ZEROS OF ENTIRE FUNCTIONS

BY
HANS-J. RUNCKEL

Introduction. This paper is the outgrowth of the author’s Ph.D. thesis written
under the supervision of Professor A. Peyerimhoff, whose paper on zeros of power
series [4] has been the starting point.

§1 contains some lemmas due to A. Peyerimhoff, which are needed in §2.

In all theorems (with the exception of Theorem 4 only) of the remaining part of
this paper, real entire functions f(z) of finite order with infinitely many real and
finitely many complex(?) zeros are taken as starting point.

Then in §2 functions of the form g(z) = A(z)f(z) + B(z)f'(z) are considered where
A(z) and B(z) are real polynomials. In Theorem 1 upper bounds for the number of
zeros of g(z) in the complex plane with the exception of certain real intervals are
obtained. In certain instances the exact number of zeros is obtained. At the end of
§2 examples are given which show that the results of Theorem 1 are best possible.
Questions of this kind have been considered by Laguerre and Borel especially [1],
[2] for the particular case g(z)=f"(z). One of the results of [4] deals with functions
8(z)=eof (2)+zf"(z) where « is real and f(z) of order < 1. The method of proof of
this result has been generalized in the present paper.

In §3 a couple of theorems (2, 3, 5, 6) which are derived from Theorem 1 are
partly slight generalizations of known theorems, especially of Laguerre [2], [3],
[5], [6]. These theorems deal with questions of the following kind. If one has some
information on the zeros of the entire function f(z)=3 a,z", one wants to gain
information on the zeros of F(z)=> a,G(n)z", where G(z) is an entire function of
a certain type,

For Theorem 4, which is known already, a short proof is given here which is
independent of Theorem 1. From this theorem follows immediately the well-
known fact that the Besselfunctions of real order > —1 have real zeros only.

From Theorem 6 Hurwitz’s Theorem on the complex zeros of the Besselfunctions
of real order < —1 follows as a special case.

In Theorem 9 functions g(z)=of(z) + z!f"(z) are considered, where « is real, / odd,
and f(z) is a real canonical product of finite genus. Then the exact number of
complex zeros of g(z) is obtained. Especially we find that for « >0 and / odd the
functions « sin z4z' cos z and « cos z—z' sin z have exactly I—1 complex zeros.

1. In the proof of Lemma 1 we will need some elementary properties of differ-
ence quotients. In the following we suppose that f(z) is a holomorphic function.
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(*) Here “complex” means “nonreal”.
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Difference quotients which are undefined shall be defined by the corresponding
differential quotients.
Let
_[@~fz)
Azif (Z) - z—2;
and recursively we define

Bz 2 f(@) = B, (B;, .5, f(2))

This operation on functions f(z) is homogeneous and linear, and for products
S(2)=8(2)-h(z) we have A, (g(2)h(2))=g(z:)A,h(z)+h(2)A;,&(z) and, as can be
proved by induction on /:

A.....(8@DH(2) = g(z)A,,.. . ,M2)+h(2)A,,.. ..,8(2)

M 1-1
+ Zl (A,...218E)]2=20 11 8c. . 20, P(2)-
Let C, denote the exterior of the interval [1, +c0) with respect to the finite
complex plane and C, the exterior of the intervals (—oo, —1] and [1, +00) with
respect to the finite complex plane.
Then we can prove the following lemma due to A. Peyerimhoff [4] for which a
different proof is given here:

LEMMA 1. Let f(z)=Py-,(z)+z" |1, (1/(1—zt)) dg(), where Py_,(z) is a real
polynomial of degree k—1 at most (P..,(z)=0 if k=0) and g(t) is real and weakly
monotone on —12t<1 with g()#£g(—1).

Then f(z) is holomorphic and has at most k zeros in C,. Similarly if f(z)=P,._(z)
+2* {3 (1/(1 —zt)) dg(t), where g(t) is real and weakly monotone on 0=t 1, then
f(2) is holomorphic and has at most k zeros in C;.

Proof. We give a proof for the first part, the proof for the second part being
similar.

If k=0, then f(z)=[", (1/(1 —z¢t)) dg(?).

If zisreal, z=x, f(x)=f" , (1/(1—x?)) dg(t)#0 for — 1 <x <1 since g(1)#g(—1).

If z=x+iy with y#0, consider

70 - [ EDaw - [ iR woy [ e
Then

m @) = [ g de© # 0,

since y#0. Therefore zf(z)#0 for z#0 and f(0)=g(1)—g(—1)#0. Therefore, if
k=0, f(z) has no zeros in C.
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Assume now k1. Then f(z)=P,_,(z)+z* [*, (1/(1—zt)) dg(t) and we prove
by induction on k that for z, z,, 2, . . ., z, € C; we have
1
1
@ S = [ TR 0

This is trivial for k=1 and A, ., (Px_.(2))=0 is trivial for any k.
Assume now that (2) holds for k—1 instead of k. Then

PARE 1
A =
2"'1"'21(1—zt) (t—zt)(1—zy2)- - - (1 —2z_12)
Now apply (1) with A(z)=z and g(z)=z*"!/(1 —zt). Then

Zk—l zk—l
AZk...Zl(_ITZ-; Z) = (Azk_l...zl(l__?))
1 zt
(=20 -z =2y A =2D(A=220) (A =21
1
T U=z =z10) - -(1—2zxl)

Now we assume that f(z)=P,_,(z) +z* [*, (1/(1 —zt)) dg(¢) has at least k zeros
Z4, ..., Zi in Cy. Then

Do)+ 2
2Z)+ 20, (_)
e wa\ T2

2=

which proves (2).

I C R !
R e = s = el I =y (e e R0

If k is even we may assume that z,, ..., z, consists of pairs of conjugate complex
zeros and of real zeros of f(z) in C,. Then (3) gives:

D¢ o dg(x)
Gz Gz [ 20, where () = f U=z (-2

is a real monotone function for —1 =¢#=<1. According to what has been proved
already [, (1/(1—zt)) d¥(t) has no zeros in C, and so f(z) does not have more
zeros than z,, ..., z,.

If k is odd and f(z) has at least k zeros in C,, then f(z) has at least 1 real zero in
C,. Otherwise f(z) would have at least k+1 complex zeros z, ..., Zy, Zx,; in Cy
which we can assume to consist of pairs of conjugate complex zeros. Especially
we assume that z,,, , =Z,. Then (3) gives .

@ I
“) Cz) G-z [ Tz —zn

where

t dg()
) = f—l (I-z7) - -(1=z_y7)

is a real monotone function for —12¢<1.
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In (4) the left side is holomorphic in C; and vanishes at z=z,, , =Z, whereas the
right side is (%, (1/|1—z,t]?) dy(t) #0. Therefore, if f(z) has at least k zeros in C,,
where & is odd, f(z) has at least one real zero in C,. Now we apply the same argu-
ment as in the case where k was even to the k zeros z,, . . ., z, in C,, where we now
can assume that z,, . .., z, (k odd) consists of pairs of conjugate complex and of
real zeros (at least one) of f(z) in C,. This again shows that f(z) cannot have more
than k zeros in C,.

LemMMA 2. If P(z) is a real polynomial of degree | and g(t) is real and weakly
monotone for —1<t<1, then for z € C,

PO [ e = P+ [ LD 4

where P,_,(z) is a real polynomial of degree |—1 at most.
A similar formula holds if the integrals from —1 to 1 are replaced by integrals
Jrom 0 to 1, and if C, is replaced by C,.

Proof(%). h(z)=P,(z)—z't'P(1/t) is a polynomial in z of degree / at most which
vanishes at z=1/t. Therefore h(z)/(1 —zt) is a real polynomial in z of degree /—1
at most.

The same is true of |1, (h(z)/(1 - zt)) dg(z).

LeMMA 3. If I<k and g(t) is real and weakly monotone for —1=t=<1 then

1 1 1 tk—l
i — k -
z L I dg(1) = Pus(2)+2 f_l L dg(t) forzeC.
A similar formula holds for z € C, if the integrals from —1 to 1 are replaced by
integrals from 0 to 1.

Proof(?). h(z)=z'—z*t*~!is a real polynomial in z of degree k& at most which
vanishes at z=1/1.

Therefore h(z)/(1—zt) is a real polynomial in z of degree k—1 at most. The
same is true of |1, (h(z)/(1 —zt)) dg(2).

2. We assume that f(z) is an entire function of finite order p which is real for
real z and which has finitely many complex zeros and infinitely many real zeros.

If r, (n=1, 2,...) are the absolute values in increasing order of the zeros z,#0
of f(z) then there exists a smallest nonnegative integer p (the genus of the sequence
r,) such that >3, 1/ri=cc and 37, 1/ri*1<co. Then always p<p and p=[p]
if p is not an integer [6]. The convergence exponent ¢ of r, is the greatest lower
bound of positive numbers « such that >, 1/r& <oo. Then always p<o=<p+1.

(?*) I am indebted to the referee for simplifying the proofs of Lemmas 2 and 3.
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From Hadamard’s factorization theorem [6] follows that f(z) can be written as
W @ =20 ] (1-2) exp lolzat Glza?f2+ - +alzaYlp]
n=1 n
where Q(z) is a real polynomial of degree g with g <[p] and

].i[ (l_zi) exp [z/z,+ - - - +(Z/Zn)p/p]

n=1 n
is the canonical product of genus p associated with the zeros z, which, as an entire
function is of order o [6]. Then always p=max (g, o) [6].
Now we consider the entire function (of order <p).
g(2)=A(2)f(2)+ B(z)f'(z) where A(z) and B(z) are real polynomials of degrees
a and b respectively, where we agree that always 520 and A(z)=0if a= —1.
With this notation we have the following

THEOREM 1.

Case 1. Let f(z) have infinitely many positive, finitely many negative and finitely
many complex zeros (f(z) may have a zero at z=0).

Let a, denote a real zero of f(z) with multiplicity e, such that all real zeros of B(z)
are less than a,. All real zeros of f(z) which are bigger than a, are denoted by a, in
increasing order with multiplicities o, (n=2, 3,...). If B(z) does not have any real
zeros, a, can be any real zero of f(2).

Then at each point a, (n=1, 2, ...), g(z) has a zero of multiplicity «,— 1 exactly
and between each pair a,, a,., (n=1,2,...) g(z) has an odd number of zeros.

Let k be the number of zeros of f(z) which are different from a, (n=1,2,...).
Then the number of zeros of g(z) besides the trivial zeros at a, and besides one zero
between each pair a,, a,,, (n=1,2,...)is

1. exactly b+p+k ifpsp<p+landaz<b+p—1or

if p=a=p+1,q<pandasb+p—1,

2. atmost b+p+k if p does not satisfy 1 and if ab+p—1,

3. at most a+k+1 if a does not satisfy 1 or 2.

(Always p<p<p+1 is true if p is not an integer.)

Case 1. Let f(z) have infinitely many positive, infinitely many negative and finitely
many complex zeros (f(z) may have a zero at z=0).

Let a, denote a real zero of f(z) with multiplicity «, such that all real zeros of B(z)
are less than a,. All real zeros of f(z) which are bigger than a, are denoted by a,, in
increasing order and with multiplicities «, (n=2, 3, ...). Similarly let —b, denote a
real zero of f(z) with multiplicity B, such that all real zeros of B(z) are bigger than
—by. All real zeros of f(z) which are smaller than —b, are denoted by —b, in
decreasing order with multiplicities B, (n=2, 3,...). If B(2) does not have any real
zeros, — b, and a, can be arbitrary real zeros of f(z) with —b, < a,.

Then at each point a, and —b, (n=1,2,...) g(z) has a zero of exact multiplicity
o,— 1 and B,— 1 respectively and an odd number of zeros between each pair a,, a,, .
and —b,,,, —b, (n=1,2,...).
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Let k be the number of zeros of f(z) which are different from a, and —b, (n=1,
2,...).
Then the number of zeros of g(z) besides the trivial zeros at a, and —b,, and besides
one zero between each pair a,, a,,, and —b,,,, —b, (n=1,2,...) is
1. exactly p+b+k ifpisodd, p<p<p+landa<b+p—1, or
if p=o=p+1,pzqanda<b+p—1,

2. exactly p+b+k+1 ifpiseven,p<p<p+1,asb+p,

3. atmost b+k+p if p is odd and does not satisfy 1 or 2, a£b+p—1,
4. atmost b+k+p+1 if p is even and does not satisfy 1 or 2, a<b+p,

5. at most a+k+1 if a—b is even and a does not satisfy 1-4,

6. at most a+k+2 if a—b is odd and a does not satisfy 1-4.

(Always p<p<p+1 is true if p is not an integer.)

REMARKS. A similar result as in Case I holds for functions f(z) which have
infinitely many negative and finitely many positive zeros. One only has to replace
g(z) by g(—2).

The results in Cases I and II remain correct if B(z) does have real zeros of even
order between zeros a,, a,., and —b,, ;, —b, as long as they are different from all
a, and -b,.

Proof. In the following we assume thata, =1and — b; = — 1. This can be assumed
without loss of generality, since we can replace the variable z by az+f where
«, B are suitable real constants.

From the assumptions made about f(z) it follows that according to Hadamard’s
factorization theorem in Case I f(z) can be written as f(z) = K(z)e*®II(z), where

10 = L[(1=3) e [s(Ge o G )]

and in Case II as f(z)= K(z2)e?®11,(z)I1,(z), where

o= [1(-2 [l 1))

o= 1) e £ G2

In Case I K(z) is a real polynomial of degree k, whose zeros coincide with all
zeros of f(z) which are different from a, (n=1, 2, ...). Q(2) is a real polynomial of
degree g with g < [p]. p is the genus of the sequence a,.

In Case II K(2) is a real polynomial of degree k whose zeros coincide with all
zeros of f(z) which are different from a, and —b, (n=1,2,...). Q(z) is as in Case I
and p is defined by

and
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Substituting the expressions for f(z) in g(z)=A(z)f(z)+ B(z)f’(z) we obtain in
Case I
g = e®lI(4K+ BK'+ BKQ' + BK(II'/11))
and in Case II
g = e®IL[I1,[AK+ BK' + BKQ' + BK((I13/11,) + (I15/11,))].

Here

m o, 1 zP? < o,
™= 2 (z—an+a"(5;+m+ a, )) or =72 ai(z—a,)

n=1 n=1
Therefore in Case I

= % 4 4 P S _..._C"‘_
@) g=e H(AK+BK +BKQ'+ BK: (Zl ag(z—a,,)))

and similarly in Case II

O

@) g= eQH1H2(AK+BK'+BKQ’+BKz"(nZ eyt 2 ﬁ))

Since in Case I B(z) and K(z) do not have zeros for z2qy it follows that g(z) has
an odd number of zeros between each pair a,,a,,; (n=1,2,...). Similarly in
Case II B(z) and K(z) do not have zeros for z2a; and z< — by, so that g(z) has an
odd number of zeros between each pair a,, a,,, and —b,,,—b, (n=1,2,...).
From now on we assume without loss of generality that in Case I B(z)K(z)>0
for zz a; (otherwise replace g(z) by —g(z)) and in Case II that (see the definition
of pin Case II) 37 ; o fab =00 and > ; «,/ab* < o0, and that at the same time
B(2)K(z) >0 for z =z a, (otherwise replace g(z) by g(—z) and/or g(z) by —g(z2)).
Now in Case |

ia_(z_a) le—z(l/an)(a”“)= -], =

with p(£)=21/0,2: anfabtt for 0<t<1, y(¢r) being nondecreasing for 0=r<1.
This gives

1
g = eQH(AK+BK’+BKQ’—BKz" fo T_l—ztd'y(t))-

We now use Lemma 2 to obtain

BEKG) [ g d0) = Prysa(@+ oo [ EEUORU g

where P, ,_1(z) is a real polynomial of degree b+k—1 at most. With #(¢)=
J& 7 +*B(1/r)K(1/7) dy(7), n(t) being nondecreasing on 0=<¢<1, we finally obtain
in Case I

1
“) g = eQH(AK+BK'+BKQ’——z”PHk_l(z)—z"”’”‘ I L
]
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In Case IT we put

0

oy o . o,
Zm“f o) withn@) = > Zforosrsl,

1llap =t “n

B
(Z+bn) f 132 td}’z(t) with yo(?) = 1/g<t pr+i for0t<1,

yl(t), yz(t) being nondecreasing for 0=<¢=<1.
Now

[me = oden-0

and from (3) follows

g = e°H1H2(AK+BK'+BKQ’—BKz"
1 1 0
“(J, a0+ [ -0))

Here (—1)?y,(—1) is increasing for —15¢=<0 if p is odd and decreasing if p is

©)

even, Define
Y(#) = —vl=t) for -1 2420 .0 o
= 7.(?) for0st=s1 fpiso
and
Yt) = yo(—t) for—1=t=0
if p is even.
= y,(t) for0¢1
Then (5) gives
1
©6) g= e°H1H2(AK+BK'+BKQ’—BKzP f — d,,(,)).
-1 -

Using Lemma 2 again we have

BOK® [ ) = Pross(ey ez [ EEUDRUD gy

-1 1—zt

where P, -;(2) is a real polynomial of degree b+k—1 at most.
If p is even we use Lemma 3 in addition to obtain

J‘l 2% B(1/0)K(1/t) d(t) = c+zr t“"”B(l/t)K(l/t)d (0)

-1 1—2zt 1 11—zt

where c is a real constant.
Finally we put

w0 = [ PBAKUR A for -1 3

IA
IA

< 1lifpis odd,

IA
.
IA

t
(t) = f 4R 1B(1n)K(1[7) dy(r) for —1 < ¢ < 1if p is even.
-1
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Then we obtain from (6)

1
g = eQH1H2(AK+BK’+BKQ’—z”Pb+k_1—z"”’*"f 1 lzt
—.1 -

20)
if p is odd,
(7) g = eQH1H2(AK+BK'+BKQ'——21’Pb+k_1_czp+b+k

o
__ op+btk+1l : :
z f—1 =7 dn(t)) if p is even.
From the assumptions made about B(z)K(z) without loss of generality it follows
that () is an increasing function for —1<¢<1.

In Case I we obtain

1
1—2zt

g = e°ll (P(z) -z J: dn(t ))

and in Case II
1
g = eQHlﬂz(P(z)—z’ f Tl—ztdv)(t)) if p is odd
_1 -

and
1

-zt

g= eQH1H2(P(z)—z’+‘ fll i d-q(t)) if p is even.
Here /=p-+b+k and in all three cases P(z) is a real polynomial.

To these three expressions we apply Lemma 3, if necessary, and then Lemma 1
in order to obtain that in C, and in C, respectively g(z) has at most as many zeros
as stated in Theorem 1.

If now the same proof is carried out with a, instead of q;, so that k has to be
replaced by k+«;, the upper bound of zeros of g(z) in C¥ and C¥ respectively,
which is given by Lemma 1, is increased by «;. But in the statement of Theorem 1
these additional «; zeros are already counted with the trivial (¢, — 1)-fold zero of
g(z) at @, and with one zero of g(z) between a, and a,. Here the * in C¥ and C#
refers to the fact that now we assume without loss of generality that a,=1.

This argument can be repeated with alla, (n=3,4,...)and all -4, (n=2,3,...),
which shows that besides the trivial zeros g(z) has at most as many zeros as stated
in Theorem 1.

It remains to show that in some special cases listed in Theorem 1 the upper
bound for the number of zeros of g(z) actually is the exact number of zeros.

In Case I with /=p+b+k we obtained in (4) that

1
—zt

8@ = @) P2 [ L i)

if p<p<p+1 and asb+p-1, or o=p=p+1, q<p, and a<b+p—1. Here
P,_,(z) is a real polynomial of degree /-1 at most.
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We now consider
1
h(z, 7) = -rP,_l(z)—z’f L) for0srsl.
o 1—2t

Then

a0

h(z, 7) = tPi_1(2)+2°Py - 1(2) + B@)K(2)2"

n=1

%y
(lﬁ(Z - an)’

which shows that for each 7, 0= 7=<1, A(z, 7) has a simple pole at a, and an odd
number of zeros between each pair a,, a,,, (n=1,2,...).

We now want to determine a circle S around the origin such that h(z, 7)#0 for
zeSand 0=7=1. With z=re' we have for rz1l and all 071

h(z, 7)

zl—l

h(z, 7)

Lz(1-21)
|Im T

o N—z1?

P_y(2)

zl—l

v

dn(t), - lIm’r

;’Im

v

v

. 1 d’y(t) C1 .
risin 0|(c2J‘o Tt ri) r2) with ¢, ¢g > 0,

using the fact that z>**B(1/0)K(1/t)2 ¢, >0 for 0=¢<1.
Here

fi dy(1) >f1 dy(t) >f1 dy() , 1 [ ay)
o (1470 = Jup (L4r1)* = Jup 2r1)* = 4r% Jup 2

Therefore
1
|A(z, 7)| = |z|'~2|sin 0|(£"IJ ‘M_cl).
4 1/r t
From the definition of ¢(r) follows

®) 1‘1L(’_).=Zﬁ

ur r=an aﬁ
and therefore lim,_, o, {1, dy(t)/t=00. This shows that for 0= <1
©)] |A(z, 7)] > O if r is sufficiently large and sin 6 # 0.

Ifz=—rthenforallr21and 0271

str-e) 2ol ko)
S d0-c) 2 e [ a0 —c

which is >0 if r is sufficiently large according to (8)(%). The constants c,, ¢ are > 0.

h(=r, )] 2 r"l(r f:

(®) Since r §i (@)1 +r) 2% [1,dv@®)]).
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If z=r, we choose r, large enough and close to, but <a,, for some m= 1, so that
(9) holds for 0 < 8 <27 and such that

1

This is possible since h(z, 7) has a simple pole at each point a, (n=1,2,...).
Let now S be the circle around the origin with this radius r,. Then |A(z, 7)| >0 for
all ze S and 07 =1 so that |k(z, 7)| 2 ¢, >0 for these z and 7, since |h(z, 7)| is
continuous as a function of (z, 7) € Sx [0, 1].

Therefore (1/2mi) [ (K (z, 7)/h(z, 7)) dz is continuous as a function of = for
0<7=<1 and therefore a constant. Since A(z, 0) has an /-fold 0 at z=0 and at least
one zero between each pair of poles a,, a,,, and since h(z, ) has at least one zero
between each pair a,, @,,., (n=1,...,m—1) forall 07 =<1, we have

H(z, 7)
ZTrZJv h(z 'r)d _[

Together with what has been proved earlier we obtain that h(z, 1) or g(z)=
e*?T1(2)h(z, 1) has exactly / zeros besides one zero between each pair a,, a,,;
(n=1,2,...) and besides trivial zeros at a, of multiplicity «,— 1.

In Case II with /=p+b+k we have obtained in (7)

—|P_y(r)] >0 forry £r<a,and0 7= 1.

) if p is odd,

2(z) = eoflll'[z(P,_l(z)—z’ f_ll 1

1
2(z) = eQHll'Iz(P,(z)——z’“ f 1 L ) if p is even
-1
and if the additional conditions of 1 or 2 in Case II of Theorem 1 are satisfied. Here
P,_,(z) and P,(z) are real polynomials of degrees /—1 and / at most.
We now consider, similarly as in Case [ for0=7=<1

h(z, 7) = 7P,_y(z)— 2" ﬁl 1

(10) = 1P, _1(2)+2°Py i1 +2°B(2)K(2)

< Oy < Ign
x (Z @yt O 2, bz(z+bn))
if p is odd and

1
h(z, 7) = -rP,(z)—z”lf T
-1

(11 = tP(2)+ cz'+ 2Py, _1 +2°B(2)K(2)

"(i ey T Z br(z+bn))

if p is even.
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In both cases A(z, ) has for each =, 0£7<1, a simple pole at a, and —b,
(n=1,2,...) and an odd number of zeros between each pair a,, a,,; and — b, ,,
—b,. Similarly as in Case I we now want to determine a curve .S around the origin
such that i(z, 1)#0 forze Sand 0= r<1.

With z=re*® we have

h(z, h(z, v . 1 1 c o
(12) ;—_;) 2 |Im %—T) 2 r|sin 8| (f_l m dn(t)—r—;) if p is odd,
1
(13) @ = ’Im h(zz_’l") > r|sin 0|(f B zt|2 dn(t)— ) if p is even.

This holds for all =1 and all 0< <1 with constants ¢, and ¢, which are >0.
Now we use the fact that (w.l.o.g.) we have assumed >7_; o,/ab=c0 and
S® 1 ajaltt<oo and that t**¥B(1/)K(1/t)=c3>0 for —1<¢=<1. Then in both
expressions (12), (13) we have if p is odd
1 1 b+k 1 1
f , Ztlzdn(t) =f ! B(l/t)K(l/t) d)’(t) ; c dYI(t) > f d)'l(t)

. |1—zt|2 3 ), M=zt = ), T+re)

d)’l(’) fl d'}’l(t)

>
= Ca ur (2rt)? = 4r? t

Similarly if p is even

[ o = [ i P a0 z o | 72

o 1=z 3 ), T=zt?

and now this is

> ijl tan(t) _ ¢ Ydyi(t)
1r

= 4r2 12 4"2 1r t
Consequently we obtain for all 07 <1 and r21 from (12), (13)

Ih(z, )| = ri=|sin 19|(“"8 d”l(’) cl) if p is odd,

1r

h(z, 7)| 2 ri-Ysin o|(%f ‘1”-;(1)—%) if p is even.
1/r

Similarly as in Case I [}, dy,(t)/t=1,, 5, on/ab and therefore lim, .o [, dy:(t)/t
=00 so that

(14) |A(z, 7)] > 0 for all0 £ = < 1 if r is sufficiently large and sin 6 # 0.

We then choose r; large enough and close to, but <a,, for some m;z1, such
that for all 0= 7<1, |h(z, 7)| >0 for r; £z<a,, and such that (14) holds for all
r2ry.

Similarly we choose ro=r; such that —r; is close enough to but > —b,, for
some my > 1 with |h(z, 7)| >0 for —b,,<z< —r;and all 07 1.
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Now we can define the curve S as follows:
S:z=re? for —72 0= 72, z=rye’ for 2 < 0 £ 372,
z=1re® forr, £r<r, z=re " forr, £r =,

Then |A(z, 7)| >0forze S and 0 < 7 £ 1 and since |A(z, 7)| is continuous as a function
of (z, 7) € Sx [0, 1] we actually have |A(z, 7)| 2 ¢, >0 so that

s . (i)

is constant with respect to = for 0<7=<1. Similarly as in Case I this integral is
=/ if pis odd and =z/+1 if p is even. Together with what has been proved
earlier it follows that g(z) has exactly / zeros (exactly /+ 1 zeros) besides at least
one zero between each pair a,,a,,, and —b,,;, —b, and besides the trivial
zeros at a, and — b, of multiplicities «,— 1 and 8, —1 respectively if p is odd (if p is
even).

Finally we want to end this section by giving some examples which show that
the results of Theorem 1, Case II cannot be sharpened.

Let g(z) =e#'®?* cos z with real B#0. Here p=2 and p=1. Furthermore let

Y(2) = ap(z)+2¢'(z) = e¥'P?*((a+Bz?) cos z—zsin z) with real « # 0.

We now apply Theorem 1, Case II, 1 to g(z)=z sin z—(a+8z%) cos z, where in the
notation of Theorem 1 f(z)=sinz, a=1, b=2, a,=n, —b;=—=. From this
theorem and from g(—z)=g(z) follows that g(z) has exactly one zero between
each pair of consecutive positive and negative zeros of sin z and that g(z) has
exactly two complex zeros and exactly two real zeros in (—w, m) if «, B have the
same sign. In particular in (—#/2, 7/2) g(z) has no zero if o, 8<0 and exactly two
zeros if «, 8> 0.

We now apply Theorem I, Case I1,6 to g(z)= — («+Bz2%) cos z+z sin z where
we consider cos z as f(z), a=2, b=1, and a,=7/2, —b, = —=/2. Then g(z) also
has exactly one zero between each pair of consecutive positive and negative zeros
of cos z. Besides these zeros g(z) has exactly four zeros (2 complex and 2 in
(—7/2,n/2)) if «,8>0 and exactly two zeros (2 complex and no zeros in
(—7/2, n[2)) if o, < 0.

Therefore if «, >0 the upper bound, as given in Case 1,6 is reached by g(z)
and if «, <0 it is not.

At the same time ¢(z) and y(z) are examples which show that Case II,1 and
Case 11,4 are best possible.

In Case II,1 the condition p < p<p+1 cannot be replaced by p<p=<p+1, since
in the above example p=2, p=1, but if «, >0, y(z) has exactly four zeros besides
one between each pair of consecutive positive and negative zeros of ¢(z).

In addition this example shows that the upper bound, as given by Case 11,4 is
reached. On the other hand if «, 8 <0 this upper bound is not reached.
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Finally we want to show that Case 11,3 and Case II,5 are best possible also. Let
@(z) =e®#®%* cos z with real 8#0. Here p=3, p=1. Furthermore let ¥(z) = A(z)g(z)
+ B(z)¢'(z), where A(z) and B(z) are real polynomials of exact degrees 3 and 1
respectively.

Then y(z)=e®¥%g(z) with g(z)=(A(z)+Bz2B(z)) cos z— B(z) sin z and we also
assume that P(z)=A(z)+pBz2B(z) shall have degree 3 exactly. From Theorem 1,
Case II,1, applied to g(z) with f(z)=sinz, a=1, b=3, a;=n, —b; = —m, follows
that g(z) has exactly five zeros besides one between each pair of consecutive positive
and negative zeros of sin z if P(z) has its real zeros in (—m, ). If we choose B(z)
and P(z) such that B(—w/2)>0, B(#/2)<0 and P(0)>0, P(w/4)— B(=[4) <0,
P(—7/4)+ B(—n/4) <0, P(—7) <0, P(7)>0, then g(z) has exactly four zeros in
(—m/2, n/2) and exactly five zeros in (—m, 7).

If we choose B(z) and P(z) such that B(—m/2)<O0, B(w/2)>0 and P(z)=0
then g(z) has exactly two zeros in (—=/2, n/2).

Now Theorem 1, Case II,5 applied to g(z) with f(z)=cos z,a=3, b=1, a,=7/2,
— b, = —m/2 shows that g(z), for both choices of the pair B(z), P(z) also has exactly
one zero between each pair of consecutive positive and negative zeros of cos z.
In addition the upper bound, as given by Case II,5 is reached by g(z) if g(z) has
four zeros in (—n/2, 7/2).

At the same time ¢(z) and y(z) are examples which show that the upper bound,
as given by Case II,3 is reached in one case, while it is not reached in the other
case.

In a similar way one can find examples which show that Cases I,2 and 3 are
best possible by using cos 4/z or 1/z sin 4/z.

3. In the following let f(z)=>7_, a,z" denote a real, nonconstant, entire
function of finite order p and with f(0)#0. Especially we want to restrict f(z) to
the following two types (for the definition of p and g see the beginning of §2):

M) 1) = cﬂ(l—ci) with > Je,|* < o
n=1 n n=1

(i.e. either p<1 or p=1 and p=¢g=0),

@ f@) =ce* ]| (l_cz)ez/c" with > e, 2 <
n=1 n n=1

(i.e. either p<2 or p=2 and g<p=1).

Here b and ¢ shall be real and ¢#0. Furthermore let F(z)=>7_, a,G(n)z",
where G(z) is a real entire function of the following two types:

(A) G(z)=e> T 1 (1+2z/a,)e#, where each «,>0, B real and 3., oy 2 <c0.
It is also allowed that G(z) has finitely many (negative) zeros only.

(B) G@)=(z—oy)+- - (z—ay), where e, .. ., o, >0.
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Then always F(z) is a real entire function of order £ p. Having some information
on the zeros of f(z) we want to gain information on the zeros of F(z). The following
theorems, with the exception of Theorem 4, can be deduced from Theorem 1.
The proof of Theorem 4 is independent of Theorem 1.

THEOREM 2. Let f(z) have infinitely many zeros but only k zeros which are not > 0.

(@) If f(2) is of type (1) and G(z) of type (A) then F(z) has at most k zeros which
are not >0.

(b) If f(2) is of type (1) and G(z) of type (B) then F(z) has at most k+m zeros
which are not >0.

If f(2) is of type (2) and G(z) of type (B) then F(z) has at most k +2m zeros which
are not >0. Besides F(z) is of the same type as f(z) and has infinitely many positive
zeros. A corresponding result can be obtained if f(z) has k zeros which are not <0,

THEOREM 3. Let f(z) be of type (2) with infinitely many real zeros of both signs
and 2k complex zeros.

(@) If G(z) is of type (A) then F(z) has at most 2k complex zeros.

(b) If G(2) is of type (B) then F(z) has at most 2k +2m complex zeros and is of
the same type as f(z). Besides F(z) has infinitely many real zeros of both signs.

THEOREM 4. Let f(z)=exp (az®)h(z) where h(z) is of type (2) and a £0. Furthermore
let f(z) have real zeros only (or no zeros at all). If G(z) is of type (A) then F(z) has
real zeros only.

THEOREM 5. Let f(z) have infinitely many zeros but only k zeros which are not >0.
Furthermore assume that G(z) is of type (B) having the positive zeros oy, . .., ap.
With fo(z2)=f(z) and f(z)= —o,f;_1(z)+zf{_1(z) for j=1,..., m we assume that
Jor each j, f(z) has exactly one zero between each pair of consecutive positive zeros
of f;-1(2) and no zero between z=0 and the smallest positive zero of f;_,(z).

If f(2) is of type (1) then F(z) has exactly k+m zeros which are not >0. If f(z)
is of type (2) and p=1 then F(z) has exactly k+2m zeros which are not >0.

In both cases F(z) is of the same type as f(z). A corresponding result holds if f(z)
has k zeros which are not <0.

THEOREM 6. Let f(z) be of type (2) with infinitely many real zeros of both signs
and with exactly 2k complex zeros. Furthermore assume that G(z) is of type (B)
having the positive zeros oy, . . ., ¢y, With f(2)=f(z) and f(z)= — o, f; _1(z) + zf;{_ 1(2)
Sfor j=1,..., m we assume that for each j, f(z) has exactly one zero between each
pair of consecutive positive and negative zeros of f;_,(z) and that f(z) has no zero
between the smallest positive and the smallest negative zero of f;_,(z).

Under these conditions F(z) has exactly 2k +2m complex zeros. Besides F(z) is
of the same type as f(2).

In order to prove Theorems 2-6 we need the following

LEMMA 4. Let g(z)=of(z)+zf"(z) with real «#0, a, b and f(z) real.
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(1) If f(z)=¢€%*h(z) where h(z) is of type (1), then g(z)=e"*h*(z) where h*(z) is of
type (1).

() If f(z) =e*’h(z) where h(z) is of type (2), then g(z)=e"h*(z) where h*(z) is
of type (2).

In both cases we assume that all but finitely many zeros of h(z) are real. Then the
same is true for h*(z). It is allowed that h(z) has finitely many zeros only.

Proof. (1) We have f'(z)[f(z)=b+2>_1 1/(z—c,) where all but finitely many ¢,
are real. As z tends to infinity along the imaginary axis f”(z)/f(z) tends to b. Accord-
ing to Hadamard’s factorization theorem g(z) is of the same form as f(z). It remains
to show that g'(z)/g(z) also tends to b as z tends to infinity along the imaginary axis.
We have

- _L L LD+,

g FARTT Ty

Here z(f'/f)’ tends to 0 as z tends to infinity along the imaginary axis. In addition
we have for z=iy, y real:

< 1

n=N¥1Z2"Cn

$
& z—c,
where we assume that c,, . . ., ¢y consist of all complex zeros of f(z). Here the first
term on the right side is

—lo|

b+

a+z—| Z |z|

Imi

n=N+1

2 ||

’ R

n=N+1

and this tends to infinity with y. Therefore g’/g also tends to b as y tends to infinity.
(2) Here we have

1f7—20+ "z Z (z cn+cln)

where again all but finitely many c, are real. Therefore f’/zf tends to 24 as z tends
to infinity along the imaginary axis. We divide equation (3) by z and observe that
now (f'/f) tends to 2a as z tends to infinity along the imaginary axis and that for
the denominator «+z(f’/f) we have for a=0 (the case a0 being trivial because

of (3)):
¥ & 1 1 N z
v 22+ 5 (|2 A

Here again we assume that ¢y, . . ., ¢y consists of all complex zeros of f(z). Now if
=iy is purely imaginary, the first term on the right side of (4) is

)] a+z—‘ |z| | &

J 1

> |z| {Im s
N+1 n

n=
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which similarly as in the proof of (1) tends to infinity with y. This shows that
g’'[zg also tends to 2a as y tends to infinity.

Proof of Theorems 2 and 3. Let « be real and #0. Observing that with f(z)=
Ow_oayz" one has g(z)=of(2)+zf (2)=2 -0 a(a+n)z" we first prove the state-
ment of the Theorem for the function g(z). '

From g(z)=«f(2)+zf"(z) we see that always g(z) has an odd (even) number of
zeros between z=0 and the smallest positive and the smallest negative zero of
f(@) if «>0 («<0).

To prove Theorem 2(a) we apply Theorem 1, Case 1,1 to g(z) with «>0. Since
g(z) has at least one zero between z=0 and the smallest positive zero of f(z) it
follows that g(z) has at most k zeros which are not >0.

In order to prove part (b) of Theorem 2 we apply Theorem 1, Case 1,1 to g(z)
again but now with « <0, so that g(z) has at most k+1 (k+2) zeros which are not
>0 if f(z) is of type (1) (type (2)).

In all cases g(z) has infinitely many real zeros >0 and according to Lemma 4
g(z) is of the same type as f(z). Therefore g(z) satisfies the same conditions of
Theorem 2 as f(z) does, the only difference being that in part (b) £ has to be replaced
by k+1 (k+2) if f(z) is of type (1) (type (2)).

In order to finish the proof of part (b) we apply the above arguments m times
where successively « is replaced by —o; (j=1, ..., m). Then we obtain that

K 0

D ayn—ay)ec - (n—anz® or F@)= D a,G(n)z"

n=0 n=0

has at most k+m (k+2m) zeros which are not >0 if f(z) is of type (1) (type (2)).
To finish the proof of part (a) we repeat the above arguments with «;, ..., ;>0
and obtain that

w0

> aney+n)e- - (o +m)z"
n=0
for each / has at most k zeros which are not >0. This remains true if we divide
this series by «;--- -+ o, and replace z by zexp(B—2>}., a; ') which gives the
function g(z) =27, a,G(n)z" where G,(z) converges to G(z) for each z as / tends to
infinity. Since |a,G\(n)| and |a,G(n)| are <|a,|e’" it follows that g(z) converges,
uniformly on compact domains, to the entire function F(z)=>7_, a,G(n)z", which
according to a theorem of Hurwitz [6] still has at most k zeros which are not >0.
Theorem 3 is proved in a similar way. The only difference is that now Theorem 1,
Case II has to be applied instead of Case I.
Proof of Theorem 4. From the assumptions made about f{(z) it follows that

P Yy
n=1

f Z—0Cy C_n
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where all ¢, are real. Then we have g(z)=c«f(z)+zf'(z) =2zf(z)p(z) where

o(z) = §+£ = Z+2az+b+ Z( +l)-

S Z—¢p €y

Suppose that z is not real, then
e@=9@ _ _ @ oS 1
z-z |Z|2+2a nzl |z = cq|?

which is <0 if a<0 and «>0. Consequently g(z) does not have complex zeros if
a>0. According to Lemma 4 g(z) is of the same type as f(z) (with a<0!) and in
order to finish the proof one only has to repeat the arguments of the proof of
Theorem 2.

Theorems 5 and 6 finally are proved in the same way as Theorem 2(b). In
addition one has to use the fact that Theorem 1 gives the exact number of zeros
which, under the assumptions made in Theorems 5 and 6, cannot be >0 in Theorem
5 and which cannot be real in Theorem 6.

Next we want to apply the previous theorems in order to obtain Hurwitz’s
theorem on the zeros of Besselfunctions.

Let
_ (=1D)*(z/2)*"
T2 = ( ) Z T +n+1)
denote the Besselfunction of order v, which is defined for all z#0 and with

—mw<arg z<w. We assume that v is real and # —1, —2,.... The zeros of J,(2)
are determined by the zeros of the entire function

DH(z/2)?"
$u(2) = Z n'l"(?zi(-rﬁﬂ?l)
This entire function is of order 1 as can be seen from the coefficients of the series.
Therefore according to Hadamard’s factorization theorem p <1 (in fact p=1, but
this is not needed here). Furthermore ¢,(z) satisfies: ¢,(0)#0 and
(D 2= —(2/2)$y+1(2),
(i) 24,(2) =20+ Dy+ 1(2) +2¢,+1(2),
(iil) zgy(z)+ Qv+ 1)pi(2) + z¢,(2z) =0.
Since ¢,(z)=4¢,(24/2) is an entire function of order 1/2, again according to Hada-
mard’s factorization theorem ¢,(z) has infinitely many zeros, which are simple
because of (iii).

THEOREM 7 (HURWITZ’S THEOREM). (a) ¢,(z) has real zeros only if v> —1.

(b) If m is a natural number and —(m+1)<v< —m then ¢z) has exactly 2m
complex zeros.

(©) If m is odd ¢(z) has exactly 2 purely imaginary zeros and if m is even $,(2)
has no purely imaginary zeros.
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Proof. (a) follows from Theorem 4 with f(z)=e~®"?* (p=2, p=0) and G(z)=
1/T'(z/24+v+1) which for v> —1 is of type (A).
(b) follows from Theorem 6 with

o _1 n 22n
f2) = nzon!I(‘(n-zv(-zi-/n2+1) (b=Lps=1

and G(z)=(@+1+2z/2).---- (v+m+2z/2) which is of type (B). The remaining con-
ditions made in Theorem 6 are satisfied here because of the properties (i) and (ii)
with a;= —2(v+j), j=1,...,m.

(c) follows from sign ¢,(0)=sign (1/T'(v+ 1)) and by using (i) and (ii) for purely
imaginary z.

More generally we consider for arbitrary real o, o/ ,(z) + 2J(2) =(2/2)"},o(z) With
Pu(2) =(x+v)d,(2) + z¢;(2). If, for the moment, we put g(z)=z%/,(z), then

g =z NaJy+2y),

and from the differential equation for J,(z) or ¢,(z) follows

4 (2t 7%g") = —21 72 (1+(a®—»?)z%g.

If Jv| < || (5) shows that g'(z) or ¥,.(z) has exactly one zero between each pair of

consecutive positive zeros of g(z) or ¢,(z) and that g'(z) has exactly one (has no)

zero between z=0 and the smallest positive zero of ¢,(z) if (¢+v) >0 (if («+v) <0).
With these results Theorem 1, Case 11,1 gives the following

THEOREM 8. Let ¢,(z) have exactly 2m complex zeros (m20). Then for any real o
P,a(2) has exactly 2m+2 zeros besides one zero between each pair of consecutive
positive and negative zeros of ¢,(2).

Especially ,,(z) has at most 2m (2m+2) complex zeros if (e +v) >0 (if («+v) <0).

If furthermore |v| £ |«|, then ¥, (2) has exactly 2m (exactly 2m+2) complex zeros
if (@+v)>0 (if (a+v)<0).

The following theorem again is an application of Theorem 1, Case II.

THEOREM 9. Let 11(z) be a canonical product of genus p with infinitely many real
zeros of both signs, no complex zeros and no zero at z=0. Furthermore consider
8@ =of(2)+2!f'(z), where f(z)=z"11(z) with m20, « real and 20 and [ odd.

(@) If «>0 and m=0 then g(z) has exactly p+1-2 (p+1—1) complex zeros
when p is odd (even).

(b) If «=0 and m>0 then g(z) has exactly p—1 (p) complex zeros when p is odd
(even).

(¢) If a=m=0 then g(z) has no complex zeros.

REMARK. A similar result can be obtained if I(z) still has infinitely many real
zeros but not infinitely many of both signs. One has to apply Theorem 1, Case I
instead of Case II.
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Proof. g(z)=z'*?f(z).(2) if p is even and g(z)=z'*?~1f(z)ps(z) if p is odd. Here

@1(2) = z,+,,+zp+1+ Z a_f;(—z——_) where p is even,
and
« 1 .
@(2) = st 2. \z" 1(z an)+ where p is odd.

Next we form the derivatives and see that ¢3(z) and @a(z) are <0 for real z#0
and #a,. Consequently g(z) has exactly one zero between each pair of consecutive
positive and negative zeros of f(z). Furthermore if «>0 and m =0 g(z) has exactly
one zero between z=0 and the smallest positive and negative zero of f(z). In
addition g(z) has an m-fold zero at z=0 and thus according to Theorem 1, Case II
we obtain (a).

Cases (b) and (c) are proved similarly.

COROLLARY. Let >0 and | odd, then the functions « sin z+z' cos z and « cos z
—z'sin z have exactly I—1 complex zeros.
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