 2

^i"
3^(2) ;>A (^-2)^+1).

By partial summation, it follows that

^ ^(Qlog^J^/log^/ H2^)^^ ^(Qlog^J^/log^/ n^)«\

=1 <Pl(0 Jl- \ M / \^». (Pl(") /
odd nodd

=Cl(logZ)2+0(logZ).

> = 1 <Pl(0 Jl- \ U ) \^ (pi(w)

iodd nodd
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Similarly,

2 ^ ^o)=2Cllog(Z/2)+0(l).
i^Z/2 (Pl(0

iodd

Substituting this information into (10.3), we find that

Nfl)=c^of-L)
\2} \\ogq}

where

C^C,.n(l-———-)^45.
p > 2 \ (P l ) /

Similarly, ifol/2,

N(a)=4C, (27r)1 2g __J—(log^+0(l))+of————1————V
^W ^2. ^_^ ^g^^ ^ ^ ^ ^(log^da-Dy

Inserting this into (10.1), and observing that

| sin (x+ iy) |2 4-1 cos (x-\-iy) |2 = cosh 2y

we deduce that

^ |I(^X)|2 =^(^^)(P^)+^
1 ̂  X(mod q)

where

C / } \\2 1
-2 H — ^ ) (coshTcQ if a=-

c(a+z^)= n v2 2

— 2———IrO-a-^l^coshTcO^—— if a>-
K 2a-l log^ 2

and

^(^Hpo'r,)- •°etos<))+o((T^^)+o((ios^)4)

+0(^,)+^<CT>

and

/-i^\2/ logi
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and for 1/2<<J<1,

^2-2o

^i (o) <
(l-^a-lKlog^)2'

In particular, we see that if a =1/2

. a (log log ^r)
^ <^

log^

If 1/2 < 0^3/4 (say),

(72-20 / 1 ^
S ^ -——min , — — , loglog^

log^ \(2a-l) }

and if 3/4^ CT<I- (I/log q)

^^^-^(log^)2.

This proves the result.

11. NON-VANISHING AT A FIXED POINT. — The main result of this section is the following.

THEOREM (11.1). - Fix a a in the interval 1/2 ̂ a<l. Then, for all sufficiently large
primes q,

L(a,x)^0

for a positive proportion of the characters / (mod q).

Remark, — The proof will produce a lower bound for this proportion. Notice that
how large q must be taken will depend on a.

Proof. — Let us fix s^eC with 1/2 ̂  Re SQ < 1 — (I/log q). We return now to
(3.2). For / ̂ 1, we have

S(^o. ̂ L^o, x)M(^o, X)4-1^ X)+JOo. X)-

Thus,

E s(^o, z)=E'(i(^ x)+J(^ X))+E"S(^ x)
x^l

where ̂  ranges over ^ 7^ 1 such that L (^o, 50) = 0 and ̂ " over the remaining non-trivial
%(modq). By Proposition (4.1), we have

SS^^cp^+O^1-^6).
X ^ l

Thus, we have

S-S^o, X)=(pte)-r(I(^ X)+J(^ 7))+0^q1-^)
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and consequently,

^tf S (^ X) ̂  (P (^ -1 r (I (^ X) + J (^ X)) | + 0, (q1 -CT+e).

Now, if we assume that | Im SQ \ < 1 (say), then

|^(I(.o, X)+J(^ X))|^E|I(^ X)|+I|J(^ X)|

^^(^(Sli^^D^+of^
,(3/2)-o^

——— T \~J./ \/ J | \~U' /V/ -' —— 1 , 1\ log^ /

by Proposition (3.1). Now using the main result of§ 10, namely

S[i(^, x)!2^^).^^^)

we have

^(H.o, X)+J(^ X))|^^/^o^)(pte)+0(^/cp(^)^(a))+0(^2-o(log^)-l).

Thus,

|Z'S(^x)|^(l-^c(^^)(p(^+0(^l-o+£)+0(^(p(g)^(a))+0^^^

On the other hand, by the Cauchy-Schwarz inequality, setting J^ (^o, ^) to be the number
of5c(modg) with L(^o, x)^0, we get

| Z" S (^o, X) |2 ̂  ̂  (^o^) (E I S (^o, X) |2).

From now on, we shall assume that r=Im(^o) satisfies 11\ <^ (log^)"1. Suppose first
that OQ = 1/2. We have from Proposition (4.2)

E sf^+^x) 2=5(pte)+0te(log^)-l/2).
nodg) \^ / ^X (mod g)

We deduce that

Thus,

| (P te) (1 - ./cK^))2 + 0 f^ Jl^gl^gi ̂  ̂ r (^o, ̂  (1 + 0 ((log q) -1/2)).
5 v \ V log^r /

^^^^cp^O-V^+of,^^).
5 v \ V \ogq )

Now let us set

7=[fcTo-lVogJ+l.
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Thus,

1 , ^ - 1 .- ^ i ^ }
. + — — — < C T O ^ - +
2 log^ 2 log<7

We will suppose that q is sufficiently large that 7 ̂ 2. Then Proposition (4.2) gives

f ^ • ' + 1 Y1"200 a-20'-i»
( 1 1 . 1 ) S \S(a,+it„^\

2
=<f>(g)\\-——.+——.-

e
————

KCnod,) I 0-1) C/-1) 7-1

+of e " 2 J Yl+ l + 1 Til
\logA j (log^oO-aoVyJ

f e- '"1"1 Y1"20" fl-zo'-i) •}
=<P(?)S 1 -———,+———^-—————+0(6 -^ )^ .

I C/-1)2 O-l)2 7-1 J

Also, if cTo is bounded away from 1 (say (TQ ̂  3/4) then

SIl^^l^^^^cp^+oL-^minf^,10^)).
x^ i \ V-1 ^q ) )

If 3/4^ cro < 1 - (log q)~ \ Then

Z 11 (^ X) |2 - c (^o, ̂ ) (P (q) + 0 (^- 2^ (log qY\
x ^ i

We see that under our assumption on 1 1 1 , we have

c^^^lro-ao^-^+of^V
^J Vog^/

Putting all these estimates together, we deduce that

^o,^(oc,+o(l))(p(<7)

Where

(l-^/2C^|r(l-ao)|)2

a;=13 (i-a-i)-2^-^1-!)-^-!)-1^2^2)'
12. NON-VANISHING AT A VARIABLE POINT. — In the previous section, we showed that a

positive proportion of the L (s, ̂ ) are non-zero at a given real value a of s in the critical
strip. Now we shall refine this to a statement uniform on a line. Up to this point, we
have made no significant use of the parameter Y. We shall now choose it to be Y= ̂ 1/4.

THEOREM (12.1). — Suppose that q is a sufficiently large prime. For a positive proportion
of the / (mod q), L (^,/) does not have a real zero in the region 1/2 + c/log q ̂  a < 1. Here,
c>0 is an absolute constant.
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Proof. By the functional equation, it suffices to concentrate attention on the region
a^ 1/2. It is well known that there is at most one ^ with a real zero in the range

l-Qog^'^a^l.

Thus we consider

l-+—2-^a<l-(log^) - l

2 \ogq

and split it into intervals

i,: l^-^^l^-i1-.J 2 \ogq 2 logq

of length I/log q. Here 2 ̂ /^ (1/2) log q - 2. We count the number Z (7, ^) of x (mod q)
for which L(^, ^) has a zero in I,. For each ^c, let a(^) denote a point in lp and let
(7=(7.=(l/2)+(/yiog^). Let C=Cj denote the circle of radius r=r,=2/logg about

a. We have by Cauchy's theorem

^)X(^-^_ y ^Ox^)^-n/,

.̂ Y ^CT(X) n>Y rf

,_Lr f . ^^)x(^)^V_l___L.)^
27lJcln>Y ^ JV^-^(X) H7-^/

Let us denote the left hand side by 3^(0, c^, %) and let us write w^u+iv. By (a

variant of) Proposition (4.2).

(12.1) ^ ^ ^(^/(^^-"expf-^V2

- .̂̂ -(oS^)

+Oto l-M(log^)3/2)+0^2-2M(log^)3u-21)
\ l-^/

for 1 > 0(1/2)- (I/log q). Now

.«,<", '..x^S-O' Z'^"'^"2!^!)Els
x 471 \Jc n>y ^ /
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'cl^-^Oc) W-CT

2|^|=f

Jc

a(x)-a |2

'cK^-crOOKw-or)
\dw\

<^-2-
-r^r/l)2

In

Therefore, fory^ 1, we have by (12.1) (see also (11.1)) that

EIWa.^.———fz Z ^^e-^M
X 27irJc x n>Y "

. , ./ ^ ^(^)2

< © (a) i y —————-
— V.. — ..2((l/2)+((j-2\Y ̂  n ̂  q "•

I , ^ ..2((l/2)+((j-2)/logq))
\Y ̂  n ̂  ̂  '(

We observe that

a(«)2

^ ^2((l/2)+((j-2)/log<;))

+o(^) .

log^/Y
+ EE

Y^Z (lOgZ/Y)2 ^l+((27-4)/log,) ̂  (logZ/Y) ^l+«2.-4)/log,)

and this is seen to be

,__!__ ; y-(2j-Wog q) _ ̂

0-2)21
'__ f Y ~ ̂ J ~ ̂ /^g ̂  — Z ~ (2j ~ 4)/log 4 ^ — /7 ~ (2j ~ 4)/108 ^

-2^2 1 J y-2

and this is

= • ( ^ - l / 2 ( j - 2 )_^ - ( j - 2 ) \ _ 2 ^-(2j-4)

a-y 7-2

(Here, we have used the fact that Y^174.) Let us denote the above expression by
/(/-2). If y=2 we have to replace the above by

^+0((log^)-1).
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Then,

02.2) E I °-("-^'-• '
X |n>Y ^

^h Z ^^.-^EIWa,^)!2}
I X ">Y n

 Z J

^8(p(^)(/a)+/a-2)+o(^)).

It is convenient to introduce here the notation

S^)=Z f^,-"/,
n>Y ^

Clearly, it is equal to S(x, /)-1.

Similarly, we have

^|l(a,, ̂ ^{^iKa, X^+EIW^ cr,, x)|2}

where now,

W^ ^r X)= —— I(^ X)(———— - ———)^-
27cJc ^-^(X) w-cr/

As before, if^^log^/loglog^, then by Proposition (10.1), we see that

Elidiff^^^l^^fziK^x)!2!^!
x 27 i rJcx

^-l-<Pte)fc(,o,,)+0^-^•minfl,l^gl^^))2^.
27ir \ \j \ogq ) )

^^^ird-^l^-^of.--10810^)).
\7cy \ log^ //

Ify^log^/loglog^r, the last estimate above is replaced by

^(p^f^iro-c^r^+o^-^iog^A
\w / /

The same estimate holds for

Hence we deduce that

1

I:|I(^,X)|2.

1 4F fOte2.^10*10"/10^ if ; < 3/4 logo
V l l f c r Y t l 2 < — 2 1 ^ r l - C T t l 2 e~ 2 J +^ 7=->/'*i"g(/,

^) y1^'^ = ^ I 1 0 ^l ' '\0(e-^(\ogq)2) otherwise.
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Finally, a calculation similar to the one above and in Proposition (3.1) shows that

II-K^X)!2^2-200.
x

With that established, we return to our basic equation

S(cr,, x)=L(a,, x)M(a,, x)+I(^, x)+J(^, /)

and deduce that

(12.3) ^|L(a,,7)M(a,,x)-l|2^3S(|S*(a,,x)|2+|I(o,,x)|2+|J(o,,x)|2).
x x

Using the estimates established above, we see that the right hand side is

/ AC \

(12.4) ^3(p07) 8(/a)+/a-2))+—2 |^(l-ao)|2^-2 J+o(^-^).
V ^ /

Now let us set Z (7, ^) to be the number of characters ^ (mod q) such that L (s, j) has a
real zero in the circle Cy. It follows immediately from (12.3) and (12.4) that

za^)^3cpto)f8(/a)+/a-2))+4c2 r^-^^^V.-^+o^-^
\ 717 \2 log^ y )

If we sum this overy^y'o, for some absolute constant 70 we see that we have

1 E Z(/,^3 S f.^^-^^-^-^^-^+^^-^^-^-^+o^-^.
^te) J^JO ^70 \0-2) / /

If we choose 70 sufficiently large, we see that the right hand side is < 1. This completes
the proof.
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