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Introduction

Let % be a Dirichlet character and L (s, ) the associated Dirichlet L-function. We
are interested in the zeroes of L (s, ¥) in the critical strip O0<Re(s)<1. In the past,
most attention has focussed on this question near s=1. We shall be particularly
interested in the situation near s=1/2.

It follows from classical results of Landau, Page and others (see Davenport [D] for
example) that the number of real characters y of conductor <x for which L(s, y) has a
real zero in the region 1—(1/logx)<c<1 is O(loglog x). On the other hand, the
situation near s= 1/2 is more delicate and not as well understood.

(") Research partially supported by a grant from NSERC.
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568 R. BALASUBRAMANIAN AND K. MURTY

Several authors have studied the frequency with which L (1/2, x)#0. In [B] it is shown
that there are at least cg/(log ¢)!°%° characters y (mod gq) with L(1/2, x)#0. (Here, and
elsewhere, c is a positive constant, though not necessarily the same constant at different
occurrences.) In another direction, we can allow both y and ¢ to vary while we fix the
order of x. A result of Jutila [J] implies that there are at least cx/(log x) real characters y,
of conductor at most x, for which L (1/2, y)#0.

In both of these works, the method is to study the moments
T |L/2, 0l

For example, by the Cauchy-Schwarz inequality,

(1 s QL2 0D
ot (5 ) S

From this, we see that it would suffice to have a lower bound for ) |L(1/2, x)| and an
upper bound for Y |L(1/2, )| Y |L(1/2, ) >

There are general conjectures which predict, in particular, the asymptotic growth of
the above moments. However, even assuming these conjectures, it does not seem possible
to use the Cauchy-Schwarz inequality to deduce that L (1/2, x)#0 for a positive proportion
of the characters y to a given modulus, or that L(1/2, x)#0 for a positive proportion of
real characters x. This result may be viewed as a (partial) g-analogue of theorems of
Levinson-Selberg type.

On the other hand, no example is known of a character % for which
L(1/2, x)=0. However, Siegel [S] has shown the fundamental result that any point on
the line 6=1/2 is a limit point of zeroes of the L (s, %) as y ranges over all Dirichlet
characters.

In this paper, we take a different approach from [B] and [J]. We consider characters
to a prime modulus g. Our first main result is the following.

THEOREM. — Let q be a sufficiently large prime. Then, for a positive proportion of the
characters y (mod g), we have L(1/2, %)#0.

Our proof shows that the proportion is =.04. (Using the explicit formula, Ram Murty
[RM] has shown that this proportion can be improved to =.5 if we assume the Riemann
Hypothesis.) Our method actually produces a more general result (Theorem 11.1)
which applies to any point 1/2<o<1.

Our second main result (Theorem 12.1) gives a non-vanishing theorem which is
uniform on a line segment.

THEOREM. — Let q be a sufficiently large prime. For a positive proportion of the
x (mod q), there are no real zeroes of L (s, y) in the region (1/2)+ (c/log g)<o<1. Here,
¢>0 is an absolute constant.

In proving our results, our new idea is to count the desired characters directly, without
the intermediary of moments of L-functions. Let % be a non-trivial character. Using
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ZEROS OF DIRICHLET L-FUNCTIONS 569

weights {A(n) } first defined by Barban and Vehov [BV], we consider a mollifier polyno-
mial

MG, )= > A@yxmn=*

nsZ

where Z=¢'2, The A(n) (which are closely related to Selberg’s sieve) will be chosen

with the property that if we set

a(m)= Y, Md),

din

then a(1)=1 and a(n)=0 for 1 <n<Y for some 1Y <Z. It turns out that to prove
our non-vanishing result at a fixed point, the particular choice of Y is not so crucial
and we could take Y=1 if we wished. In the proof of the non-vanishing result on an
interval, however, we need to take Y to be a power of . We choose Y=g, Then,
we consider the integral

——1—. L{s+tw, ) M(s+w, x) X*T (w)dw
27i Jiay

where we choose X=¢. On the one hand it is equal to

St0.0=F “OL)

and on the other, it is

Ls, x) M (s, x)+2—1——. L{s+w, xY)M(s+w, x)) X*T" (w)dw
Tl Ji-n

where 1 >0 is chosen appropriately. Now if y is a primitive character, we can apply
the functional equation to transform the integral into

—1——. L—s—w, OM(@G+w, )yGE+w, ) X*T(w)dw
2ni Ji-w

where v (s, ¢) is an appropriate quotient of I'-functions. Now if we have n> o, we can
expand L(1~s—w, %) as a Dirichlet series. Splitting it into a Dirichlet polynomial of
length Z and a tail, we get two integrals I (s, ) and J(s, x). Thus our basic equation is

S(s, W=L(s, YYM (s, W)+ 1, )+ I (s, 1)

If L(sq, x)=0 then S(s,, %) is equal to I(sq, X))+ T (50, x). We show that this cannot
happen too often by comparing mean-square estimates of S(sq, %), I(so, x) and
J(sg, ¥)- Thus, we obtain a lower bound for the numer of y(modg) with
L(sy, x)#0. We then extend this to a lower bound for the number of ¥ (mod ¢) for
which L(s, x)#0 in a circle of radius (log ¢)~! about s,. Equivalently, we obtain an
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570 R. BALASUBRAMANIAN AND K. MURTY

upper bound for the number of y(mod ¢g) for which L(s, x) does vanish in this
circle. This bound decreases exponentially with (Rs,)—(1/2). Choosing the point
so=(1/2)+j(log g)~! and summing over j produces our non-vanishing result on an
interval.

The estimates for S and J are given in § 3 and § 4. The mean square of 1 is determined
in § 10, after preparations in § 5-§ 9. The main results are proved in § 11 and § 12. For
an exposition of some of the results and techniques of this paper, the reader may consult
[KM].

It is a pleasure to thank J. Friedlander, M. Jutila, and R. Murty for encouraging and
helpful discussions. We would also like to thank the referee for a careful reading of
the manuscript.

NotATION. — Z denotes a sum over characters mod 4. We denote by d(n) the
x {(mod g)
number of positive divisors of n and for reR, o, (n) denotes the sum Y, d".
din

1. THE BARBAN-VEHOV WEIGHTS. — Let 1 <z,<z,. Following Barban and Vehov [BV],
we introduce the functions

A, (n)= u(n) log (z;/n) if n<z
’ 0 if n>z,

for i=1, 2. We also define

_Am—-A
log (z,/21)
nn) 1=n=<z,
_ log (z/n)
MO g (eafe)
0 n>z,.

A(n)

(1.1

Let us define

a(m)=Y r(d).

din

Graham [Gr] has found asymptotic estimates for the mean square of the a(n). We
recall his main result.

Prorposition (1.1). — We have

N 1
M{-O(L) lf ZI<N<ZZ

o_ ) log? (z3/z)) log? (z,/z,)
,,;N 2@ N < N ) .
. +0 if <N
log (z,/z,) log?(z,/z,)
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ZEROS OF DIRICHLET L-FUNCTIONS 571

Applying the Cauchy-Schwarz inequality and Proposition (1.1), we deduce the
following.

PropositioN (1.2). — Let r<N and (b, r)=1. We have

N
EN at)]< @ ()2 (log z,/2,)'*

n=b(modr)
We next obtain an estimate for a shifted convolution.
ProposiTioN (1.3). — Let 15keZ, teR and kSM<N. Then we have

o Y K (N+z M)
X, AWath (n—k) <<p(k)<(logz2/z1)2'P(t)'+ (Ilog z,/2,)?

where P (¢) is a polynomial in t (depending on k) with complex bounded coefficients and of
degree <4.

The proof will require two preliminary results. We begin by recalling a result from
Graham [Gr, Lemma 2].

LemMa (1.4). — For any integer r, and any ¢>0,

) H_(’L)log <g>=L+Oc(0'—1/z(r) log™“(2Q)).
nsq N n o (r)
(n,r)=1

LemMma (1.5). — We have for 1=d,,d; <z, andr,, r, 21 that

Ay (dij1) Az (dr))

1<j1<z1/dy, 1Sjp<2/d2 J1J2
(1, j2)= U1, r1)=32, r2)=1

dr d,r ‘
<<(P(611' ;)+°—1/2(d1r1)><$(; i)+0'—1/2(d2r2)>-
171 272

The same estimate holds even if we drop the condition that (j,, j,)=1.

Proof. — The sum in question is

M)Al o

JiJ2 el (i1, J2) e<zq/dy JiJ2

S oy MDA @)

the inner sum ranging over j,, j, satisfying
1<j,=2,/d;, 15j,=52,/d,

J172=0(mod e), Ui r)=(s ry)=1.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



572 R. BALASUBRAMANIAN AND K. MURTY

Let us set r=r, r, and d=d; d,. Then the sum is seen to be

n(e) Z Ay (d el))A,(d,el,)
2 L1
eszy/dy € IySzyfdye laszajdze 162
(e,r)=1 (1, r)=iz, ra)=1

H(e)

=u@d)prd) Y —5
eszy/d; €

(e, dr)=1 (y.dyer1)=1

% { Z n(l,) log (z,/d, elz)}

1a=zy/dr e 12
(2,dz erz)=1

{ ¥ p(ly) log (z,/d, 911)}
l1£z1/d1 e ll

_ p(e) 2 dker,, —c ﬁ
CHINCHEEDY 2 l:[1 {(P(dkerk) +0c<0'_1/2 (dyer,) log (d,ﬂ))}

eszy/dy €7 k&
(e, dr)=1
using Lemma (1.4).

The main terms contribute an amount

w(d,)u(dy)dr . u(e) < dr _
Q)0 (dyry) e<zyay 07  @(dir)o(d,ry)

(e,dry=1

The product of the O-terms contributes an amount
1
<Z ;} C_152 (dyry) Gi2 (dyrs) G_1)2 (e)2<c_1,2 (dyry) G2 (dy 7).

The cross-terms contribute an amount

1 der 2z
< Z - {——1—*1'— O _q2(dyery) log™* (——2>
eszy/dy e? o (d, ery) dye
(e,dr)=1

d,er 2z
+—2"2 _ o_,,(d er)log™¢ ——l>}
o (d,er) 12 (dy ery) log <d

d,r d,r
<{(p(:1 ;)0'—1/2(d2’2)+ (p(czi i)°—1/2(d1r1)}
171 272

since the series ) o_, 12(@)/e@(e) converges. This proves the first statement. The
second statement is easy to verify since there is now no condition relating j, and j,. We
argue as above setting e=1.

Now we are ready to prove the estimate of the shifted convolution.
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ZEROS OF DIRICHLET L-FUNCTIONS 573

Proof of Proposition 1.3. — Again, we consider the sum

1.2) T (3 A @)Y Az(e))( n )

M<ns<N d|n e|n—k n—k

and we find that it is equal to

(1.3) TA@DAEQ T (” )
d, e

M<nsN n—k
n=0 (mod d)
n=k (mod e)

We see that the inner sum is zero unless (d, €)|k. Consider the identity

( & )it=(1+k)"(1——£-(1— ! >>it.
n—k 1+k n—k

We have an expansion

it 4
<nfk> =(1+0" T, Pi()(n=k) I +0(|1]*)

where P;(¢) is a polynomial in ¢ of degree <3 with complex coefficients which are
absolutely bounded and depend on k. Using this, we see that

it 4
I e L IR G T (i

M<nsN M<asEN M<nEN
n=0(modd) n=0 (mod d) n=0 (mod d)
n=k (mod e) n=k (mod e} n=k (mod e)

Inserting this into (1.3), we get a main term of

4
(1.9 (1+* Y P, Y Ay A Y -k
j=0 d, e M<nsN
n=0 (mod d)
n=k (mod e)

If j=0, the innermost sum is

N-M
[d, €]

+0(1)

and if j=1, it is

log (N—K)/(M—k))+0(1)
[d, €] '

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



574 R. BALASUBRAMANIAN AND K. MURTY

For j=2itis O(1). Thus, (1.5)is

i N—-k A, (d)A
(1.6) (1+k)"<P0(t)(N—M)+P1(t)log(m>> ¥ %e]z_@
(d,;)e|k ’
+O(([t]+D* Y [A@dD)A @]
@k

The O-term is easily seen to be
<zyz, (| + 1)
To evaluate the main term, we see that the sum over d, e is

A, (d)A; (o)

a.7m > Y @ (m).
d, e de m|d
d, o) k m|e

This is seen to be equal to

Z ¢ (m) z A1(mdo)A2(meo)'

2
mlk M dg, ep doeo

Here, the inner sum ranges over pairs d, e, satisfying

1

lIA

zZ z
do==, 1522
m m

(dy, m)={(ey, my=1.

Also note that in the outer sum m must be squarefree for otherwise
A (mdy)=A,(mey)=0. Thus, invoking Lemma (1.5), we find that the main term in
(1.7)is

2
ml|k m

<y uz(m)cp(m)< m +G_1/2(m)>2

Hence the main term in (1.6) is
k
<—— (|Po () [N+]|P, ()] log N).
¢ (k)
Summarizing, the main term of (1.4) contributes to (1.3) an amount

<

o ® (|Po (1) [N+|Py (1) log N)+z,z, (7] +1)%.
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ZEROS OF DIRICHLET L-FUNCTIONS 575

The error term in (1.4) contributes to (1.3) an amount

<Nz |A1(d)Az(e)|
<Nl a;: [d, €]

d,e) | k

+|tl*z, 2,

The first term above is estimated by

5 M@0 5 otmum (v Ly 5 (s L )

d, e [dﬁ €] ml|k m do do md, eg €0 me
@ ek
2 2 2
< Z _____(p(m)p;(m) <log il) <10g Z_Z)
m|k m m m
< (log z,)* (log z,)%.
¢ (k)
Summarizing, the error term in (1.4) contributes to (1.3) an amount
< k |t|* N (log z,)* (log z,)*+z, z, | t]*.
¢ (k)

The Proposition follows.

2. THE MOLLIFIER POLYNOMIAL. — We shall now introduce the following para-
meters. Let us set

Y =(log q)
Z:ql/Z

Corresponding to the choices z, =Y and z,=7, we have from § 1 the weights

_ A=A )

A(n)
log (Z/Y)
We define the Dirichlet polynomial
Ay (n
ns<Z

where ¥ is a Dirichlet character. Then, we have

L6 oM = 3, “OX

where

am)= Y, ()

din
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576 R. BALASUBRAMANIAN AND K. MURTY

satisfies

a()=1

a(m)=0 for 1<ngY.

We record the following estimate.

Lemma (2.1). — For |o|<1/2, and o bounded away from 1/2, we have

(¢+2) - 1 L
T MG, x)|2<—.<q1/2 N S )
% (mod q) (1_20') (log q)2

Proof. — We use the large sieve inequality [D] to get

2
Y M@ pP<@tgy, 2O
£ (mod r) nsz n*°
1 log Z/n \* 1
<(g+Z — 4 1
<@ ){ngYnzc Y<2n:§z<10gZ/Y> nz"}
1-2¢ 1-2c
<«@grp X277 L
1-20 1-20 (log Z/Y)?

The result follows from our choices of Y and Z.

3. THE BASIC EQUATION. — Let us define

S(s, =S, 6 9=

amx@ _,,
— e M

n=1 nS

Let se C with 1>0=Re(s)=1/2. Using the well-known identity

1
— | X*T'(w)dw=e /X,
2ni Jo

we find that for a character ¢,

S(s, x)=L. L(s+w, x)M(@s+w, x)g" T (w)dw.
2wi Jio

Moving the line of integration to the left, we find that

3.1 S, Y)=L(s, x)M(s, x)+% LE+w, Y)Ms+w, x)g"T (w)dw
TlJe-m

where c<n<1.

4° SERIE — TOME 25 — 1992 — N° 5



ZEROS OF DIRICHLET L-FUNCTIONS 577

We can decompose the integral along the line —n into two parts as follows. Suppose
that y is non-trivial. We apply the functional equation

L(s, x)=v (s, X)L(I—S’ i)

where

vis, 0= ~%. (3>1/2<2—”)s—(1/2) sin (f (a+s)>r(1—s).
q T q 2

[Here T () is the Gauss sum, a=0, 1 and 3 (— 1)=(—1)°] Then we truncate the Dirichlet
series expansion of L(1—s—w, y) at Z. Let us set

I(s, X):J._ yY(s+w, x){ x_(nz }M(s+w, 0 q* T (w)dw
270 Ji—q weg HITSTY
and
! x (n) w
I == vG6+w,0{ X = MG+w, 0)q"T (w)aw
27 Je-n nzz
Thus, we get
(3.2) S, )=L(s, DM, ) +1(s, O+ (s 0).

If L(s, x)=0, then S(s, x) and I (s, x)+J(s, x) are equal. We will therefore try to
show that, in general, they are not equal and for this purpose we study their mean
values. We begin with J (s, x) which is the easiest of the three to estimate.

ProposiTioN (3.1). — For |Im s|<1, and 06 <1, we have
(3/2)-¢c

Y 3G 0]<
log ¢

1 #y (mod q)

Proof. — From Stirling’s formula, we know that
Y (s, 0)<g(|s[+ 1)
Using this and the definition, we find that

Z lJ(S’ x)|<q(1/2)—u+“q_n z

1 #y (mod q) % (mod q)

f (w]+ pem=enl 5 X4 T )| dw
(-n nzz

nl—s—w

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



578 R. BALASUBRAMANIAN AND K. MURTY
which by a double application of the Cauchy-Schwarz inequality is

5y X (n)

1-s—w

<q(1/2)—o‘ Z <J(iwi+1)1~20+2n

x (mod q)

2 1/2
7l )

nz7Z

1/2
x(J[M(erw, x)]zlr(W)HdW‘)

<q(1/2)—c< Z J‘(|w[+l)1—26+2n

x {(mod q)

x ()
Z 1-s—w
nzz N

2 1/2
|F(w)||dw|>

x (mod q)

1/2
x( Y J"M(s+w, x)]zlr(w)||dw]> .
Using the large sieve inequality and Lemma (2. 1), we find that

1/2
TG x>|<q“f2>-°{ 5 (q+n>n2<°‘"~1)}

1 #y (mod q) n22
2)~o
X{ (q+Z) . (q(l/ ) :ﬂ +Y1—2(c—n)>}
1=2(c—m) \ (logg)
<q(1/2)_czc_n{g 1 n 1 }1/2
Z[2(c-m-1| |o-n|

(q+Z)1/2 q1/2 ((1/2)—c+n)}
X .
{ |2(c—m)—1]'/? log ¢

Now, let us choose 1 so that it satisfies

1 1
—>|n—c|>§(say)

4
if o0<3/4.
We would then have
q-(3/2)—0
(3.3) Y I <
1#7y (mod q) lo

which proves the result.

4. THE MEAN AND MEAN SQUARE OF S (s, ).

ProposiTioN (4.1). — For any £€>0, we have

Y S N=0(@+0,.(¢" ).

1 (mod q)

Moreover, the same estimate holds if we sum only over non-trivial characters.

4° SERIE — TOME25 — 1992 — N° 5



ZEROS OF DIRICHLET L-FUNCTIONS 579

Proof. — By definition, we have that

o0

zsmm=2%%quxw

%, (mod g) n=1 x, (mod g)
o)
a(n) _
=0l X — ¢ ",
n=1 n
n=1 (mod q)

Using the bound |a(n)|<d(n) <, %, we find that the sum is

01_8 Y £7° exp (—t)).
=1

e‘”“+O£<
q

The O-term is

It thus follows that

Y. S 0=0@+0.(¢""°T.

x (mod q)

Finally,

S 0= F 40 aggon

=1 N

as before. This proves the result.

ProposiTioN (4.2). — We have

1
S| - +1it,
@ 0

For 12< o<1, we have

2

))

¥ (mod q)

= g 0 (9)+O((1+]|1])* qogg) ")+ O(|t]*q(log ¢)*).

2 40 (q)qt?° 4o(q)Y'™2° 20(9)q' %
S(c+it, 1) 2= (g)— + +
et f=e @ g e s t Gog (=207 {log g)(1=29)

o (q)g"?P° o(@q ™
0<(logq)2(1—20)>+0< log ¢ >

1-2¢ 1 —o—1
+O<<P(¢J)q (zgq) {(1+|t|)4+(|t|10gq)4}>

1 —
where for =1, we interpret (1—c)~! to be log gq.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



580 R. BALASUBRAMANIAN AND K. MURTY

Proof. — We see that the sum is equal to

aln)atny) (”—) exp (~(n+n)le) T 101)T0)
nm=1  (Myny)° ny % (mod g)
which is seen to be
@1 ol Yy Lmal) (5’~> exp (~ (1 +7,)/4),
nm=1 (M1 1y) hy

where the inner sum ranges over pairs (n,, n,) satisfying
ny=n,(mod q), (ny, @d=(ny, 9)=1.

We split the double sum into three pieces X, +X,+2%;. In X, we have n, <n,, in X,
we have n, >n,, and in X, we have n,=n,. The estimation of £, and X, is the same,
so we only consider X,. We have

(e} c

4.2) T, = Z a(n,) exp (—n,/q) Z a(n,) exp (—n,/q) ('2)".

nlzl nl n2=1 nz I’ll
(n1,9=1 n2=nj (mod g)
ny>ny

We begin by considering the sum over n,. We must necessarily have n,>gq for if
n,<gq, then n, <q also and so the congruence n,=n, (mod g) would force n, =n,. We
split X, into three subsums X,,, ,, and X, ; where

in X, we have n,=¢ log g
in X, we have g<n,<q log g and n, <n,<q log g
in £, we have n, <q and g<n, <q log q.

In Z,,, we see, by partial summation, that the sum over n, is

0 .
<q—lf VY Jam]l uTCe gy,
gloggq lngu
n=ny (mod q)

We have from Proposition (1.2) that

u
an) | €« ——mm———.
§ 2] ®(g)'? (log g)*"
n=ny (mod q)

Thus, we find that the integral is

1 J‘“’
e — ul Ce gy
q3/2 (lOg ‘1)1/2 glogg
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and this is

o o)
<q1/2—°(10g q)—_1/2 J vl-ce—vdv

log g

<q1/2-—u(log q)- 1/2—6.

Inserting this into the n, — sum, using Proposition (1. 1), the Cauchy-Schwarz inequality
and partial summation, we have
1-¢ 10 1/2-¢
;< a 1/2 ( glqz) +
(1-o)(log g)''*  ¢'*°

q1/2—20 (log q)—a
1-o

<

Now we consider the contribution of £,,. This is

5 a(n)e "M 5 a(ny)e "2 <@>it'
gsn;<qlogq ni ny<nz<qloggq ng ny

1, 9)=1 nz =ny (mod g)

We split the #, sum into O (log log ¢g) sums of the form

—n - )
a(n)e "/ a(ny)e " (nz >n
sty Leemy

U<ny 22U ni ny<np<gqlogq n ny

(ny,9)=1 ny =ny (mod q)

Let us write n,=n, +jg. The above double sum may therefore be written as

e 2n1ld a(ny)a(n,+jq) <n1 +Jq >it
ny

4.3) Y oed oy

c PP
j<loga U<nys2U ni(ny+jq)

(n1, =1
If we drop the condition (n,, ¢)=1, then we introduce an additional sum

4.4 -J 2k akqya((k+j)q) <k+j>n'
- e vedzan GarGer \ K

Observe that as ¢ is prime, and A (n)=0 for n>Z=g'/?, we have

atkg)= Y Md)= ) Md)=ak).

d| kg dik

Therefore, we have the estimate

|a(kq)|<d(k) <, k.
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A similar estimate hols for a((k+;)g). Using this in (4.4), we see that it is
2 z i z E*Zk
<q¢ e’ T T
j<loggq U<gks2u KO 75 (k+j)°F
and this is

<q—20‘

The sum in (4.3) may thus be replaced by

4.5) Z ed Z e 2m1/a a(ny)a(n,+jg) (”1+j‘]>it

o .
j<logg U<ny 22U nl (nl +]q)6 ny

Let us set

Gw= Y a(nl)a("ﬁjq)(m)u-

U<ny Su ny

By Proposition (1.3), we see that for U<u,

Gu<t (<u+(j+1>q)lP(t)l

+(utjg)|t|* (log g)* ).
o () (log ¢)° (utig |1 (o ‘”)

The sum over n, in (4.5) can be estimated using partial summation. We find that it is

equal to
2U 2U e 2u/q
+ J Gud < e )
v Ju u® (utjq)°

Using the estimate for G (u) quoted above, we see that for o #1, this is

G (u) e~ 244
u’ (utjq)

e—ZU/q .] (U+jq)1—6

o) U glooy e (PO (] log )

If =1, then we can suppress the term (1—6)~!. Note that though the coefficients of
P(¢) depend on j and ¢, they are absolutely bounded. Thus,

[P ()| <(1+]])*"
Incorporating these estimates into the sum over j, we find that (4. 5) is for 6 #1

U+jt-cyt-e 1 .
Utjg U e" 2V (log g) "2 L e (|P@[+(|1] log 9%
uJ0)

<3

j<logq q(1-0)
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which is
Ul—cre—ZU/q . ]
<—————— (|PO|+(Jt|log 9*) Y e7 == (U+jo)'~°
g(1-0)(log 9)* i<gg @)
Ul—c
<q' 7 (log )71 7 ———— e V([P (D ]|+(]1] log 9)*).
‘ q(1—o)

Now summing this over U, we find it is
<q' "% (log ¢)° 1 (1—0) 1 (|P (D] + (| t] log 9)").

For 6= 1, we can suppress the term (1~ o) L

Now we discuss the contribution of £,,. By the Cauchy-Schwarz inequality, we see

that
a(n,)? a(ny)e "2t 12
1213'2<< Y ———Zi exp(—2n1/q)>< Y Y —————n5| }
ny<q Py nyq| g<na<qgloggq n;

nz=ny (mod q)

The first factor above is O (1) as can be seen from our discussion of X5 below. As for
the second factor, we see that it is equal to

) :

LY
g<nz,ny<qlogq 2 (n2)

a(n;) ™% a(ny) e <"_>
2

n =nj (moq q)

Again, we split this sum into three sums according as n,<nj, n,=n5, and n,>n5.
The third is the same as the first. Also, we note that the first sum is just £,, which
we have estimated above as being (for c#1)

«g' "> (log @)~ (1= ) (|P()|+(| ] log 9)*).

If c=1, then as before, we may suppress the (1—c)~! term. As for the second, we see
that it is equal to

a (n2)2 e~ 2n,/q

)

20
gsny<qlogg ny

Using Proposition (1. 1) and partial summation, this is

1-2¢

q
log ¢

<

Inserting this into the above, we deduce that

23 <q" P (log @) T2 (|P(0) [+ ([1] log ).
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Finally, we discuss the estimation of X, namely the terms with n; =n,.

a(n)®
nlo

exp (=2n/g)=Y, + Y, +X.

nsyY Y<n<gq n>gq

(4.6) ;= )
n=1
(n,q9=1

Since a(n)=0 for 1 <n<Y, we have

(4 7) Z _ 1 if r=1
‘ nzy 0 otherwise.
Also, by partial summation and Proposition (1.1), we find that
1-2¢
4.8) Y < q

< .
n>q 108(23/21)

Thus, we see from (4.6)-(4.8) that

2
a(n
=1+ ) (23 exp (—2n/q).
Y<nsgg
(n,9)=1

Let us denote the sum on the right by S. We find that
2
s= 3 4O <1+0<f)>.‘
Y<nsgq n ° q

1 a(n)?
<- 2(—)1
g y<nzq N°°

ng=1

1 1 q2—20
< -
q log (z;/z;) (1—o)

1-20

<mq .
(1—o)log g

Now, the O-term is

The main term is equal to

a(n)®
Y<n<gqg n20‘ '
Finally, using Proposition (1.1),
a(n)* a(n)?
Y= Xt Yoy
n<qg N 1=asY Y<nsZ Z<n<qg N
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The first sum is equal to 1 since a(n)=0 for 1<n<Y. Using Proposition (1.1) and
partial summation, we see that the second sum is

(log n/Y) 1 +O< 1 )

v&rez (log ZJY)? n*® log Z/Y

If 6=1/2 this is

Lyo(
2 log ¢

and if o>1/2, this is

2777 <_ 2 +o< 1 )) 4Y! -2
(1-20)(log ) (1-20)(log ¢) log ¢ (1-20)* (log 9)*

Similarly, the third sum is

()
zin<q lOg Z|Y n*° log g

1+O< 1 > if c5=1
B log ¢ 2
( 1 ' 2 (gt~ —Z1 %) 1+O< ! )) if G>l.
1-2c (log q) log ¢ 2

Putting these together we deduce that

o)
neqg N 2 log ¢

a(n)z 4zl—2cr 4Y1-—2<r
Z 20 =l

2  (og @) (1-20)*  (log 9P (1—20)

which is

and for 6>1/2

1-20 1-2¢
2q o < 22 )
(log 9)(1-20) (log 9)*(1-20)
This completes the proof of the proposition.

In the next sections, we shall study the mean square of the integral I(s, x).
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5. THE INTEGRAL R, (s, %). — The purpose of the next few sections is to obtain an
asymptotic formula for the mean square of I(s, x). Recall that fer ¢ #1, we have

1(s, X)=L_j v(s+w, x){ x () }M(s+w, 1) " T (w) dw.
(~n) n<Z

2mi pl=s—w
Thus
where
(5.2) R, (s, y)= ﬁ (a)y“’ sin (g (s+ w+a)>]"(1 —s—w) T (w)dw.

Here a=0, 1, y (—1)=(—1) and —1<38<0is arbitrary, y>0 and 0<Re(s)<1. Notice
that

(5.3 R, (s, =R, (5, y).

The integrand has simple poles at w=—k and w=1—s+k where 0<keZ. Since
1/2<Re(s) <1, these are distinct points. We have the expansion

R, )=y D

y'ksin<E(s—k+a)>F(l—s+k) for yz1.
k=1 k! 2

Indeed, this is just the sum of the residues at the points w= —k, 0<keZ. The condition
y=1 ensures that it converges. Indeed, we have the following asymptotic expansion.

Lemma (5.1). — For s=o+it with 1/2So<1, and |t|<c/10, y21, and 0K e Z, we
have

K

(-l)k —k o2 n
R, (s, )= ) y *sin| = (s—k+a) )T (1—-s+k)
k=1 k! 2
1
5 _S_K—
+O<y K"/Slr(l 8—K s)F(1+8+K)|>
for any 6e(—K—1, —K).
Proof. — We need only estimate the integral defining R, along a line

—K—-1<d<—K. Wewritew=—-K-n,0<Re(n)<l. Writes=c+itandn=p+ivy.
Then,

K

[IT(1=s=w)T W)= []

j=1

1—ﬁ AT +n=9)T(=n)|.
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Now,

Ll
li+n]

B
Jtn

and

2=<1_ o(j+B) >z+ o2y? .
G+P)*+y? lj+nl*

If j+ B >2vy, we see that

2 2 2
‘1—_i g(l— 4o >+ A
jtm SG+B/  4|i+B]
Therefore,
+
ll_.s <1- 4.0 +(1/2)'G [
Jj+m 5+ JjtB
which simplifies to
ll_.s §1_30/'10—|t|.
jtm JtB

Let us set
u=u(m)=max ([2y—p], 0)+1

where [x] denotes the greatest integer <x. We deduce that

-2
Jtn

Il

j=u

Moreover

-8

Jjtn

§<1+3—°> <l.
5y

Note that the sine term in the integrand is bounded as a function of %.

jsu

There is a similar expression and estimate when y<1.
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LEmMMA (5.2). — For s=o+it with 1/2<0<1,
de(l1—o+K, 2—o+K), we have

t|<o/10, 0<y<1, 0<KeZ and any

R, (s, y)= —sin (g (s+a)).r(1—s)

B Z (—l)kyl_s+k sin <E(a+k+1))l“(1—s+k)
k=1 k! 2 '

+0 (K| T2-s—8+K)T (3-K)|).

In both cases, we see that for s as above (that is, s=o+if, and 1/2<o<1 and
|t|<5/10),

Ra(S’ y)<cl

Finally, we define

(5.4) mk=mk(s)=(;—:)ksin (g(a+k+l)>I‘(1—s+k).

The argument of Lemma (5.1) shows that for s=o+it, with 1/2<c <1, we have

(5.5) o () <k,

6. AN EXPRESSION FOR THE MEAN SQUARE OF I(s, x). — From (5.1) and (5.3), we see
that for a fixed a=0 or 1, and an s, we have

I 2_2 2m\*1 x(m1)k(m2)
Y I npP=== ) —— i
1+ (mod g) T\ ¢g mi,ma,ny,np<z My MR "y
(- 1)=(-1)° (m1,q)=...=(n2, g)=1
2nn, - 2mn, -
xR, <S’ ) R, (S, - Z x (my ny)x (ny my).
ml mz 1#ymodg

r(-1)=(-1*
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Notice that we can drop the condition (m,,q)=...=(n,,g)=1 since 1<m,,...,n,SZ<q.
Observe that for (mn, g)=1, and ¢ odd, we have

S 1 — N
IPTOTIORED) x(m)x(n)+%(—1)“ T 1 (=m) T
1 #y (mod gq) 1+#y 1#y

1(-1)=(—1)°

i

N | —

e Y xEemxm

e=+1 1#y

1 .

E(p(q)——l if m=+n and a=0
-1 if m#+n and a=0

= %q)(q) if m=n and a=1

—%(p(q) if m=-n and a=1

0 otherwise.

Applying this to the innermost sum, we see that this is

R Y0 Y ) Wy Y. M—-K,(s, 31‘_”_1> Ra(f, %)
T

S 085 ,1-5,.1~s
€ my,ma,nq1,n3<Z myhpyny “ny my m,

myny=engmy(mod g)

minus
2 _ _ A(m)A(m 27n 2
s@z@mrige y R i)-s-R°<s’ > o <§’ nnz)‘
n my,my,ny,mp<z MyMHNy "R my h,

(mymanynz, q)=1

Here, 8(a)=1—a. If we designate the second quantity as |I(s, 1)|?, then setting a=0, 1
and adding, we deduce that

6.1 Y I )= Tlt CR* lo@qg' TS (5, P+ST (s, 9)
%, (mod q)

where

Si (S, q)= Z )"(ml)}"_(:nzl)_s_

s 05 1
mi,my, ny,np<z MiMHNy "Ny
my ny = £n1 my (mod q)

) .
x[RO(s, nnl)R0<§,2nn2>:tR1<s,2nn1>R1<s',gﬂ1£>].
my m, m m,
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Note that if s=1/2, this can be rewritten as

Si<%,q>= Z A (m) ) (m,)

1/2
my,my my,my<z  (MyMynyny) /
(miny, gg=(myny, qg=1

X[Ro<l,2nn1>R0(1’2nn2)iR1<1’2nn1>R1(1,2nn2>:|
2 my 2" m, 2 my 2 m,
1 2] 1 1
12, ¢) == s*(~.q)+s (~.4))
(2 X> n‘p(q)< <2 q) <2 q))

Let us also define, for ¢=0, 1

S* (s, q; @)= y 7‘(’"1)3”_(:7121)—51{0 <S, 2“”1) R, <S—, 27”’2)

S .S
my,my,n1,mp<z MG H R "Hy m m,

and

(6.2) )

% (mod gq)

mjnz=tny my (mod g)

so that
S*(s, 9)=S%(s, g, 0)£S* (s, g, 1).

Our estimations are complicated by the unusual way in which the four indices of
summation m,, m,, n,, 0, are interlaced. Our goal in the next sections will be to show
that the main contribution comes from those terms where m,n,=n,m, and
n, 2(127)ym,, n, <(1/2 1) m,.

7. ESTIMATE OF THE NON-DIAGONAL TERMS. — We wish to show that the terms in
S™ (s, ¢; a) contribute a negligible amount to the right hand side of (6.1). Since m,, m,,
ny, n,<Z and m n,= —n, m,(mod g), this means than m, n,=q—m,n,;.) (Notice that
for the same reason, the indices in S* (s, ¢ a) statisfy m, n,=m,n,).

Lemma (7.1). — For 1/2Z506<1, we have
1 o—1

+ 9 .
(1-0)*(log 9)*> (1-o)log g

Proof. — We wish to estimate the sum
R,,(s, 2nn1>Ra S, 2nn, .
my m,

Z l’“(m1)l|7‘(m2)[
Without loss, we may suppose that m,n, <(1/2)q. A consequence of this is that
m, n,>(1/2)q and so

S7(s, q; A<

G ...06 ,1—c 1—
1Smy, mp, ny,np<Z MM N n;

myn3=q-m3ny

]
§Z<m1,n2<Z.
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We may also suppose that m,, m,, n;, n, are squarefree. Notice that we must have
(m,, my)=1. We consider two cases.

Case 1. — m,<n,.

In this case, we must have n,=m, g(modm,) where m,; denotes the inverse of m,

modulo m,. Moreover,
2wn
R,{s, 2
m,

5 |\ (my)] 5 |2 (my) | 5 *L(q—mln2>6—lﬂg

m
< 2.
n;

Thus, we can rewrite our sum as

my<Z m5 (1/2)Z<my <Z ms ny =gy (mod mp) né_ m, n,
ny>mjy
(1/2)Z<np<Z
1—
<zet Y I?»(mz)l y I)”(ml)l z( 1 > °
202 ] —
my<z M3 (1/2)Z<my <Z my np \q My Ny
«ze y Bool oy ROJI(-mEY
ma<z M5° Amz<mi<z My ° 2

< 72072 Z p‘(mz)l Y ')”(ml)l

26—1
my<z M 1/2)Z<my <Z my

sooz ] < logZ +ZZ_Z"—1> 1

<Z
logZ/Y\2—-20c (2—206)* /logZ/Y

< qc—l 1 ) 1
< + .
c—1 (logg)(1—06)?/logg

Case 2. — my2n,.

In this case, we. write the congruence condition as m,=g¢n,(modm,). Since
(1/2)Z <m, <Z, this implies that there are at most two possible values for m;. Thus,
we see that our sum is

l)“(mz)l z __1_ Z |K(m1)| ( m, >1_c

W2z<my<z M5 mysmy M3 ° (ynzem<z M3 qg—mn,
(1/2)Z<nz<Z my =qny (mod m3)
A(m 1 1 1 1
< I 2—23| Z i- 76 1=
(12 Z<my<z M3° (/2yZ<np<z N3 ° logZ|Y Z° (q—Zn,)' ~°
< 1 Il(mz)l j"'Z dt
‘< - @
Zz—c(logZ/Y) (1/2)Z<ma<Z m%‘hl (I/Z)Z(Z_t)l._c
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< 1 logZ/m,
Z (log Z/Y) (1/2)Z<my<Z IOg Z/Y
1
< 5
(logq)

This proves the result.
Finally in this section, we shall show that |I(s, 1) |* is negligible.

Lemma (7.2). — We have for 1/2<o< 1

|I(S 1)l2 < ql—c <1+ ql—c )'
’ (1-0)’\  (1-0)*(logg)

If =1 we have

|I(s, 1)|* < (log Z)*.

Proof. — By definition, we have

16 pp=2omeige xS g (280 g (5 280 )
n mi,ma, ny,ny<z MM Ry TH; my my

(mymzngnz, q)=1

The n, and n, sums are estimated as < Z°/c. To estimate the sum over m; and m, we
observe that for o#1,

‘ 1-¢ 1-o
Y [2.0m)] §Zl°g(z/m).i+0<Y >< : <Z +logZ>.
o m® log(Z)Y) m° (1-0) (logZ/Y)(1—0c)\l—0c
Using this estimate, we see that

5 L —20 ZZO' 1 Zl -c 2
TG, D|* < ¢' "= +logZ
o? |(logZ/Y)(1-o)\1-0c

and this simplifies to the stated expression, given our choices of Y and Z.

8. THE DIAGONAL TERMS. — We are now reduced to the study of the sum

@®.1) %(m)“”m(q)ql‘%

X

A () k. (my) (

N

S § ,1-s5s,1—
my,ma,ny,np<z MR “Hy
(mynz, ¢y=1
mynz=myny _
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Ra<s, 241)
my

For future reference let us denote by s the set of quadruples (m,, m,, n,, n,) included in
the above sum. Then, the sum in (8.1) can be written as

Let us define

(8.2) D,(s)= Y M 2

S S .1
myma,ny,np<z My M N "Ny

myny;=mzny

%(2 et @ D, (5)+D, ().

20

We define a splitting
D,(5)=M,(s)+E,(s)

where in M, (s), we range over those quadruples (m,, m,, n;, n,) in (8.2) which in
addition satisfy n, £(1/2n)m,. (Note that as n,/m,=n,/m,, we will then also have
ny=(12mym,.)

We shall henceforth assume that 1/2<oc<1. The case =1 can also be handled, but
it will not be necessary for us. Moreover, we suppose that | 7| is sufficiently small in
the strong sense that

|2] < !
logq'

We begin our study M, (s) by replacing R, (s, (2ntn;/m,)) with the Taylor expansion of

Lemma (5.2). We find that
K 1-s+k
sin(g(s+a)>l“(l—s)+ (2“”1> o
k=1

my

(8.3) M,()=Y —mhm)

5 5
nty my ny 2

2

i +O<(2nn’>6K‘°F(2~8+K—0)F(8-—K)>

m

where we recall (from (5.4)) that

(=D
T k!

k

sin<g(a+k+1)>r(1—s+k)

and 0<KeZ and 1-o+K<8<2—-c+K. Expanding, we find that M, (s) splits into
a main term and an O-term. We shall now analyze the O-term with the help of the
following lemma.

LemMA (8.1). — For any B>0 we have

5 () || M (my)] <ﬂ)ﬂ< ! ' (logzy.

my,my,my,mpes (M My)° (14 nz)l_c my 2o+B-1) . (27‘3)2“‘”‘1
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Proof. — We use the fact that

and

|[A(m)|<1 for all m.

Note that 2o+ f>1. Then, denoting m, n, by j, we see that the sum is bounded by

(8.4) Y !

26+p—2
T 2
my, my (’,’11’1’12)264-B ! Jj

where the inner sum ranges over integers j satisfying
1
lgjs —mym,
2n
j=0mod[m,, m,].

Let us set

i=(my, my).

Then [m,, m,]=m, m,/i and (8.4) is

<Z[m15 m2]20+ﬁ—2 ~1_ m, m, )20’+6'1. 1
(mymy)*° P71\ 21 [my, my) 20+p~-1

1 1 i
< . . .
26+B—1 Q2m)>**P"! “m m,

Moreover,

<y 43 v 2

mymy;  mysz My ilmg ms@ziy M

< (logZ)*.

i

)

This proves the lemma.
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Now, the O-term in (8.3) is, for any 0£KeZ and any | —6+K<6<2-0c+K,

< | A (my) || A (m,)] <2nn1

(mymy)°(n, ”2)1 N\ my

K 1-o+k
+¥ (21‘&) oo |
m

k=1 1

>8K“’/5F(2—0—5+K)F(6—K).

(

sin(%(s+a)>l"(1 =)

+<21tn1>8K46/51—*(2_0—5+K)F(5—K)>-

my
Now using (5.5), we find that the above is
<K . (logZ)*.|T(2-06—-3+K)I'(6—K)|2n)

4

1 1
2G+8—1 (2,’.c)20'+5_1

sin<g(s+a)>l"(1—s)
K

+ Z Imkl(zn)l—c+k
k=1

1 1
"o+8+k (2m)etotk

+|F(2—c-8+K)F(8—K)](Zn)SK‘°/5(2c5+28—1)‘1(2n)1‘2°”25}.
Choosing 8=(3/2) — o+ K, this is

< K~ 1-0/5 (10gZ)3 {

sin<g(s+a)>r(1—s)

+K! T HK }

Finally, choosing

K =(logq)*°
shows that the O-term in (8.3) is
8.5 <|T(1—s)]. (logg)~*.

Now we analyze the main term of (8.3), namely

K 2 1-s+k
sin<g(s+a))r(1—s)+ ¥ < "”*) @
k

=1 my

2

A (my) M (m,)

s n = n =S

8.6 X

For this purpose we utilise a more refined version of Lemma (8. 1).
LemMma (8.2). — We have for any w with B=Rew>0

A (my) A (m;,) (ﬁ)‘”<(2ﬂ)1_2"_ﬂ 1
o “1-20—8 'logq.

G ...6 .1—¢c_,1—
my,my,ny,mpey WML R "1, my
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Proof. — We see that the sum is

= % M<ﬂ>2 g DA v oeoa,
my, my,ng,mpe S m?mgni‘cn;-o m, L Smpmy<Z (,n1 m2)20+1+w

where the inner sum ranges over integers j satisfying
j=0(mod [m,, m,])

1
lsj< ﬂ”ﬁ m,.

Setting j=j, [m,, m,], and i=(m,, m,) as before, we see that the sum is

A (my) A (my) [y, my]v+2e2

— 20—2+w
T= Z 26— 1+w Z Jo :
1Smy, my<Z (my my) 15josi/2n
Since [m,, m,}=m, m,/i, this may be rewritten as
1 A(m)A(m,)
— 26—2+ 1 2
8.7 T= 3 jetre Y w5 Y —~ U,
12jos(1/2mZ 2rjogizz 1 1smy, mysZ mym,
(my, my)=i

The innermost sum can be written

L AUALAUD)

(8.8) S 2
J1J2

where the sumation ranges over pairs (j,, j,) satisfying
V4 z
15/,5—, 15/, —
i i
U1 J2)=1

We may suppose that ij,, ij, are squarefree (else A (ij,) A (j,) will be zero). In particular,
this implies that (j;, /)=1 and (j,, {)=1. Applying Lemma (1.5) to (8.8), we find that

1 1
E.

(i PN
(8.9) S<<(p(i)+0'_1/2(z )> .logz(Z/Y) z
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Substituting this estimate into (8.7), we find that

1 1 1 i 2
T ———. Jee2re S ,—(—, +to. (iz))
log?(Z/Y) 1§jogz(1/2n)z ° 2ni02§:i§l 207240 2N\ 9 () 1
<__L Z jrem2+e Z 1
(logq)? 15jost12mz mjosisz 0P
< 1 (2m)t=2e-B ¥ l
(1-20—PB)(log g)* 15jo=(1/20Z Jo
I @t
logg 1-206-PB

Here, we have used the fact that

Ly G_1,( i
o@)
is bounded on average. This proves the Lemma.
We now apply Lemma (8.2) to analyze (8.6). We find that it is equal to

A(my)A(m,) {

2

m,mynt~Sni~*

sin<§(s+a))r(1—s)

K 1-s+k
+2 % Re<sinf(s+a).r(1—s).<2’”’1> @,
k=1 2 m,

K
1-e+k 1-c+k
_ <2nn1> o (Znnl) 2(7)}
k1 k2
ki,kz=1 my m,y

25 _Mm)A(my)

)

sin<g(s+a))r(1—s)

ek
. 1-20-(1-0+k)
+O< y ___}_t(zn)l—c+k Sin<E(s+a)>l"(1—S) 1 (@2n) )
oy kel 2 logg 1-20—(1-0c+k)
c 1-26—(2-20+k; +kj)
+O( Z __;__ (2n)2_2“+"1+"2 1 (2m) 17%2 >
g =1 (ey ko)1 logg 1-20—(2—20+k, +k;)

By our assumption that | 7] < (logg) ™" we may ignore || in the estimations below. We
observe that the sum over & in the first error term is

K

1 (2,":)1—2«
,,; K (k+to)
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Since 6 =(1/2), the double sum over &, k, is

K

» Qmt-2° . { (logK) always
ko=t k) (ki +k,+1) [ Qo—171  if o>(1/2)

We also note that if o is close to 1/2, it is sometimes more convenient to use the first
estimate. Recalling that K= (log 4)*°, we deduce that

2

A (my) X (m;)

(8.10) M, (s)= Y . sin(g(ﬁa))r(l—s)

S S 15,1~
(my, mp,ny,n)ey MM N "1,

ni=(1/2m) my
1
(o-ioea) i )
Q2o-1)logg log g

where 26— 1 is to be interpreted as (loglogg) ! when c=1/2. By an entirely analogous
argument, it can be shown that

1
8.11) Ea(s)=0<~—1——>+0<——
(2Qo—1)logg Jdogg
with the same interpretation of 2c—1 as above.

To summarize, we deduce from (6.1), Lemma (7.1), Lemma (7.2), (8.1), (8.9) and
(8.10), (8.11) that

Y |l

1 #y (mod q)

sin<g(s+a)>r(1—s)

sin<g(s+a)>r(1—s)

2

= 1 @m)2e1 P (‘z)1
T

q2cr

(3

2
. (m
sm<~(s+1)>‘ >|I“(1—s)]2 Y P T
2 (my, my,ny,ny)es MMM "Ry
n1 £(1/2r) mq

+O<_(p(q) min( ! ,loglogq>>+0<(p(q)|r(l~s)|)+O< 9" )
g*° 'loggq 2o-1) q*° "' (logq) (1-o)logg

q'7° 0 (q) 1
+O<(1—G)2>+O<qz°_1 (1“0)4(10gq)2>'

9. ANALYSIS OF THE MAIN TERM. — We shall now analyze the sum in the main term,
namely,

A(my) X (my)

5

+

aef A(my) X (my)
N(G) - st ms_nl-—snl—s‘
170278 2
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where the sum ranges over quadruples (m,, m,, n,, n,) satisfying

1Emy,my,n,n,<”Z

myn,=msyn,

ny = —my.
27

We note that N (o) is well defined since the relation m, n,=m, n, makes the right hand
side independent of the imaginary part of s.

As before, we set j=m, n,=m,n,, i=(m,, m,). Note that given m,, m, and j, n,
and n, are uniquely determined. We may thus rewrite N (o) as

NE= 3 hem)kem)

1Smy,my<Z (mlmz)zc !

Z 2 (c—1)

where the inner sum ranges over integers j satisfying
1
15j£s—m m,
2xn
j=0  (mod[m,, m,)).

We can rewrite N (o) as in (8.7). Thus, setting j=j,[m,, m,] and i=(m,, m,), we
get

©.1 N@©)= Y o~ 22 -2y MDA ()

1§j0§(1/2n)l J1J2

where the sum over i ranges over
2nj,<i<Z

and the inner sum ranges over pairs (j;, j,) satisfying
V4
©-2) 1sis2, 1sj<?
v i i
U J)=1
Notice that we can also stipulate that
(9.3) iSmin(m,, my)<Z
and that
Uy, D=0, H=1.
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We write the innermost sum of (9.1) as

9.4) pIALALIVANS A > KE) g (el (iel)
JiJ2 el e? 112 L1,
eljz

where on the right, e ranges over

and [, I, range over

(el,, N=(el,, H)=1.
Writing
A (m)—A,(m)
(logZ/Y)

we find that (9.4) breaks up into four subsums of the fofm

9.5) Z“("){z Ag(ielo} {Z A,,aelz)}

(log Z/Y)2 nooh P

A(m)=

where g, he {1, 2},z,=Y, z,=2Z
LeMMA (9.1). — Define

X, ﬁZ“e(f){z Ag(iell)}{z A,,(ielz)}

3 11 2 12

and let z=min(z,, z,). Then,

If i<z, then

. 2 o . . 2
(9 6) X = Eu(e)u( )2 ( ) _l_oc( .0-1/2(1)1. >+0c< 0_1/2(1‘) - )
9 (ie) ¢ (1) (log 2 Z/i)y* (log 2Z/1))*
Proof. — The first assertion is obvious from the definition of A, and A,. Therefore,
suppose that

IA
o
A

V4
a
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We have

_vH(E) p (iely) Zy p (iely) I
Xg,h z e {lézzg/ie L log(iel1>}{lzézzh/ie L, log<ielz>}
] 3 ()} 3 (3]
11 Szglie 11 ely Lsaie | iel,

(1,ie)=1 (3, ie)=1

Using Lemma (1.4), we have for any ¢>0,

2
_Zu(f—’)u( )2{ +0 (c_l/z(ie)log_c(¥>>} .
(e) e

There are two error terms &,, &, (say). The first is

2z
ie

&, <, Z ie .G _y(fe)log™ (

I, +Z
2 ¢ (ie) ) z

where in £,, e<_/z[/i and in Z,, \/Zi§e< z/i. We have

. _l_ . 1 G_12(€)
<L oo OG0ty eo

o_y(0)i

“ o () (log 22/

Also,

22<Z )0 1/2() %(:)

/i
()\/

o_y, ()i
‘¢ (i) (log (2z/i)Y

<0 _1p()—=

for any ¢>0. The second error term is

1 2
&, <c22§0—1/2 (ie)* 10g-2c<_'f>

ie

2z
<,0_1, ) z o_y,2(e)* log™? (w)
—2c
<c0'—1/2(i)2<10g2—,z>
i
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for any ¢>0. The last estimate is obtained by proceeding as with &,. This proves the
lemma.

Now, notice that if i<Y, then

e) . ie \?
Xi172X, ;1 X, = ) u—(2~u(ze)2<—.>
Yii<eszji € o (ie)

fo) < c5—1/2(1.)" >+0 ( G—1/2(1.)2 >
"\ 9 () (log 2 Y/i))* "\ (log 2 Y/i))
The contribution of such terms to N (o) is

1 Z jg"‘z Z i»zc< P + 0_1/2(1')1' + 5—1/2(i)2 >

<—
(l0g Z/Y)? 1sj052/2x 2mjoisY ¢(D?Y @@ (logY/D) (log2Y/i)

and this is

. logZ
(logZ/Y)*
1
< (logZ/Y)?(2c—1)

if o=1/2

if o>1/2.

On the other hand, if i>Y, then X, =X, ,=0. Since

N@)=— y  je2 29 (X, = 2X, 4 X, )
02 ZIY) 10 2mz woéiéz 11=2X 2+ X,
we deduce that
: j20 - i~ ple) . ie \?
(9.7) N(O’)=_ z ]20 2 Z j~2 Z u(le)2< . >
1082 (Z/Y) 15j0itzmz - micgize  1sizi € (o)
i>Y

O( ! { ! orlogZ})
log2(Z/Y) | 1-2c

0< 1 Z jgc—zzi—zc{ 0'—1/2(i) + i } 0'—1/2(1') >

IOgZ (Z/Y) 4 <jos(12mZ (log(2Z/i)) (i) ) (logRZ/i))

The first O-term is
1 1
Lk— o> —
|1—20](logg)? 2

and

<

N | =

(logg)
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Let us simplify the second O-term. If o>1/2 , we interchange the i and the j, sums
and we find that this O-term is

1 Z\"°°¢
<4‘~_—Z —26<10g~_> Z jéo’—Z
(log g)* 1<jpsi

1 1
< .
(logg)’ 20—1

If o=1/2, then the O-term is

<
(log2Z7y

(The value of ¢ is not the same at each occurrence.) Summarizing, we have proved that

o1 o 20 u(e) ( ie >2
9.8) N(o)= 20-2 2 2
-8 N log?(Z]Y) 1§jo§z(:1/2n)zjo 2non§:i§zl 1522/1 e o (ie)

0<;) it o=t
logg 2

! ! if c5>1
(logg)* 20—1 2

Note that in the above sum, we may suppose that ¢ and i are squarefree.

10. THE MAIN TERM: CONTINUED. — Let us define the constant

2 1
2——~ _ 1-——+— )& .45
362 pll( (P—2)(p+1)>pl:[z( (P"l)z)

The main result of this section is the following.

Prorosition (10.1). — We have
Y I 0P =c6 Dol@+& (o).
1#y (mod gq)
Here,
1 C 2
el = +it,q)==2|T 1—it (coshm 1)
2 T 2
and for 1 >0>1/2,
2C 1 1-2¢
clo+it, =2 — |T(1—c—if)|*(coshn )2
n 2o0-—1 logg
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Also,

g<1> < 9(oglogg)
2 loggq

and

q2—20 1
f(o) < min , loglo
@ e ((20—1) & gq)

if 1/2<0£3/4 (say), while
& (o) < ¢*7*°(logg)?

if 3j4<c<1—(1/logg).

Proof. — We saw in (6.1), § 7, and § 8 that

(10.1) Y e

1#y (mod q)

2

=l(Zﬂ)z"“IF(I—S)|2N(0)<D(q)q‘_2°< +
I

sin(%s) sin(%(s+l)>

ol . 1 <p(q)|F(1~S)l>

1 hAC /AR SRV

+O<q2“'llogqmm<(20~1)’ °g1°gq>)+°< 7 ogg) )
q'~° q'=° o (9 1

O((1~o)logq>+°<(1—0)2)+°<q2°‘1 (l—o)“(logq)2>'

We shall now study the main term of N(c). From (9.8), we see that it is

)

(10 2) = 1 Z j2cr—2 Z i2—2au(i)2 H(e)
. 0 0
Ing(Z/Y) 15jo2U/20)Z 2mjoSisZ o (i) esZji ? (e)?
i>Y (e,i)=1
4 27291 (i)? 20— uie)
e D I 5 el p o)
(logg)* " 2:5isz ¢ @) 1<jo<i/2n eszii 9(e)
i>Y (e i)=1
We note that
i 2c-1 1
(———) . +0(i?*~?) if o#1/2
Z o= 2 201
1Zjo<i/2n

log<i>+0(1) if o=1/2.
2r
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We easily check that the contribution of the O-terms is

<

(logq)

which is negligible.
If we replace in (10.2) the sum over e with

p(e)
e=1 (P (6)2
(e,i)=1
we introduce an error of
< _r ot if o# !
(logg)* 20—1 2
and of
< 1 if o= l
logq 2

In any case, it is negligible.
Notice that

ne) V11 <1—~—%> if iiseven
e~ (P(e)2 - pri (p 1)
ne1 0 if iis old.

We see that for o> 1/2,
N(c)= 1 1 4 1_[<1_ 1 )Z n(i)?i 0 (1 1 >—1

@2m)*°~! 20-1 (logq)® ;52 @P-1D?*)ice 90 piw2 (p—1y?

+o<_1_>+o<—l—. ,_1_>
logg (logg)? 206—1
On the other hand, for the case = 1/2 we have

1\ 1 4 in2 (i) < i ) ( 1 )-1
10.3) N(=)=T1(1 log( 1
(19-3 <2> pl:[z< (P*1)2>(10gq)2i§en 9 ()? %\ 2n sz> (p—1)?

+o(_L>.
logg

Here, the sum over / has range

max(Y, 2m)Zi<Z, i even.
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Also, note that as i may be assumed squarefree, i/2 is odd. We observe that

i (@) (1_ 1 )‘1=4u2(i)' P ) w0
0@ i (p—1)? i e (= (=11 e, 2]

where ¢, (n) is defined by
o(m)= 3. o, (n).

din

Thus, the sum over i is

2 @) i N |
2Z<p1<i/2)1°g<2n> oy
w2 () . _
0, ]2) >

This sum can be estimated as follows. We first observe that for Re(s)> 1

» C0L_ (e 2),

i=1 @, () 55, (r—2)p°
iodd
Now,
-1
(a0 (i)
-2 P r (P=2)(p*+1)
Thus,
Hz(i)i 3/4
Y ———=C;x+0(x**
i<x (Pl(l
iodd
where

2 2
Ci=- 1+ — )
382 pl:[2< (P—Z)(p+1)>

By partial summation, it follows that

222/2 uz(i)l?gi=2jz/2<logu>d<Z uz(n)n>
i=1 ¢, () 1” u nzu, @1 (1)

=C, (logZ)*+ O (log 2).
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Similarly,

0]
2 Z ~=2C,log(Z/2)+0(1).
iszi2 O, U
iodd

Substituting this information into (10.3), we find that

N(1>=c2+o(_1 )
2 logg

C2=C1.I—[<l L )z.45

p>2 (p—1)?

where

Similarly, if 6>1/2,

(2,“:)1—-26
26—1 (logg)?

Inserting this into (10.1), and observing that

N(o)=4C,.

1
(1qu+0(1))+0(w(logq)2 oo 1)>.

[sin (x+iy)|* +|cos(x+iy)|*=cosh2y
we deduce that

Y I nP=ct o@+e

1 #y (mod gq)
where
2
% r l—it (coshm?) if o=l
, T 2 2
c(otit, g)= Ac . e |
222 Ir(-o—if)|*(coshn )L if o>-
n 20—1 logg 2
and

q2—2cr 1 q2—20' q2—20'
é°=0< min( ,loglogq>>+0<-———-—~>+0(___—>
logq 2o-1 (1-o)(logq) (logg)*(1—o)*

ql—c
+O<(1_0_)2>+é"1(0)

and

6’1(1 <1
2 logg
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and for 1/2<o<1,

2-20

q
(1-0)*2o—1)(logg)®

£,(0) <

In particular, we see that if c=1/2

& < g(loglog q).
logg

If 1/2< 0 <3/4 (say),

2—20
q

1
min , loglo
logq ((20—1) ® gq)

&<

and if 3/4<o<1-(1/logg)
¢ < ¢*~*(logg)*.
This proves the result.

11. NON-VANISHING AT A FIXED POINT. — The main result of this section is the following.

TueoreM (11.1). — Fix a © in the interval 1/2Lc<1. Then, for all sufficiently large
primes q, ‘

L(o, x)#0

Jor a positive proportion of the characters y,(mod g).

Remark. — The proof will produce a lower bound for this proportion. Notice that
how large ¢ must be taken will depend on o.

Proof. — Let us fix s,€C with 1/2<Res,<1—(l/logg). We return now to
(3.2). For x+#1, we have

S (50, X)=L (50, X) M (59, X) +1(50, X) I (505 1)-
Thus,
Y. S50, X)=2." (T (Sg» 1)+ T (50s XN+ S (50, 1)

r#F1

where )’ ranges over y#1 such that L(so, x)=0 and )"’ over the remaining non-trivial
x(modgq). By Proposition (4.1), we have

Y, S(s0: X)=0(9)+0,(g" °").

r¥1
Thus, we have

2" S (s, N=0(q)— Y. (L(sg, 1)+ T (50, X))+ O, (g" %)
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and consequently,
5S (50 D2 0@~ (50, )+ (50, 1) +0, (g2~
" Now, if we assume that |Tms, | <1 (say), then
|22 @U(sor ) +T (S0 N Y110, 0|+ 2T (50 0|

2 q(3/2)—5
<@ Q| 1(so, x)|2)1’2+0< )
logg

by Proposition (3.1). Now using the main result of § 10, namely
Y10, D=0, 9)-9 (@) + (o)
we have
|3 A (s0r 0+ (500 WS /e 0 D 0 (@O (/0@ E(0)+0 (g2 (logg) ™).
Thus,

1278 (s, 21— Jelso, D)0 (@) +0 (@' ")+ 0( /o (@) (o) +0(¢** " (logg) ™).

On the other hand, by the Cauchy-Schwarz inequality, setting 4" (s4, ¢) to be the number
of y (mod q) with L (sy, %) #0, we get

|27 S (s0s 1) [P S A (50,0) Q1S (50, ) |)-

From now on, we shall assume that r=1Im (s,) satisfies |#| < (logg)™*. Suppose first
that o,=1/2. We have from Proposition (4.2)

1
S{ = +it,
) (2 x>
We deduce that

% (mod q)
2 log1
0@ (1- /cGo, D) +0(q, /%)gmo, 9)(1+0 ((log )™ *12).

2
= gcp(q)w(q(log o).

Thus,

5 — loglogg
N (8o, q)ggcp(q)(l"\/cz) +O(q\/—l—og_'q—)'

i=| (o _1 1 +1

J—[ 075 qu:| )
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Thus,

I j—1 1 j
R A S
2 logg 2 loggq

We will suppose that g is sufficiently large that j=2. Then Proposition (4.2) gives

—j+1 Y200 ,-20-1

. 2_ _ € —_
(1.1 x(ngdq)IS(o-o-i—”O’ X)l (p(q){l G— 1)2 + G— 1)2 j—1

+o(e_2j(1+l+m___1 ))}
ogg\' j  (ogg)*(1—o0y)

—j+1 Y1 2%  ,-20-D

_ _ € _ —j
"(p(q){l G- G-y g e )}'

Also, if o, is bounded away from 1 (say oy <3/4) then

1 logl
Y 1 L(sos %) |*= ¢ (505 q)(p(q)+0<qe 2’m1n< og 0g4>>.
11 j—1" loggq

If 3/4<oc,<1—(log g)~*, Then

Y X0, X) [*=c (50, 9) @ (9) + O (ge™ > (log g)*).

x#1

* .
We see that under our assumption on ||, we have

(8o, q)= 2’1“(1—cs)|2 _2’+O< ! >
logg

Putting all these estimates together, we deduce that
N (so, )2 (2 t0 (1) 0 ()

Where

(1—e™7 _2C,/nj|T(1-0,)))?

%=
A=G—D7 2 ——-(—1) e 2¥2

12. NON-VANISHING AT A VARIABLE POINT. — In the previous section, we showed that a
positive proportion of the L (s, x) are non-zero at a given real value o of s in the critical
strip. Now we shall refine this to a statement uniform on a line. Up to this point, we
have made no significant use of the parameter Y. We shall now choose it to be Y =¢4/4.

THEOREM (12.1). — Suppose that q is a sufficiently large prime. For a positive proportion
of the x (mod q), L (s,) does not have a real zero in the region 12+ cflogg<oc<1. Here,
¢>0 is an absolute constant.
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Proof. By the functional equation, it suffices to concentrate attention on the region
c=1/2. Itis well known that there is at most one y with a real zero in the range

1—(logg) " '<oc<l.

Thus we consider

1 2
-+ " -<o<l—(logg)~*!
2 loggqg
and split it into intervals
: v
2 logg 2 logg

of length 1/logg. Here 2<;<(1/2)logg—2. We count the number Z(j, g) of x (mod gq)
for which L (s, ) has a zero in I, For each y, let 6(x) denote a point in [}, and let
c=0;=(1/2)+(j/logqg). Let C=C; denote the circle of radius r=r;=2/logq about
c. We have by Cauchy’s theorem

Z a(”)X(n)e—n/q_z a(n)X(n)e—n/q

ne w
= —-—~1 j { Z a(l’l)X(n)e—,./q}< 1 1 ) w.
2ni)c Ua>y n* w—o(y) w—o

Let us denote the left hand side by Sy (o, o,, x) and let us write w=u+iv. By (a
variant of) Proposition (4.2).

C

n>Y n>Y h

2

(12.1 3, Za(n)x(n)n_wexp<——§>
q

% in>Y
a nZ (3/2)—u
—o(g ¥ +0<—q )
Ysngqg N (1-2u)(logq)

+O(ql‘“(logq>3/2)+0(q2-2"(log P 1)

for 1>o0>(1/2)—(1/logg). Now

Z a(my (")e—n/q

n>Y n

Z‘Sdiff(o', Gy X)Izéz ﬁ;(L

x X

lavl)
(.

1 1

w—o(y) h w—ao

2
)
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and
J 1 2|dw|=J‘ cw-o 2|dw|
clw—o(x) w-o clw=o()(w—o)
< (r/2) .
T (rf2)?

~2n

r

Therefore, for j=1, we have by (12.1) (see also (11.1)) that

! amrm .l
.| Saier (0, O X)|2§—fz y 20D ) gy
x 2nrje’y In>y n
a(n)® .

e J

=(p(q)<y§zn§q TamrG-amed | 0 )>-
We observe that

a(n)?
Y<ns<gq n2 ((1/2) +((j — 2)/10g q))
logn/Y 1 i .

yensz (log Z/y)Z nlT@2j-4)logq) zonsq (logZ/Y) plt(2j-4)logq)
and this is seen to be

~ 4 {Y—(21—4)llog 9 —77-(2j-4)logq } — 2 q~(2j—4)/logq
(~2)? j=2

and this is

4 _ . o 2
(e 12(-2)_ -G 2))_ e~ (2i—%,

(-2)? Jj=2

(Here, we have used the fact that Y=g¢'*) Let us denote the above expression by
f(—2). Ifj=2 we have to replace the above by

§+omww*)
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Then,

2

5 AOLC) g

n° )

gz{z

X

(12.2) ¥

x

n>Y

5 AOLE) -,
nO’

n>Y

2
+ Z l Saite (0, G,, x) |2 }
X
L8 (@S MNHf(G—)+o(e7)).
It is convenient to introduce here the notation

st 0= 3 2L e

n>Y

Clearly, it is equal to S(x, x)—1.
Similarly, we have

Yo, DIP£2{X |1 0 *+ 2| Lar (0, 0, 07}

where now,

1 1 1
Ii(o, 0, )= —| I{(w, - dw.
gie ( x X ZRiL ( X)<w—0'(x) w_o_)

As before, if j<log g/loglogg, then by Proposition (10. 1), we see that

1
Y | Loee (0, G, x>|2§——jzll<w, 0| dw]
x rjecx

2%
2. (1 loglogg
<—¢(g)| clsy, 9+O0(ge ¥ min| -, ===} |2nr
2nr 7 Tloggq
=(P(Q)(C—2_|F(1—oo)|2e—2f+0<e—2j10g108l1>>’
nJ logq

If j=log g/loglog g, the last estimate above is replaced by
é@@(gl.lr(l —0p) |ze"2j+0(€'2j(10gq)2))-
nj

The same estimate holds for

Y |1(o, 0%

Hence we deduce that

O (e —2j (log log g/log q)) if j§ 3 /4 log q,

1 4C i
— Y |l(o, NP —2|T(1~op)Pe™ ¥+ :
Yo, VP o IT(1-o0g)|*e {O(e—ZJ(k,gq)z) otherwise.

0@ 5
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Finally, a calculation similar to the one above and in Proposition (3. 1) shows that

2o, 0P < g2

4
With that established, we return to our basic equation
S(o, W=L(o, WM(o,, x)T1(o,, D+I(o, 1)
and deduce that

(12.3) Y |L(o, XM (o, 0133 ([S* (o, VP +[1(oy, VI +|T (o, 0.

Using the estimates established above, we see that the right hand side is

124)  S30@ (300 G-+ LT A-a)Pe Yo )

nj

Now let us set Z(j, ¢) to be the number of characters y (mod ¢) such that L (s, ) has a
real zero in the circle C;. It follows immediately from (12.3) and (12.4) that

F<1_j+(1/2)>
2 logg

zG, q)§3<p(q)<8(f(1)+f(i—2))+%

2
e’2j+o(e‘f)>.
If we sum this over j=j,, for some absolute constant j, we see that we have

1 32 . , 32 . . .
Z(j, q)§3 ( (e—(l/z) (1—2)_6"(J—2))+ —'—(e_(l/z”—e_’)-l-o(e_’)).
(P(q) j;zjo j;o 0_2)2 ]2

If we choose j, sufficiently large, we see that the right hand side is<1. This completes
the proof.
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